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(The  book  discusses  analytic  methods  of  constructing 
elastostatic  and  elastodynamic  systems  of  differential  and 
integral  equations  of  shell  theory  vdthout  requiring  the 
use  of  additional  assun^Dtions  on  the  deformation  of  the 
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No  use  is  made  of  the  well-knovm  assumptions  that  con¬ 
stitute  the  foundation  of  classical  shell  theory,  b^^  ^hep^y 
author  starts  out  from  the  general  principles  of  eladtibitj^ 
theory  and  derives  more  exact  differential  equations  of  £He 
shell  theory,  of  higher  order  than  those  of  the  classical 
theory.  | 
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The  statics  and  dynamics  of  thin  elastic  shells  have  been  comprehensively 
studied,  but  the  problem  of  developing  accurate  and  effective  methods  of  calcu¬ 
lating  shells  still  retains  all  of  its  current  interest. 

The  object  of  the  present  work  is  to  study  and  systemize  various  new 
boundary  problems  of  the  shell  theory  and  the  methods  of  their  solution  de-^ 
rived  from  the  general  equations  of  the  statics  and  dynamics  of  elastic  bodies 
in  the  three-dimensionally  stress-strain  state.  This  investigation  permits  an 
indication  of  effective  methods  for  solving  these  boundary  problems  in  both 
linear  and  nonlinear  form.  The  interrelation  between  the  three-dimensional 
problems  of  the  elasticity  theory  and  the  two-dimensional  problems  of  the 
shell  theory  is  analytically  established,  without  requiring  the  use  of  auxili¬ 
ary  kinematic  h5’’potheses,  such  as  the  most  familiar  of  all,  namely  that  of 
Kirchhoff  and  Love. 

The  general  method  of  investigation  is  reflected  in  the  arrangement  of 
the  Chapters  and  Sections.  The  basic  concepts  of  the  book  are  linked  with  the 
analytical  investigations  of  the  problems  of  shell  theory  which  the  author 
first  took  up  in  1937-1938. 

It  must  not,  however,  be  assumed  that  this  work  is  a  mere  recapittilation 
of  the  results  of  twenty  years  of  work.  Those  results  are  given  only  partially 
here  and  must  be  regarded  as  preparatory  stages  in  the  development  of  new 
methods  of  the  analytic  theory  of  shells  set  forth  in  the  main  Chapters  of  this 
book.  In  turn,  the  book  focuses  the  attention  of  the  reader  on  the  status  of 
the  investigations  now  completed  by  the  author,  and  constitutes  another  step 
toward  the  next  stage  in  the  analytic  theory  of  shells.  This  is  why  the  book 

should  be  regarded  as  a  first  part  of  the  study  on  shell  theoiy .  The  second 

part  will  be  ready  to  go  to  press  in  or  about  1964. 

We  have  included  in  the  book  the  principles  of  the  analytic  theory  of 

shells,  confining  ourselves  to  an  extended  discussion  of  the  new  methods  and  of 
the  resulting  general  formulations  of  the  boundary  problems  of  the  statics  and 
dynamics  of  shells,  illustrated  by  a  limited  number  of  examples.  The  second 
part  of  the  book  consists  of  applications  of  the  theory  to  specific  problems. 
These  applications  will,  in  turn,  undoubtedly  encourage  the  further  develop¬ 
ment  and  enrichment  of  the  theory. 

The  reader  is  assumed  to  be  acquainted  with  mathematical  analysis  at  the 
university  level,  theoretical  mechanics,  theory  of  elasticity,  and  classical 
theory  of  shells. 

The  special  methods  of  mathematical  analysis,  particularly  the  tensor  cal¬ 
culus,  also  pla.y  a  considerable  role  in  this  work.  This  is  becaxise  of  the  fact 
that  the  apparatus  of  modem  higher  geometry,  namely  the  tensor  calculus,  is 
best  suited  for  the  construction  of  the  analytical  mechanics  of  shells.  We 
therefore  deemed  it  expedient  to  make  use  of  this  apparatus,  which  is  gradually 
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penetrating  other  fields  of  technical  science.  In  Chapters  I  and  II  we  give 
the  basic  information  on  tensor  analysis  and  nonlinear  elasticity  theory,  nec¬ 
essary  for  the  understanding  of  the  theory  of  shells  which  is  developed  there¬ 
after. 


The  reader  will  note  that  certain  of  our  new  results  in  the  nonlinear  /lO 
theory  of  elasticity,  which  are  included  in  Chapter  II,  are  not  further  men¬ 
tioned  in  the  later  Chapters  concerning  the  theory  of  shells.  These  results, 
however,  will  be  applied  in  the  next  part  of  the  book. 

Although  the  title  of  the  present  book  is  '^Principles  of  the  Analytic  Me¬ 
chanics  of  Shells”,  it  does  not  contain  an  exhaustive  treatment  of  the  applica¬ 
tions  of  the  mechanics  of  Lagrange,  Ostrogradskiy,  Hamilton,  Gauss,  Jacobi, 
Hertz,  Chaplygin,  and  others  to  the  problems  of  shell  theory,  although  the  re¬ 
cent  works  on  analytical  mechanics  do  indicate  ways  of  extending  these  methods 
to  the  mechanics  of  a  continuous  medium.  The  development  of  the  mechanics  of 
shells  in  this  direction  is  unquestionably  of  interest,  but  will  require  a  cer¬ 
tain  amount  of  time. 

Finally,  a  word  on  our  method  of  internal  reference  to  formulas  to  be 
found  elsewhere  in  the  book,  in  the  literature  or  in  other  sources. 

We  have  adopted  the  following  method  of  indicating  references.  An  entry 
of  the  form  (II,  Sect. 3)  means  a  reference  to  the  content  of  Section  3,  Chap¬ 
ter  II,  while  the  symbol  (ill,  11.5)  means  a  reference  to  eq.(5)  of  Section  11, 
Chapter  III,  and  so  on. 

The  literature  references  are  divided  into  two  groups.  The  first  includes 
the  principal  sources,  which  are  listed  at  the  end  of  the  book.  References  to 
sources  not  included  in  this  Bibliography,  are  given  as  footnotes  on  the  per¬ 
taining  page. 

The  Bibliography  also  includes  certain  works  to  which  the  text  does  not 
refer  but  which  helped  in  formulating  the  ideas  expressed  in  its  content. 

This  Bibliography,  of  course,  makes  no  claim  at  completeness,  and  the  di¬ 
vision  into  two  groups  is  quite  arbitrary. 

The  author  expresses  his  thanks  to  A.S.Vol^mir,  A. D. Kovalenko,  and 
G.N. Savin  for  checking  the  manuscript  and  for  valuable  comments,  and  also  to 
A. Kh. Konstantinov  and  G.L. Komissarova  of  the  Institute  of  Mechanics,  UkrSSR 
Academy  of  Sciences,  for  reading  the  manuscript,  to  Z.I.Yasinchuk  and  L.A.Rud- 
neva  who  participated  in  its  technical  preparation,  and  to  S.G.Shpakov  who  per¬ 
formed  some  of  the  computations. 
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N.Kil^  chevskiy 


INTRODUCTION 


m 


A  solid,  bounded  by  two  boxindary  surfaces  and  by  a  contour  surface  inter¬ 
secting  the  boundary  surfaces  along  the  contour  curves,  is  called  a  shell.  Be¬ 
tween  the  boiandary  surfaces  lies  the  basic  (or  coordinate)  surface,  whose  se¬ 
lection  is  arbitrary  and  is  based  on  the  conditions  of  the  specific  problem. 

The  object  of  this  selection  is  to  simplify  the  system  of  equations  of  the  the¬ 
ory  of  shells. 

The  length  of  the  segment  of  the  normal  to  the  basic  surface  included  be¬ 
tween  the  boundary  surfaces  of  the  shell  is  called  the  thickness  of  the  shell, 
which  will  hereafter  be  denoted  by  2h,  The  thickness  of  a  shell  may  be  either 
constant  or  variable.  The  locus  of  the  midpoints  of  the  segments  of  the  nor¬ 
mals  that  define  the  thickness  of  the  shell  will  be  arbitrarily  termed  the  mid¬ 
dle  surface  of  the  shell, 

A  characteristic  feature  of  the  shell  is  the  smallness  of  the  ratio  2h:a, 
where  a  is  a  certain  parameter  determining  the  dimensions  of  the  shell, ^  For 
example,  for  coverings,  a  is  one  of  the  dimensions  defining  the  projection  of 
the  covering  on  a  horizontal  plane.  Sometimes  one  of  the  principal  radii  of^ 
curvature  of  the  middle  surface  is  selected  as  the  parameter  a, ^  The  geometri¬ 
cal  characteristics  of  shells  will  be  discussed  in  greater  detail  in  Chapter 
III, 


Shells  are  common  elements  of  various  machines  and  structures,  because  of 
the  excellent  strength  characteristics  of  designs  with  thin-walled  elements  of 
the  shell  type. 

This  book  was  written  in  a  period  of  intense  development  of  the  statics 
and  dynamics  of  thin  shells.  Research  is  being  pressed  in  various  directions, 
and  it  would  be  difficult  today  to  specify  any  one  group  of  works  that  could 
with  complete  justification  be  called  the  basis  of  the  theory.  For  this  rea¬ 
son,  the  contents  of  this  book  are  to  some  extent  a  reflection  of  the  narrow 
scientific  interests  of  its  author.  The  choice  of  the  problems  touched  on  in 
the  main  part  of  the  book  (Chapters  III-IV)  has  been  determined  by  the  contents 
of  the  well-known  monographs  by  S, A, Ambartsumyan,  I,A,Birger,  V,V,Bolotin, 
V,Z,Vlasov,  A,S,Vol»mir,  A,L,Gol»denveyzer,  Kh,M.Mushtar»  and  K,Z,Galimov,  /12 
A,I,Lurtye,  V,V,Novozhilov,  and  0,D,0niashvili,  We  have  attempted  here  to  con¬ 
sider  and  analyze  those  trends  of  research  into  shell  theory  that  have  not  been 
sufficiently  covered  by  the  above-mentioned  major  works.  It  must  be  emphasized 
that  complete  attainment  of  this  aim  would  take  us  beyond  the  scope  of  the^ 
present  volume,  and  we  have  thus  had  to  confine  ourselves  to  the  construction 
of  separate  fragments  of  theory  which,  in  our  opinion,  are  a  basis  for  further 
investigations. 

We  have  thought  it  expedient  to  concentrate  attention  on  the  development 
of  analytical  methods  of  investigation  based,  more  particularly,  on  the  theory 
of  invariants  of  coordinate  transfomations  and  the  analytic  definition  of  the 
basic  geometric  operations  performed  on  vector  and  tensor  fields  that  define 


the  physical  state  of  a  shell#  The  working  apparatus  connected  with  the  theory 
of  invariants  is  the  calculus  of  tensors,  together  with  the  principles  and  var¬ 
ious  propositions  of  classical  analytical  d^nnamics#  We  have  often  made  use  of 
a  more  popular  method  of  approximate  representation  of  fimctions,  the  method  of 
constructing  approximation  functions  that  satisfy  the  requirement  of  the  least- 
square  deviation  from  the  approximation  function  within  the  region  of  the  ap¬ 
proximate  representation  required. 

This  method  of  investigation,  in  our  opinion,  also  belongs  to  the  analy¬ 
tical  mechanics  of  shells#  Here  we  depart  from  the  classical  concept  of  the 
field  of  analytic  mechanics,  but  this  formal  deviation  is  thoroughly  justified 
by  the  essential  nature  of  the  method,  the  more  so  that  it  permits  to  obtain 
the  general  equations  of  motion  of  a  shell  and  is  linked  to  one  of  the  funda¬ 
mental  variational  principles  of  mechanics,  namely  the  Gauss  principle# 

To  facilitate  the  reading  of  the  book,  the  main  content  is  preceded  by 
Chapters  I  and  II,  which  give  in  outline  the  elements  of  tensor  analysis  and 
differential  geometry,  indicate  the  elementary  geometric  properties  of  shells, 
and  present  the  relations  of  the  linear  and  nonlinear  theory  of  elasticity  to 
which  later  reference  will  be  made#  Some  of  these  relations,  as  mentioned  in 
the  Preface,  will  be  used  in  the  next  Volume  of  this  work# 

Most  of  the  subject  matter  in  the  main  Chapters  (III-V)  is  connected  with 
the  theory  of  small  displacements  and  deformations  of  shells,  described  by  lin¬ 
ear  differential  and  integro-differential  equations#  In  a  number  of  cases,  we 
consider  problems  of  the  nonlinear  theory# 

The  problems  of  shell  dynamics  occupy  the  central  position  in  the  book# 

In  Chapter  III  we  consider  the  little-investigated  methods  of  reducing  the 
three-dimensional  problems  of  the  dynamics  of  homogeneous  and  inhomogeneous 
(layered)  shells  to  two-dimensional  problems#  We  analyze  the  boundary  condi¬ 
tions  and  initial  conditions#  VJ’e  compare  the  various  methods  of  setting  up  the 
equations  for  defining  the  two-dimensional  problems  of  shell  theory#  Here  /13 
we  make  no  use  of  the  simplifying  assumptions  inherent  in  the  Kirchhoff-Love 
hypotheses# 

The  refinements  of  the  equations  of  the  theory  of  shells,  once  considered 
by  some  scientists  to  be  of  purely  theoretical  interest,  have  now  assimied  pro¬ 
found  significance  in  connection  with  the  study  of  dynamic  processes  rapidly 
proceeding  in  time#  Quite  meaningful  in  these  cases  is  the  investigation  of 
high-frequency  oscillations,  which  are  usually  damped  more  rapidly  than  those 
of  low  frequency. 

In  studying  the  brief  dynamic  processes  caused  by  the  short-time  action  of 
forces,  the  effect  of  the  dissipation  of  energy  is  not  of  decisive  importance, 
and  we  must  study  a  broader  segment  of  the  frequency  spectrum  than  in  studying 
slowly  proceeding  processes*-# 


The  concept  of  the  speed  of  a  process  is  of  course  relative#  The  natural 
measure  of  time  in  this  case,  in  our  opinion,  is  the  time  interval  required  for 
the  spread  of  dynamic  disturbances  over  the  entire  region  within  the  shell# 
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The  refined  differential  equations  of  the  shell  theory  establish  systems 
of  higher  order  than  the  system  of  equations  of  the  classical  theory.  In  this 
connection,  there  arises  again  the  problem  of  the  formulation  of  the  boundary 
and  initial  conditions  completing  the  formulation  of  the  dynamic  boundary  prob¬ 
lems.  These  questions  are  discussed  in  Chapters  III  and  IV.  If  we  recall  the 
history  of  the  development  of  modem  shell  theory,  we  can  clearly  apprehend 
the  fundamental  difficulties  involved  in  the  generalized  formulation  of  the 
boundary  conditions  in  this  field  of  applied  elasticity  theory.  The  author 
distinctly  depicts  these  difficrdties  and  the  controversial  nature  of  a  number 
of  propositions  advanced  by  him. 

Chapter  IV  considers  various  approximate  methods  of  solving  the  problems 
of  shell  mechanics  -  all  methods  governed  by  a  single  common  idea.  Their  es¬ 
sence  resides  in  the  replacement  of  the  shell  by  an  elastic  system  approxi¬ 
mately  equivalent  to  it  in  respect  to  certain  general  features. 

In  particular,  we  propose  a  new  approximation  method  of  solving  the  non¬ 
linear  problems  of  shell  theory,  closely  resembling  the  method  of  equivalent 
linearization  known  from  nonlinear  mechanics  of  systems  with  one  degree  of 
freedom.  The  perspective  of  this  method  is  to  some  extent  confirm^  by  the  ex¬ 
ample  for  the  solution  of  the  problem  of  stability  of  a  closed  cylindrical 
shell,  given  in  Chapter  IV,  Sect. 6. 

We  also  discuss  the  construction  of  a  homogeneous  shell  approximately 
equivalent  in  number  of  layers.  This  construction  is  based  on  the  approxima¬ 
tion  of  the  Lagrange  function  of  a  layered  shell  by  the  Lagrange  function  of  a 
homogeneous  shell.  To  realize  this  approximation,  it  was  necessary  to  select 
a  special  system  of  variables  which,  in  the  modem  literature  on  mechanics, 
are  termed  variable  fields. 

A  preliminary  substitution  of  a  homogeneous  shell  for  a  layered  shell  per¬ 
mits,  as  shown  in  Chapter  TV,  to  develop  a  method  of  approximate  determination 
of  fields  of  displacement,  deformation,  and  stress  in  layered  shells. 

Further,  the  method  of  constructing  the  best-square  approximations  is  ap¬ 
plicable  to  the  establishment  of  a  new  system  of  equations  of  motion  of  a 
shell  element,  modifying  in  this  case  a  general  principle  of  analytical  dynam¬ 
ics,  namely  the  D’Alembert-Lagrange  principle.  Obviously,  this  involves  the 
connection  between  the  method  of  least  squares  and  the  principle  of  least 
constraint,  stated  by  Gauss,  which  possesses  the  same  degree  of  generality  as 
the  DUlembert-Lagrange  principle.  The  resultant  system  of  equations  has  a 
number  of  properties  permitting  its  use  as  a  means  of  solving  new  problems  of 
shell  theory. 

The  solution  of  the  linear  problems  of  shell  theory,  and  particularly  the 
nonlinear  problems,  reduces  in  the  general  case  and  at  the  present  level  of  de¬ 
velopment  to  the  numerical  solution  of  systems  of  linear  and  nonlinear  alge¬ 
braic  equations.  V/e  have  therefore  deemed  it  advisable  to  consider,  in 
Chapter  IV,  a  method  based  on  the  application  of  interpolation  formulas,making 
it  possible  to  reduce  the  problem  of  the  motion  of  shell  elements  to  the  solu¬ 
tion  of  a  finite  system  of  ordinary  differential  equations,  which  are  the 
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Euler-Lagrange  equations  for  the  corresponding  variational  problem.  The  selec¬ 
tion  of  the  variation  pianciple,  permitting  to  set  up  the  equations  of  motion, 
depends  on  the  properties  of  the  relations  resulting  from  the  boundary  condi¬ 
tions  of  the  problem  when  applying  the  method  of  reduction-  based  on  the  expan¬ 
sion  in  tensor  series  of  the  required  components  of  the  displacement  vector  and 
the  stress  tensor.  In  the  general  case,  these  relations  are  kinematic  and  be¬ 
long  to  types  that  have  not  been  studied  in  classic  dynamics.  In  Chapter  IV, 
the  question  of  the  formulation  of  the  initial  conditions  is  again  investi¬ 
gated. 


The  mentioned  method  makes  it  possible  to  lay  the  foundation  for  a  numer¬ 
ical  solution  of  shell  theory  problems  by  the  use  of  computers.  We  term  this 
method  the  discrete-continuous  method,  following  the  terminology  proposed  by 
V  .Z.Vlasov. 

The  methods  of  solution  of  the  boiindary  problems  of  shell  theory,  de¬ 
veloped  in  Chapter  V,  likewise  have  the  object  of  laying  the  foimdation  for 
programming  the  numerical  solution  of  the  boundary  problems  of  shell  theoiy# 

Here  we  indicate  systems  of  integro-differential  equations  that  result  from 
the  theorem  of  work  and  reciprocity  in  both  its  conventional  treatment  and  as 
generalized  by  us  to  the  case  of  a  nonlinearly  deformed  anisotropic  medium. 

The  generalization  of  the  theorem  of  reciprocal  work  is  presented  in  Chapter 
II.  In  Chapter  V  a  new  method  is  described  for  reducing  the  three-dimensional 
problems  of  the  elasticity  theory  to  two-dimensional  problems  of  the  shell 
theory.  This  method  permits  us  to  describe  a  field  of  displacements  within  /I 5 
a  shell  by  systems  of  integro-differential  equations  or,  in  particular,  of  in¬ 
tegral  equations  with  kernels  having  peculiar  properties,  wMch  we  have  called 
^^focusing”  in  accordance  with  the  term  proposed  by  K.Lantsosh-'. 

The  integro-differential  equations  of  the  shell  theory,  and  the  integral 
equations  with  focusing  kernels,  are  imdoubtedly  of  considerable  theoretical 
and  applied  importance.  By  applying  the  discrete-continuous  method  to  systems 
of  integro-differential  equations  \inLth  focusing  kernels,  we  approximately  re¬ 
duce  the  problems  of  shell  dynamics  to  the  solution  of  relatively  simple  sys¬ 
tems  of  linear  ordinary  differential  equations  or,  in  more  general  cases,  of 
nonlinear  types.  In  problems  of  statics,  these  systems  degenerate  to  systems 
of  algebraic  equations. 

Thus,  the  solutions  of  the  boundary  problems  of  shell  statics  and  dynamics 
may  be  foTind  if  the  coefficients  of  these  ordinary  differential  equations  or 
the  analytical  expressions  for  the  kernels  with  focusing  properties  are  known. 

In  Chapter  V  we  indicate  tv;o  methods  of  constructing  these  kernels.  The 
first  method  is  based  on  expansions  of  the  functions,  permitting  a  construction 
of  focusing  kernels,  in  Legendre  polynomials.  The  investigation  of  these  ex¬ 
pansions  is  connected  with  problems  only  a  step  removed  from  the  classical 


Cf .K.Lantsosh,  Practical  Methods  of  Applied  Analysis.  Physical  and  Mathe¬ 
matical  Publishing  House,  I96I.  ,  (Fizmatgiz) 
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problsm  of  inoiiisntiS'”"*  Th6  first  method  allows  us  to  find  kernels  with  stronger 
focusing  properties  than  does  the  second  method*  Tne  second  method  is  simpler 
than  the  first  and  does  not  require  complicated  additional  mathematical  inves¬ 
tigations,  but  leads  to  kernels  with  weakened  focusing  properties.  In  the 
second  volume  of  this  vrork,  we  shall  indicate  specific  analytic  expressions 
for  focusing  kernels  for  special  types  of  shells  and  shall  present  Tables  for 
finding  the  numerical  values  for  the  coefficients  of  the  approximate  differen¬ 
tial  equations  of  shell  dynamics  and  the  algebraic  equations  of  shell  statics, 
that  follov;  from  the  integro-differential  equations  with  focusing  kernels, ^  At 
the  same  time,  we  shall  continue  the  investigation  of  the  analytic  properties 
of  the  integro-differential  equations  of  shell  theory  with  focusing  kernels. 
These  investigations  will  allow  us  to  find  standard  programs  for  the  computa¬ 
tion  of  shells  of  arbitrary  form  on  modem  computers. 

Such  is  the  plan  for  future  investigations,  with  the  object  of  estab¬ 
lishing  a  general  and  effective  method  for  solving  problems  of  shell  statics 
and  dynamics,  in  both  linear  and  nonlinear  fonnulations. 


Cf,N,I,Akhiyezer,  The  Classical  Problem  of  Moments,  Physical  and  Mathe¬ 
matical  Publishing  House,  1961, 
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CHAPTER  I 
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ELEMENTS  OF  TENSOR  ANALYSIS  AND  THEIR  APPLICATION 
TO  THE  DIFFERMTIAL  GEOMETRY  OF  SHELLS 


Section  General  Description  of  the  Applications  of  Tensor 
Analysis  in  Shell  Theoiy 


Tensor  analysis  is  a  modem  mathematical  apparatus  permitting  expression, 
in  the  most  general  analytical  form,  of  the  fundamental  geometric  operations 
performed  on  the  quantities  encountered  in  the  investigation  of  various  prob¬ 
lems  of  geometry  and  physics.  Among  these  operations  we  may  note  elementary 
operations,  for  instance  the  measurement  of  distances  between  points  of  space, 
or  measurement  of  angles  between  directed  segments,  and  more  complex  opera¬ 
tions,  to  which  reduces  the  mutual  comparison  of  geometric  and  physical  ob¬ 
jects,  of  a  given  system  of  numbers  or  system  of  functions  of  curvilinear  coor¬ 
dinates  of  points  in  space. 

Particularly  important  is  the  problem  of  constructing  quantities  indepen¬ 
dent  of  the  choice  of  the  coordinate  system.  These  quantities  are  termed  in¬ 
variants  of  coordinate  transformations.  Tensor  quantities  are  the  base  for  the 
construction  of  invariants.  The  scalars  and  vectors,  which  we  Imow  from  ele¬ 
mentary  geometry  and  mechanics,  are  special  cases  of  tensor  quantities. 

Most  invariants  have  a  definite  geometric  or  physical  meaning.  Invariants 
are  the  basis  for  the  general  analytical  formulations  of  the  laws  of  physics, 
especially  those  of  mechanics.  The  applications  of  tensor  analysis  to  the 
geometry  of  surfaces  are  numerous,  since  here  tensor  analysis  allows  us  to  find 
expressions  of  geometric  theorems  in  a  simple  and  yet  general  form. 

The  kinematics  and  kinetics  of  shells  is  precisely  the  branch  of  mechanics 
that  is  internally  linked  to  the  geometry  of  surfaces.  The  formulation  of  the 
boundary  problems  of  shell  theory  requires  the  introduction  of  curvilinear  co¬ 
ordinate  systems  defining  the  position  of  the  points  of  the  shell. 

To  set  up  the  kinematic  and  kinetic  equations  of  shell  theor^^  without  /I? 
recourse  to  the  methods  of  tensor  analysis  is  a  cumbersome  and  complicated  oper¬ 
ation,  and  -  what  is  very  important  -  it  sometimes  involves  losses  of  various 
terms  of  the  equations.  Errors  of  this  kind  are  most  frequently  encountered  in 
attempts  to  set  up  the  equations  of  shell  theory  on  the  basis  of  elementary 
^visualized”  concepts. 

The  apparatus  of  tensor  analysis,  as  already  remarked,  was  developed  for 
the  very  purpose  of  solving  the  problems  of  geometry  and  mechanics  in  curvi¬ 
linear  coordinate  systems.  This  apparatus  is  most  suitable  for  solving  various 
problems  of  shell  mechanics.  All  the  operations  necessary  for  setting  up  the 
kinematic  and  kinetic  equations  of  shell  theory  receive,  in  the  framework  of 
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tensor  analysis,  a  rigorous  analytic  interpretation  that  makes  it  unnecessary 
to  appeal  to  visualized  ’’obvious'*  ideas. 

V\fhile  tensor  analysis  does  allow  us  to  set  up  the  equations  of  shell  the¬ 
ory,  it  does  not,  of  course,  eliminate  the  difficulties  of  solving  the  corres¬ 
ponding  boundary  problems.  However,  it  permits  us  to  mark  new  methods  of  solv¬ 
ing  the  dynamic  boundary  problems,  based,  for  instance,  on  introduction  of  the 
functions  of  kinetic  stresses  (Bibl.7). 


Section  2,  Systems  of  Curvilinear  Coordinates.  Metrics  of  Space. 
The  Symbol  for  Summation. 


In  passing  to  a  discussion  of  the  mathematical  principles  of  the  theory  of 
shells,  we  assume  that  the  reader  is  familiar  with  the  rules  of  operation  of 
vector  algebra  and  the  elements  of  differential  geometry. 

Shell  theory  is  based  on  the  application  of  various  curvilinear  coordinate 
systems  defining  the  position  of  the  points  of  the  shell.  We  shall  first  con¬ 
sider  the  general  properties  of  an  arbitrary  coordinate  system  in  three- 
dimensional  space,  and  shall  then  illustrate  these  properties  by  examples  from 
shell  theory. 

A  system  of  independent  parameters,  uniquely  determining  the  position  of 
the  points  in  space,  is  called  a  system  of  curvilinear  coordinates.  We  shall 
denote  them  by  x’  ,  In  three-dimensional  space  the  nirmber  of  a  coordinate  (in¬ 
dex)  may  be  1,  2,  3.  On  a  certain  surface,  e.g,  in  two-dimensional  space,  the 
index  i  takes  the  values  1  and  2, 

—*  — » 

Let  us  select  a  fixed  point  0  in  space,  and  draw  the  radius  vector  OM  =  r 
'to  the  point  M  in  space.  Since  the  position  of  point  M  is  determined  by  the 
coordinates  x‘  (i  =  1,2,3),  the  radius  vector  is  a  function  of  x‘  : 


r  =  r(x‘).  (2,1) 


VJe  shall  assume  that  r(x‘  )  is  a  single-valued  continuous  function,  dif-  /18 
ferentiable  at  least  tvri.ce  vri.th  respect  to  any  argument  x^ .  If  two  coordi¬ 
nates  xi  out  of  the  three  are  fixed,  then  eq.(2.l)  can  be  regarded  as  the  equa¬ 
tion  of  a  certain  curve.  This  curve  is  called  a  coordinate  line.  Three  coor¬ 
dinate  lines  pass  through  t^e  point  M.  Consider  the  two  points  M(x‘  )  and 
M’ (x‘  +  dx*  ).  The  vector  MM’  is  defined  as  follows: 


y\UV  =  dr 


(2.2) 


where  S  is  the  sign  of  summation.  The  derivatives 
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(^-1,  2.  3) 


(2.3) 


dr_ 

dx‘ 


are  vectors  directed  along  tangents  to  the  coordinate  lines.  The  vectors  ej 
form  the  local  coordin^e  base  at  the  point  M,  Equation  (2,2)  defines  the  ex¬ 
pansion  of  the  vector  dr  on  the  axes  of  the  local  coordinate  base.  The  index  i 
in  eq, (2,2)  is  called  a  dummy  index,  since  it  takes  no  definite  value  but  runs 
through  all  values  from  1  to  3.  Equation  (2,2)  obviously  remains  unchanged  if 
the  dummy  index  i  is  replaced  by  any  other  letter.  We  shall  frequently  make 
use,  hereafter,  of  this  right  to  change  the  dummy  indices. 

Let  us  find  the  distance  MM’ ,  We  have 


{M.\Vf--=dndr=  V  •  V  —dx’, 

i  -1  j-.\ 


or 


3  3 

dr .  dr  ds-  =  y  y  g-j  dx'  dx^\ 

/u._J  aU  ^ 


(2.4) 


where  ds  =  |  |  ;  the  coefficients  ^  are  expressed  by 


Sij 


— 


dr  dr 
dx^  dx^ 


(2.5) 


Equation  (2,Z|.),  defining  ds^,  is  called  the  fundamental  quadratic  form  of 
the  quantities  dx^ ,  and  the  coefficients  gjj  are  called  the  coefficients  of  the 
fundamental  quadratic  fom.  Below,  we  will  give  a  different  term  for  the  set 
of  quantities  gjj , 

The  detenninant  /!' 


Si3 


Sil  Si2  S'i3 


=  Det  I  I  =  g 


S31 S32  S33 


(2,6a) 
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is  called  the  fundamental  determinant. 

It  follows  from  eq.(2.5)  and  the  theory  of  determinants  that  the  funda¬ 
mental  determinant  is  equal  to  the  square  of  the  volume  V  of  the  parallelepiped 
constructed  on  the  vectors  ej  ; 

V=±Vg.  (2.6b) 


Here  V  is  usually  taken  as  a  positive  quantity.  We  shall  return  later  to 
the  question  of  its  properties. 

The  set  of  quantities  gi  j  permits  us  to  determine  the  distance  between  two 
points.  It  is  easy  to  show  that  the  set  of  these  quantities  allows  us  to  find 
the  angle  between  the  directions  of  the  two  vectors  dr  and  5r,  By  making  use 
of  expansions  of  the  type  of  eq.(2,2)  of  the  vectors  dr  and  6r  and  the  proper¬ 
ties  of  a  scalar  product,  we  obtain 


SI 


S[:idx'ox^ 


ik 


cos  [dr,  or)  =  - 


ds  os 


(2.7) 


Thus  the  system  of  functions  of  gjj  defines  the  metric  of  space,  e.g.  the 
method  of  measuring,  in  a  given  curvilinear  coordinate  system,  the  distances 
between  infinitely  near  points  and  the  angles  between  the  directions  of  two 
vectors. 

Equations  (2.2),  (2.4),  and  (2.7)  may  be  put  into  a  simpler  fom  by  making 
use  of  the  arbitrary  stiramation  convention  proposed  by  A.  Einstein. 

3 

Hereafter,  sums  of  the  form  ^ajb'will  conventionally  be  written  simply 

3  i=l 

as  aib‘,  omitting  the  sign  ,  In  this  case,  of  course,  it  will  be  necessary 

to  indicate  it  specifically  whenever  expressions  of  the  form  ajh*  are  not  sms 
but  monomials.  If  we  use  the  simplified  notation  for  summation,  then,  for  in¬ 
stance,  eq,(2,4)  takes  the  following  form: 

ds-  ==  gii,dx‘  dx^.  (2.8) 


The  abbreviated  notation  for  summation  is  also  applicable  to  multiple  sum¬ 
mation. 
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Another  abbreviated  notation  will  be  introduced  here.  We  shall  denote  /20 
the  operation  of  differentiation  with  respect  to  the  coordinate  x*  by  the 
symbol  : 


d  , 

d?'' 


Thus, 


( 


=-d,r. 


(2.9) 


(2,10) 


Section  3.  Metrics  in  Shells 


A  curvilinear  system  of  coordinates  in  a  shell  involves  the  preliminary 
introduction  of  an  undeformed  base  surface  on  which  a  network  of  coordinate 
lines  and  x?  is  drawn.  Most  often  the  base  surface  is  taken  to  coincide 
with  the  middle  surface  of  the  undeformed  shell.  We  put 


'2. 


where  the  n  are  orthonormals  to  the  undeformed  basic  surface.  Thus  the  normals 
to  the  imdeformed  basic  surface  of  the  shell  form  a  system  of  coordinate  lines 
along  which  the  coordinate  x?  varies.  The  system  of  coordinates  x*  is  the  La- 
grangian  system  defining  the  position  of  the  points  of  the  deformable  medium 
constituting  the  shell.  Under  deformations  of  the  shell,  the  coordinates  x*  of 
a  material  element  of  the  shell  do  not  vary,  but  the  coordinate  lines  x?  devi¬ 
ate  from  the  normals  to  the  deformed  basic  surface.  Let  ro  (x*' ,  x?  )  be  the  ra¬ 
dius  vector  of  a  point  of  the  basic  surface  of  the  undeformed  shell.  Then  the 
radius  vector  of  an  arbitrary  point  of  the  shell  will  be  expressed  by 


r(x‘)---ro(x\  x-)[-nx^. 


(3.1) 


The  vectors  of  the  local  coordinate  base  will  be  expressed  by 


e,  dy  ■  i-  x^d^ri  (/  —  1 ,  2); 


(3.2a) 


(3.2b) 
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If  the  coordinate  lines  on  the  basic  surface  are  taken  to  coincide  with 
its  lines  of  curvature,  as  is  usually  done  in  shell  theory,  then,  from  the  /21 
Rodrigues  formula-''',  we  find 


(3.3) 


where  the  kj  denote  the  principal  curvatures  of  the  basic  surface 


/’/ 


Ri 


(3.4) 


and  the  Rj  are  the  principal  radii  of  curvature.  Thus, 


e^  =  {\  —  kiX^)dira  (/=1,2). 


Hence  the  coefficients  of  the  fiondamental  quadratic  fornfH:-  are 


(3.5) 


g,,  =  (l-4,.vT'(g„)o  2); 

SzZ  “  ^  ’  ^ik  —  0  (/  ^). 


(3^6a) 

(3.6b) 


where  the  )o  are  the  coefficients  of  the  basic  quadratic  form  for  :x?  =  0, 
i,e»,  on  the  basic  surface* 

Equations  (3.6a)  and  (3.6b)  allow  us,  as  we  shall  show  later,  to  find  the 
metrics  for  a  shell  with  an  arbitrarily  assigned  coordinate  net  on  its  unde- 
formed  basic  surface* 


Section  4*  Shells  of  Revolution*  Special  Cases  of  Shells  of 
Revolution*  Arbitrary  Cylindrical  Shells* 


Consider  a  shell  in  which  the  basic  surface  is  a  surface  of  revolution#  If 
the  axis  OZ  of  a  rectangular  Cartesian  coordinate  system  is  superposed  on  the 
axis  of  revolution  of  the  basic  surface,  then  the  vector  equation  of  the  basic 
surfape  may  be  written  in  the  following  form: 


See,  for  instance,  W.Blaschke,  Differential  Geometry*  ONTI,  1936 

Here  and  hereafter  the  exponents  are  written  in  parentheses.  We  will  de¬ 
viate  from  this  rule  in  cases  where  it  could  not  cause  misunderstanding  of  the 
notation* 
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ro(x>,  x^)=f(x>)  [icoscp  (x^J+fsincp  (x^)]  +  kz(x').  (4.1) 

where  the  equations 


X  =  f(x'),  z=  z(x\) 


(4.2) 


determine  the  form  of  the  meridional  section  of  the  shell,  and  the  angle  cp  is  a 
function  of  the  second  coordinate  y?  defining  the  position  of  a  point  on  a  cir¬ 
cle  of  latitude.  Thus, 


di/'o  =  F'(x')  [t  cos  <p  (x^)  -j-  /  sin  (p  (x^)]  -f-  kz'(x')  , 
d2ro  —  F(x')  [ —  i  sin  <p  (x^)  -|-  j  cos  (p  (x^)]  (p'(x^), 


(4.3a) 

(4.3b) 


where  the  prime  denotes  differentiation  with  respect  to  the  corresponding  ar-/22 
gument. 

Since  meridional  sections  and  circles  of  latitude  are  lines  of  curvature 
on  a  surface  of  revolution,  let  us  make  use  of  eqs. (3.6a),  We  obtain 


=  (1  _  *,.v3;(2)  :q_ 

S'22  =  (I  —A'2X^J(^>F(^>(x')(p'(2>(x^). 

(4.4b) 

The  radii  of  curvature  Rj  and  are  determined  from  eqs, (4,2),  Let  us 
consider  certain  special  cases. 


1.  The  Circular  Cylindrical  Shell 


Equations  (4.2)  here  taKe  the  form: 

x  —  a  —  const,  z  —  z(x' ). 


where  a  is  the  radius  of  the  cylinder  and  Xj  is  the  coordinate  defining  the  po¬ 
sition  of  a  point  on  the  generatrix  of  the  basic  surface. 


Consequently,  kj  =  0,  kg  =  —  , 

It  follows  from  eqs, (4,4a)  and  (4,4b)  that 

gn  =  z'<2)(x');  g22  =  (a  -  x^)(^)ip'W(x^). 


(4.5) 
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If  -wre  put 


then 


2  =  andcp 

^li  “  1;  5^22  =  (a  — 


(4.6) 


2,  Circular  Conical  Shell 


Let  the  basic  surface  of  the  shell  be  of  the  form  of  a  cir(^lar  truncated 
cone#  Let  be  the  distance  of  a  point  of  the  basic  surface  of  the  shell, 
measured  along  the  generatrix,  to  the  base  of  greater  radius.  .  Let  ri  and  be 
the  radii  of  the  bases  of  the  truncated  cone.  Assume  that  r^  >  rg  ,  Let  H  be 
the  altitude  of  the  cone,  and  y  the  angle  between  the  generatrix  and  the  axis 
of  revolution.  Let  the  axes  OX  and  OY  lie  in ‘the  plane  of  the  base  of  radius 
Tim  Then  eqs.(4*2)  take  the  form: 


A'  Ti  —  Sin  Y,  z^x^  cos  7. 

From  eqs.(4,4a)  and  (4*4L),  remembering  that  ki  =  0,  we  find 

g,,  .^(1  -  sin 


(4.7) 


where 


k. 


cos  7 


/'i  —  sin  Y 


(4*8a) 

(4.8b) 

Z22 

(4.9) 


3.  The  Shell  with  the  Base  Area  in  the  Form  of  a 
Hyperboloid  of  Revolution 


Consider  a  shell  whose  base  area  is  the  hyperboloid  formed  by  the  revolu¬ 
tion  of  the  hyperbola 


aW 


(4.10) 


about  the  axis  OZ.  Equations  (4.2)  take  the  form  of 


13 


Then, 


.V  =  f  U')  =  —  K f'**' + ;  2  =  jc‘. 
b 


(4.11) 


_ ^') _ . 

[l_^pra  (>)]■;.  ’ 

_ 1 _ 

f(x')[l+4'12)(;C>)] 


(4.12) 

(4.13) 


The  quantities  gn,  ^2  defined  by  eqs.(4.4a)  ^J^d  (4.4b). 

Consider,  finally  a  shell  with  a  cylindrical  base  area  and  an  arbitrary 
directrix. 

Let  the  coordinate  define  the  distance  of  a  point  of  the  basic  surface, 
measured  along  the  generatrix,  from  one  of  the  face  sections,  and  the  coordi¬ 
nate  y?  be  equal  to  the  length  of  the  arc  of  a  section  of  the  basic  surface  by 
a  plane  normal  to  the  generatrix,  measured  from  one  of  the  generatrices.  Then 
the  element  of  the  arc  of  the  basic  surface  will  be 


Consequently, 

(S\\)o  —  (§22)0  ~  1,  0; 

and 

^11  ==  1;  g22  = 


(4-15) 

(4.16) 


Section  5.  Scalars.  Vectors  and  Their  Contravariant  and  Covariant 
Components.  The  Reciprocal  Coordinate  Base 


Without  dwelling  on  the  properties  and  examples  of  scalar  and  vector  quan¬ 
tities,  familiar  from  physics  and  geometiy,  we  will  proceed  to  their  analytical 
characterization. 

We  will  apply  the  term  absolute  scalar  to  a  quantity,  determined  by  a  /2k 
function  of  the  coordinates  of  the  points  in  space,  whose  value  at  a  fixed 
point  in  space  does  not  depend  on  the  choice  of  the  coordinate  system.  In  what 
follows  we  will  also  term  such  a  quantity  an  invariant  of  coordinate  t transfor¬ 
mations.  The  space  in  which  a  function  defining  an  absolute  scalar  is  assigned 


IZt 


is  called  a  scalar  field.  In  addition  to  absolute  scalars  there  are  also  sca¬ 
lar  quantities  that  do  depend  on  the  choice  of  the  coordinate  system*  The  pro¬ 
jections  of  directed  segments  on  the  coordinate  axes  are  examples  of  such  quan¬ 
tities,  When  the  term  "scalar’^  is  hereafter  used,  it  vdll  refer  only  to  abso¬ 
lute  scalars* 

Consider  now  a  certain  vector  a,  referred  to  the  local  coordinate  base  e^ 
of  a  curvilinear  coordinate  system.  As  is  generally  known,  the  vector  a  may  be 
represented  by  the  expansion  (Bibl,7) 


a  — 


(5.1) 


The  quantities  a^  are  called  the  contravariant  components  of  the  vector  a.  The 
meaning  of  this  term  will  be  explained  below.  In  the  general  case  the  quanti¬ 
ties  a^  are  functions  of  the  coordinates  of  the  points  in  space.  The  space  in 
which  the  functions  a^  are  assigned  is  called  the  field  of  the  vector  a* 

To  establish  the  analytic  definition  of  the  vector  a,  consider  the  point 
transformation  of  the  coordinates  x^  and  the  change  in  the  quantities  a^  asso¬ 
ciated  with  this  transformation.  Let  the  formulas  of  transition  from  the  coor¬ 
dinates  x^  to  the  new  coordinates  y^  and  from  the  new  coordinates  to  the  old  be 
of  the  following  form: 


yi 

=  x^(if) 
ft  /-  1,  2,  3). 


(5.2a) 

(5.2b) 


Then  the  radius  vector 
complex  function  of  the  x^  , 


of  an  arbitrary  point  M(y^  )  may  be  regarded  as  a 
By  virtue  of  eq,  (2,3)  we  obtain 


dr  dr  dy^ d  W 

dx^  dy^dx'  ^  dx'- 


(5.3a) 


where  the  e^j  are  the  vectors  of  the  new  coordinate  base.  Equations  (5.3a)  are 
the  formulas  of  transformation  of  the  coordinate  base.  The  formulas  for  the  /25 
inverse  transformation  can  be  similarly  found: 


""  dx^ 

C:  -  . 

^  dy^ 


(5.3b) 
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Equation  (5»l)  takes  the  form 


a 


dy>  , 
e.  —  a‘ 


e'ja'i-, 


(5.4) 


where 


a'J  —  a‘ 


(5.5) 


Equations  (5*5)  are  the  formulas  of  transformation  of  the  quantities  a*. 
In  exactly  the  same  way  we  may  find  the  formulas  of  the  transformation  inverse 
to  eq. (5#5).  Comparing  the  relations  (5.3a)  and  (5.5),  we  conclude  that  the 
formulas  of  transformation  of  the  quantities  a*  are,  inverse  in  sense  to  the 
formulas  for  the  transformation  of  the  vectors  of  the  coordinate  base.  Hence 
the  term  ^^contravariant”. 

Vectors  can  also  be  defined  by  a  ^stem  of  "generalized  projections"  onto 
the  axes  of  the  local  coordinate  base.  Consider  the  three  quantities 


(5.6) 


These  quantities,  likewise,  analytically  determine  the  vector  a.  To  con¬ 
vince  ourselves  that  this  is  so,  it  is  sufficient  to  express,  in  terms  of  the 
quantities  ,  the  contravariant  components  of  the  vector  a. 

By  virtue  of  eqs.(5.l)  and  (2,5),  we  obtain^-- 


fl,.  =  e, ■  =  gi^a'^  {i,  k=\,  2,  3). 


(5.7) 


Considering  these  equations  as  a  system  of  linear  algebraic  equations  in 
a'',  we  find  that 


ak^gika.  /e  =  2,  3). 

where 


(5.8) 


g'*  ~ 

S  dg^^  ■ 


(5.9a) 


*  Here  and  hereafter  we  make  use  of  the  right  to  denote  the  dummy  indexes  by 
any  desired  letter. 
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In  orthogonal  systems  of  coordinates: 


g«  =  0  (i^k). 

gtl 


(5.9b) 


After  introduction  of  the  quantities  eq.  (5.1)  assumes  the  form  /26 


a  ==  e^g‘’’ai. 


(a) 


We  now  introduce  the  notation 


(5.10) 


Then  eq,(a)  takes  the  form 


a  = 


(5.11) 


The  vectors  e*  form  a  coordinate  base  reciprocal  to  the  original  basis. 

Let  us  consider  a  few  relations,  necessary  for  the  further  discussion,  be¬ 
tween  the  quantities  introduced  here.  Compare  the  systems  of  equations  (5.7) 
and  (5.8).  We  have 


a*  = 


(b) 


Since  eqs,(b)  are  valid  at  arbitrary  values  of  the  quantities  a'' (k,  j  =  1,2,3), 
the  following  identities  hold: 


•  t>ij 


k _ 


ik=J), 

(k  i-j). 


(5.12) 


where  6''  is  the  Kronecker  syrribol.  Further,  from  eqs,(5.10),  (2.5),  and  (5.12), 
we  find 


=  g'’g’''^^j  ■  ei  —  g'*. 


(5.13) 


Equation  (5.13)  permits  us  to  call  the  quantities  g*''  coefficients  of  the 
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fundamental  quadratic  form  on  a  reciprocal  coordinate  base.  In  exactly  the 
same  way  we  obtain 


Obviously, 


(5.U) 


Equations (5,14)  permit  us  to  find  simple  expressions  of  the  vectors  of  a 
reciprocal  coordinate  base.  We  obtain 


e 


V 


(5.15a) 


where  ^  is  the  sign  of  the  vector  product. 

The  indices  i,  j,  k  form  a  cyclic  permutation  of  the  numbers  1,  2,  3. 
Similarly, 


=  c”). 


(5.15b) 


The  derivation  of  eqs, (5.15a)  and  (5.15b)  from  eqs,(5.14)  is  left  to  the/27 
reader, 

_  We  return  now  to  eq, (5.1),  On  scalar  multiplication  of  this  equation  by 
ej  and  bearing  eq,(5,14)  in  mind,  we  obtain 

ai'^a-ei.  (5.16) 

Consider  the  formulas  of  transformation  of  the  quantities  £4  ,  On  the 
basis  of  eqs, (5.3a)  and  (5.6)  we  obtain 


a,  ~  a- e 


df 

~dx: 


dx/- 


(5.17) 


The  formulas  of  the  transformation  inverse  to  eqs, (5.17)  may  be  similarly 
found.  These  formulas  allow  us  to  call  the  quantities  £4  the  covariant  compon¬ 
ents  of  the  vector  a,  since  they  coincide  with  the  formulas  of  transformation 
of  the  coordinate  vectors. 
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Conclusions 


A  scalar  is  a  geometrical  or  physical  quantity  that  is  determined  by  a 
single  function  of  a  point  in  space  and  does  not  change  its  value  at  a  fixed 
point  under  transformation  of  coordinates. 


A  vector  is  a  geometrical  or  physical  quantity  determined  by  a  system  of 
three  functions  according  to  eqs,(5#l)  and  (5#ll).  These  functions  obey  the 
transformation  formulas  (5.5)  and  (5*17 )•  A  characteristic  feature  of  these 
formulas  is  their  linearity  and  homogeneity  relative  to  the  coefficients  of 
.transformation  (eq4-5»2a):  .  ; 


I 


dy’ 


(5.18) 


The  transformation  formulas  corresponding  to  eqs,(5.2b),  as  is  readily- 
demonstrated,  are  linear  and  homogeneous  relative  to  the  coefficients  of  the 
transformatiorrJf- 


dx‘ 
dyi  ' 


(5.19) 


The  transformation  formulas  are  also  homogeneous  with  respect  to  the  vec¬ 
tor  components.  For  this  reason,  a  vector  equal  to  zero  in  one  system  of  coor-  ’ 
dinates  is  equal  to  zero  in  all  coordinate  systems. 

In  concluding  this  Section,  let  us  consider  the  projections  of  a  vector  /28 
onto  the  axes  of  the  local  coordinate  base.  These  projections  are  sometimes 
called  "physical  components  of  a  vector"  (Bibl,6), 

Denoting  the  mod-ulus  of  the  vector  ej  by  ej ,  we  have 


.  _ ^  gik 

Ci  VJii  1'^- 


(5.20) 


In  orthogonal  coordinate  systems: 


(5.21) 


(do  not  sum  over  ij ) 


The  expressions  for  the  transformation  coefficients  adopted  here  are  inverse 
to  those  used  by  us  in  an  earlier  book  (Bibl,7). 
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Section  6,  Tensors  of  Various  Rank  and  Structure,  The  Metric 
Tensor  of  the  Shell 


The  concept  of  the  tensor  is  a  natural  generalization  of  the  concepts  of 
scalar  and  vector  discussed  above*  The  basis  of  this  generalization  is  given 
by  the  formulas  for  transformation  of  vector  components,  eqs,(5,5)  and  (5,17), 
To  find  the  direction  of  the  generalizations,  let  us  consider  the  formulas  of 
transformation  of  the  qu^tities  gj^,  g*"*  ,  and  ,  On  the  basis  of  the  defl 
nitions  of  these  quantities  and  of  the  transformation  fonnulas  for  the  vectors 
of  the  principal  and  reciprocal  coordinate  bases,  we  have 


or,  finally. 


Similarly, 


ik 


ms;>- 


(a) 

(6,1) 

(6,2) 


A  comparison  of  eqs,(6,l)  and  (6,2)  with  eqs,(5.5)  and  (5,17)  leads  to  the 
wanted  generalization. 

A  comparison  of  eqs. (6.1) 
tion  forraulas  (5#5)  and  (5.17) 
inclusion  of  scalars,  vectors, 
tensor  quantities  (tensors}-^. 

The  structure  of  the  relations  (6.1)  and  (6.2)  shows  that  we  must  distin¬ 
guish  tensors  with  covariant,  contravariant,  and  mixed  components.  The  differ¬ 
ence  between  these  components  is  that  the  formulas  of  transition  from  the  old 
covariant  components  to  the  new  contain  only  the  coefficients  p] ,  the  formulas 
of  tr^sition  from  the  old  contravariant  components  to  the  new  contain  only  the 
coefficients  ,  while  the  formulas  of  transition  from  the  old  mixed  compon—  /29 
ents  to  the  new  contain  the  transformation  coefficients  a}  and  pj « 

^rther  comparison  of  eqs.(6.l)  and  (6.2)  with  the  relations  (.5.5)  and 
(5.17 )  permits  introduction  of  the  concept  of  the  rank  of  a  tensor.  The  rank  of 
a  tensor  is  equal ^ to  the  dimensionality  of  the  right-hand  sides  of  the  trans¬ 
formational  equations  for  its  components  relative  to  the  coefficients  of  trans¬ 
formation. 


and  (6.2)  with  the  vector  component  transforma- 
and  with  the  properties  of  scalars  permits  the 
and  of  the  quantities  gjj^,  g^k',  among  the 


The  term  ^tensor”  apparently  originated  in  connection  with  the  fact  that  the 
stresses  in  the  neighborhood  of  a  certain  point  of  a  continuous  medium  are  com¬ 
ponents  of  the  stress  tensor.  It  is  connected  with  the  Latin  word  tenders,  to 
piill,  to  stretch. 
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The  number  of  components  of  a  tensor  depends  or  its  rank.  The  n\imber  N  of 
components  of  a  tensor  of  rank  n  is  expressed  by  the  formula 

(b) 


Thus  scalars  are  tensors  of  zero  rank,  vectors  are  tensors  of  first  rank, 
and  the  quantities  gjjf ,  g**'  ,  gJjJ  are  components  of  tensors  of  second  rank.  Ten¬ 
sors  possessing  the  components  guj  ,  g**'  and  gJ,j  are  called  metric,  since  they 
determine  the  measurement  of  distances  between  points  of  space  and  the  measure¬ 
ment  of  angles  between  directed  segments,  i.e.,  the  metric  of  space. 

Generalizing  eqs.(5.5),  (5.17),  (6.1)  and  (6.2),  we  set  up  a  transforma¬ 
tion  formula  for  the  components  of  a  tensor  of  arbitraiy  structure  and  rank. 
These  formulas  are  of  the  following  form: 


r''*’.--- =  a' a^Sc  Tf!  - . 


(6.3) 


We  advise  the  reader  to  set  up  the  formula  of  the  transformation  inverse 
to  eq. (6.3),  as  an  exercise. 

Equations  (6.3)  express  the  fundamental  property  of  tensor  components,  the 
law  of  their  transformation  on  passage  from  one  coordinate  system  to  another. 
This  law  is  the  same  for  all  tensors,  regardless  of  their  geometrical  meaning 
or  physical  nature.  For  this  reason,  to  prove  that  any  quantity  has  tensor 
properties,  it  is  necessary  and  sufficient  to  prove  that  the  transformation  for¬ 
mulas  (6.3)  are  satisfied.  It  follows  from  eqs.(6.3),  in  particular,  that  a 
tensor  with  components  equal  to  zero  in  a  certain  system  of  coordinates  will 
have  components  equal  to  zero  in  all  systems  of  coordinates.  In  general,  every 

tensor  equation  that  is  valid  in  one  coordinate  system  will  be  satisfied  in  all 

other  systems,  i.e.,  such  an  equation  will  be  invariant  under  transformation  of 
coordinates. 

If  the  components  of  a  tensor  in  one  system  of  coordinates  are  known,  then 
eqs.(6.3)  will  permit  us  to  find  its  components  in  any  other  system.  In  this 

case,  the  formulas  of  coordinate  transformation  (5.2a)  and  (5.2b)  or  the  coef¬ 

ficients  of  transformation  o'!  and  gj  must  be  assigned. 

Thus,  for  example,  we  found  the  expressions  (3.6a)  and  (3.6b)  for  the  com¬ 
ponents  of  the  metric  tensor  in  the  shell,  under  the  assumption  that  the  coor¬ 
dinate  lines  on  the  base  surface  coincide  with  its  lines  of  curvature.  These 
expressions  permit  a  determination  of  the  components  of  the  metric  tensor  in  /30 
cin  arbitrary  system  of  coordinates  of  the  basic  surface.  Let  the  formulas  of 
coordinate  transformation  be  of  the  following  form: 


x‘  =  x<{yi)  (i,  /=  1,  2),  (6.4a) 

—  ^3.  (6«/|.b) 


Then,  from  eqs«(3*6a),  (3«6b)  and  (6.1),  we  obtain 
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-I- -If  ^7 

5^13 -=1  (/,y=l,2). 


(6,5a) 

(6,5b) 


In  exactly  the  same  way  we  could  indicate  the  formulas  of  transformation 
of  the  components  of  the  metric  tensor,  corresponding  to  an  entirely  arbitrary 
choice  of  the  system  of  coordinates  in  the  shell.  However,  we  will  not  present 
them  here. 


Section  ?•  Operations  of  Tensor  Algebra 


Tensor  algebra  considers  only  those  operations  on  tensors  which  result 
again  in  a  tensor.  It  goes  without  saying  tnat  these  operations  do  not  include 
operations  connected  with  differentiation  or  integration. 


1,  Addition 


The  operation  of  addition  can  be  performed  only  on  tensors  of  the  same 
rank  and  structure. 

The  sum  of  tensors  is  the  tensor  determined  by  comiponents  equal  to  the 
sums  of  the  components  of  the  tensors  being  added: 


I-  C'*; 


(7,1) 


^Ik 


are  tensor  components^  i.e 


*  ^ 

ii 


Indeed,  if  the  quantities 

transformation  formulas  then,  obviously,  the  quantities 

•  j  •  ^so  obey  the  transformation  formulas  (6.3)*  This  demonstrates  that  the 
operations  defined  by  eq,(7*l)  belong  to  tensor  algebra* 


2*  Multiplication 


The  operation  of  multiplication  may  be  applied  to  tensors  of  arbitrary 
rank  and  structure. 

The  product  of  tensors  is  the  tensor  with  components  equal  to  the  prod-  /31 
ucts  of  the  components  of  the  tensors  being  multiplied*  The  rank  of  the  produ^ 
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equals  the  sum  of  the  ranks  of  the  factors.  For  example: 


(7.2) 


If  eqs,(6.3)  are  satisfied  for  the  quantities  A*’',  then  it  is  ob¬ 
vious  that  they  will  also  be  satisfied  for  the  quantities  This  demon¬ 

strates  that  the  operations  defined  by  the  relation  (7.2)  belong  to  the  opera 
tions  of  tensor  algebra. 


An  example  of  the  application  of  tensor  multiplication  is  the  construction 
of  elementary,  so-called  multiplicative  tensors.  Assume,  for  instance,  that  we 
have  assigned  the  vectors  a‘,  The  products  of  these  quantities  are 

the  components  of  the  mixed  multiplicative  tensor  of  third  rank: 

=  a'b^c^.  (7.3) 


3,  Contraction 

The  operation  of  contraction  can  be  performed  only  on  mixed  tensors. 

To  perform  this  operation  on  the  .mixed  tensor  T|||j*  we  set  up  the  quanti¬ 
ties 

7’i;=ry.;  (7.  A) 

We  shall  prove  that  the  quantities  Tj ; : •  are  components  of  a  tensor  having 
a  ranlc  two  mits  lower  than  the  rank  of  the  original  tensor,  Tj';j:  . 

Consider  the  transformation  formula  (6.3).  Put  in  this  formula  k  =  j.  In 
the  right-hand  side  of  the  equation,  the  sum 


5^  =  n  (7.5) 

dxo  dy>  "  lO  (/-^A<7). 


will  be  eliminated.  Thus,  we  obtain 

'P’O'"  . 

••y--  P . 

Consequently,  the  operation  of  contraction  leads  to  a  tensor  of  rank  two  units 
lower  than  the  rank  of  the  original  tensor* 

Here  and  hereafter  the  set  of  components  of  a  tensor  is,  for  brevity,  itself 
called  a  tensor* 
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Example.  Consider  the  mixed  multiplicative  tensor  a^bj^ ,  By  performing 
the  operation  of  contraction  on  it,  we  obtain  the  scalar-sceilar  product  of  the 
vectors  a  and  b: 


a-b  —  a‘bi  = 


(7.6) 


A.*  ^Raising**  and  **Lowering”  of  Indices 


Z32 


We  have  already  encountered  special  cases  of  this  operation  in  discussing 
the  relations  (5.7)  and  (5.8).  Let  us  extend  it  to  tensors  of  any  rank  and 
structure. 

We  shall  first  show  that  an  arbitrary  tensor  can  be  represented  as  the  sum 
of  multiplicative  tensors.  It  is  sufficient  to  demonstrate  this  in  any  spe¬ 
cially  selected  coordinate  system.  Consider,  to  be  definite,  the  third-rank 
tensor  Let  us  set  up,  corresponding  to  each  component  of  this  tensor,  a 

^  **  [tJk] 

system  of  three  vectors  a^b^  c, . 

Let  us  select  the  vectors  of  this  system,  for  instance,  as  follows: 


Then  the  tensor  may  be  represented  by  the  sum 


o,  <7,  r 


Bearing  eq. (5.7)  in  mind,  let  us  consider  the  equation 


(b) 


Thus, 


\ptir\ 

Zj 


r 


^  l‘k' 


(7.7) 


We  have  "lowered”  the  first  contravariant  index,  by  converting  it  into  a 
covariant  index,  A  covariant  index  may  similarly  be  "raised" 

Consequently,  any  system  of  tensor  components  may  be  determined  in  a  space 
with  a  given  metric  tensor,  if  a  system  of  components  of  any  structure  is 
known. 
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We  note  in  conclusion  that  the  representation  (b)  of  an  arbitrary  tensor 
by  a  sum  of  multiplicative  tensors  has  a  number  of  applications.  For  example, 
this  representation  permits  us  directly  to  find  the  ’’physical  components”  of  an 
arbitrary  tensor  by  making  use  of  eqs,(5»20)  and  (5.21),  For  this  it  is  suffi- 

[P<ir] 

cient  to  substitute  for  the  components  of  the  vectors  a*b^c,j  their  projections 
onto  the  axes  of  the  local  coordinate  basis. 


5,  Permutation  of  Indices.  Symmetrization  and  Alternation 


Z22 


The  interchange  of  any  pair  of  indices  in  the  components  of  the  tensor 
transforms  this  tensor  back  into  a  tensor.  If,  on  interchange  of  a  pair 
of  indices,  the  tensor  I’emains  unchanged,  it  is  called  symmetric  vd.th  respect 
to  this  pair  of  indices.  For  example,  on  satisfying  the  condition 


(7.9) 

the  tensor  T^J  is  called  symmetric  vrith  respect  to  the  indices  k  and  j.  If, 
on  interchange  of  a  pair  of  indices,  the  components  of  the  tensor  change  their 
signs,  then  the  tensor  is  called  antisymmetric  vdth  respect  to  this  pair  of  in¬ 
dices,  For  example,  on  satisfying  the  condition 

Tik- ^ _ fi-k  (7.10) 

■J 

the  tensor  T, is  antisymmetric  vdth  respect  to  the  indices  k  and  j. 

Making  use  of  the  transformation  formulas  (6,3),  it  is  easy  to  show  that 
the  properties  of  symmetry  and  antisymmetry  are  invariant  under  coordinate 
transformations  (Bibl,7).  The  proof  is  left  to  the  reader  as  an  exercise, 

A  symmetric  tensor  of  second  rank  has  six  substantially  different  compon¬ 
ents  in  three-dimensional  space,  while  an  antisymmetric  tensor  of  second  rank 
has  only  three.  Indeed,  we  have,  identically. 


T':*,-  =  I  + Tip + ^  (r^y  -  rf/), 


(7.11) 


The  formation  of  a  doubled  symmetric  part  of  a  tensor  is  called  symmetri¬ 
zation,  and  that  of  a  doubled  antisymmetric  part  is  called  alternation. 
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Ssction  8»  Various  Applications  of  Tensor  Algebra 
1.  The  Second  Analytic  Definition  of  the  Tensor 


We  shall  prove  the  following  theorem:  Given  the  system  of  quantities  T*'‘; 
and  the  arbitrary  vectors  ,  bj^  ,  ,  If  the  sum  Tj^jajb|jC^  is  an  invariant 

under  transformation  of  coordinates  (that  is,  an  absolute  scalar),  then  the 
quantities  T^ ,  J  are  components  of  a  mixed  tensor  of  third  rank. 


Proof.  By  hypothesis. 


nk 


T'P'i-  a'  [)'  c'' 


p  1 


(a) 


Let  us  make  use  of  the  vector  component  transformation  formulas  that  result 
from  eqs.(6.3).  We  have 


bk  =  o.ib\-, 


(b) 


Substituting  these  relations  into  eq. (a)  and  transposing  all  terms  to  the  left 
side  of  the  equation,  we  obtain 


(c) 


Equation  (c)  holds  for  arbitrary  values  of  the  quantities  a»p ,  b»  and 
c»'‘ .  This  is  possible  only  if  all  coefficients  of  the  products  a’ob»  c»'‘ van¬ 
ish.  We  then  obtain 

T'Pi-  =  (xPaipjV>’\ 

'  (d) 


We  have  again  arrived  at  a  relation  of  the  form  of  eqs.(6.3).  This  proof  may 
obviously  be  extended  to  a  tensor  of  arbitrary  rank  and  structure. 

2.  The  Antisymmetric  Tensor  of  Rank  Two  as  a  Vector  in 
Three-Dimensional  Space 

We  have  already  noted  that  an  antisymmetric  tensor  of  rank  two  in  three- 
dimensional  space  has  three  substantially  different  components.  We  shall  now 
show  that  there  exists  a  vector  equivalent  to  this  tensor. 

Let  us  first  consider  the  transformation  formulas  for  the  vectors  of  the 
reciprocal  coordinate  base.  From  eqs.(5.10),  (5.3b)  and  (6.2),  we  find 


Turning  now  to  eq.( 5.15a),  we  have 
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<?;  X  f’. 


e  ==  -y, 


(e) 


3y  using  the  transformation  formulas  (5»3b)  we  obtain 


(f) 


Comparing  the  relations  (8*1),  (e)  and  (f),  we  obtain 


(8-2) 


where  the  indices  j,  i,  k  and  q,  r,  s  take  the  values  1,  2,  3  in  the  order  of/35 
a  positive  cyclic  permutation. 

Consider  the  transformation  formulas  for  the  components  of  an  antisym¬ 
metric  covariant  tensor  of  rank  two.  It  follows  from  eqs.(6.3)  and  the  anti- 
symmetiy  of  the  tensor  that 


r: 


ik 


rRsJ 
iVk^  rs 


— 


m^r 


(g) 


or,  from  eq,(8.2), 


1  I 

2  V 


—  J-  V  a>  T. 


/•,  s 


(h) 


The  sign  of  summation  in  the  right-hand  side  extends  over  all  pairwise  combina¬ 
tions  of  the  three  numbers  1,  2,  3,  corresponding  to  the  indices  r  and  s. 

We  introduce  the  notation: 


7’/  = 


1 


(8.3) 


where  the  symbols  j,  i,  k  form  the  positive  cyclic  permutation  of  the  numbers  1, 
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2,  3.  Remembering  eq.(2.6b),  we  obtain  from  (h) 


T'J  =  aj^Ti.  (i) 

This  relation  shows  that  eqs.(8.3)  determine  the  components  of  the  contravari- 
aht  vector  equivalent  to  the  covariant  antisymmetric  tensor  of  rank  two.  It  may 
be  shown  similarly  that  a  contravariant  antisymmetric  tensor  of  rank  two  is 
equivalent  to  a  co variant  vector  with  the  components 


(8,4) 


3.  The  Vector  Product  of  Two  Vectors  in  an  Arbitrary 
Coordinate  System 

Consider  the  multiplicative  tensor  of  rank  two: 

—  (k) 

Performing  the  operation  of  alternation,  we  obtain 

Rik~ 

The  tensor  Rjjj,  according  to  eqs,(8.3),  is  equivalent  to  the  contravariant  vec¬ 
tor 


cf  — 


1 

v~g 


(afil,  —  a^bi). 


(8.5) 


The  vector  c^  detenTiines_^the  contravariant  components  of  the  vector 
product  of  the  vectors  a  and  b  in  an  arbitrary  coordinate  system.  Similarly, 
from  eqs.(8.4),  we  obtain: 


Z36 


=  g{a‘b’''  —  a’’ b‘). 


(8.6) 


Pseudoscatlars  and  Pseudovectors 

Let  us  revert  to  eq. (2.6b).  The  volume  V  of  the  parallelepiped  constructed 
on  the  vectors  of  the  cooi^iinate  basis  is  a  scalar.  But  it  is  impossible  to 
find  this  scalar  as  an  absolute.  Under  coordinate  transformation,  the  volrame  V 
varies.  In  particular,  on  passage  of  the  local  coordinate  basis  from  a  right- 
hand  system  of  coordinate  vectors  to  a  left-hand  system,  under  preservation  of 
the  quantities  of  the  vectors  ej ,  the  volume  V  changes  sign.  The  volume  V  is 
therefore  called  a  pseudoscalar.  The  quantities  Rn^,  defined  by  eqs,(l)  have 
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similar  properties  (for  details  see  Bibl»7)» 

The  vector  c  with  the  components  expressed  by  eqs.(8,5)  and  (8.6),  has  a 
dual  meaning.  If  the  sign  /g  is  fixed,  then  the  components  of  the  vector  c 
vrill  change  signs  on  passage  of  the  local  coordinate  system  from  a_^right-hand 
to  a  left-hand  system.  In  this  case  the  components  of  the  vector  c  do  not  obey 
the  transformation  formulas  (6.3)  and  the  vector  c  is  called  a  pseudovector. 

If,  however,  ,fg  is  regarded  as  a  pseudoscalar,  then  eqs.(8.5)  and  (8.6) 
determine  a  polar  vector,  i.e.  a  vector  that  does  obey  the  transformation  law 

(6.3). 

We  note  in  conclusion  that  a  vector  product  exists  as  a  vector  only  in 
three-dimensional  space.  In  multi-dimensional  space  it  is  considered  an  anti¬ 
symmetric  tensor  of  rank  two  instead  of  a  vector. 

Section  9.  The  Absolute  Differential  of  a  Tensor.  The  Tensor 
Field  and  the  Absolute  Derivative 


1.  The  Absolute  Differential  of  a  Tensor 

Consider  the  variable  vector  a  with  contravariant  components: 

(j  — (a) 

Ass\xming  that  the  components  of  the  vector  and  the  points  of  its  application  /37 
vary,  we  find  the  differential  da: 

da  =  eida‘  +  (b ) 

Let  us  find  the  contravariant  components  of  the  differential  da.  From 
eqs.(5.l6)  we  have 


Further, 


{da)>  —  daf  a' e>  -de,. 


(c) 


dCi  —  dx’’. 

‘  dx^ 


(d) 


Using  eqs.(2.3)  vre  now  find 


dCi  d-r  _  de^ 
dx’^  ~  dx‘dx’‘  dx‘  ' 


We  introduce  the  notation 
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(9.1) 


de^ 

— L.  ~ 

dx^ 


(3V 

dx^dx^ 


The  quantities  are  called  Christoff el  symbols  of  the  second  kind* 

Ghristoffel  symbols  are  symmetric  with  respect  to  the  indices  i,  k: 


IV  =r^‘ 
ik  ^  kr 


(9.2) 


Equation  (c)  now  takes  the  form: 


{day  da^'  +  l\a‘dxK  (  9.3  ) 

Equation  _£9.3)  determine s^the  contravariant  components  of  the  absolute 
differential  da  of  the  vector  a*  The  term  ’’absolute  differential”  evidently 
arose  in  connection  v/ith  the  ideas  of  absolute  motion,  which  are  familiar  from 
kinematics. 

Consider  the  co variant  components  of  the  absolute  differential.  From 
eq.(5.11)  we  have 


da  e^da^  +  ci^de^- 


(f) 


Let  us  find  the  covariant  components  of  the  vector  da: 

{da)j  =--=  daj  -{-  a^ej-deK  (g) 

It  follows  from  eqs,(5#l/i.)  that: 

Cj  ■  de‘  --  —  e'  •  dej.  (h  ) 

Making  use  of  the  relations  (d),  (9.1)  and  (h),  we  obtain  from  eq, (g):  /38 

ida)j  =  d<ij  —  '  ( 9.  i ) 

This  relation  determines  the  co variant . components  of  the  absolute  differ¬ 
ential  of  the  vector  a. 


We  will  now  show  that  the  Christoffel  symbols  are  defined  in  terms  of  the 
components  of  the  metric  tensor,  and  indicate  the  fomrulas  for  their  transfor¬ 
mation,  From  eqs.(5.10)  and  (9.1)  we  have 


dV 


dr‘dx^ 


o 


(9.5) 
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The  quantities 


av  ■*  _  _ae/_ 

dx'dx”  “  dx’’ 


(i) 


are  called  Christoffel  symbols  of  the  first  kind.  It  follows  from  eqs,(9»5) 
and  (5.12)  that 


ik 


rs"  ik' 


(9.6) 


The  following  formula  of  transformation  of  the  Christoffel  symbols  of  the 
first  kind  resiilts  from  eq,  (i): 


()yP 

r' 

P.Qr 


dx’’  d: 


dy'  dy* 


dx'’ 


dy’dy^ 


(9.7a) 


where  the  y*  are  the  coordinates  of  the  ne\f  system. 

From  the  transformation  formula  (9.7a)  and  eq, (9.6)  it  is  easy  to  derive 
the  transformation  formula  for  Christoffel  symbols  of  the  second  kind: 


.  _  a.c'  dx'  dyi 

dy'  dy*  ’  d.v'’  dy'dy*  ‘  (9.7b) 


Thus,  the  Christoffel  symbols  are  not  components  of  a  tensor,  since  they 
do  not  obey  the  transformation  formulas  (6.3). 

Making  use  of  the  relation  (e),  we  find 


dCj 

~dx^' 


i-e, 


de^ 

dA" 


or 


17. 


ik  -~= 


dA* 


;■  (<-’1  •  ^j)  +  '■r'n-  •  <?*) 


dx 


_de,_ 
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Again  making  use  of  the  relation  (e)  and  eq.(2,5),  we  obtain 


/39 


r 


j,  /ft 


Ua-* 


dx' 


(9.8) 


It  follows  from  eq, (9.8)  that 

+  (9.9a) 

dx^ 

The  absolute  differential  of  a  vector  is  thus  completely  determined  if  the 
metric  of  the  space  is  knowi# 

In  conclusion  xve  note  the  existence  of  a  direct  relation  between  the  abso¬ 
lute  differential  of  a  vector  and  the  absolute  derivative  of  the  vector  func¬ 
tion  a(t),  which  we  know  from  the  piunciples  of  the  kinematics  of  a  rigid  bod3r'''; 


da 

dt 


d'a 


+  0)  X 


(9.9b) 


dta 


where is  the  relative  (local) 


derivative  of  the  vector  a. 


This  interrelation  results_^from  eqs.(9.l)  and  from  the  definition  of  the 
instantaneous  angular  velocity  co  of  the  bodyJH;-. 


In  this  special  case  we  find  that  between  the  Christoffel  symbols  and  the 
instantaneous  angular  velocity  of  an  absolutely  rigid  body  there  exists  the  re¬ 
lation  : 


ik 


dx” 

dt 


- 0)^ 


I  » 


(9.9c) 


where  the  are  the  components  of  the  antisymmetric  tensor  of  instantaneous 
angular  velocity  of  the  body,  equivalent  to  the  vector  m  (8.2) 

A  different  interpretation  of  the  meaning  of  the  Christoffel  symbols  is 
also  possible.  It  follows  from  relation  (9.9c)  that  the  product 


*  See  (Bibl.7  p.l30). 
■«:-  See  (Bibl.7  Sect. 21) 


(9.9d) 


deteiTOines  the  generalized  relative  angle  of  rotation  of  the  coordinate  basis 
under  displacement  from  the  point  MCx*  )  to  the  neighboring  point  (x*  +  dx*  ). 

2,  Absolute  Differential  of  a  Tensor  of  Arbitrary  Rank 
and  Stinicture 


Consider  the  invariant 


(k) 


Differentiating  the  invariant  cd,  we  obtain 

</q)  =  dV*j\apf,ci  -j-  V^ybi^c'dai  + 
+  r^j:a,ddb, + P^.:a,b,dci 


M 


(1) 


On  the  basis  of  eqs,(9.3)  -  (9»A)  we  represent  eq, (t)  in  the  following  form: 


==  Ti^vjy^ci  {da)i...  +  P*  +  T‘f:ya,b^  {dc){_ .  + 

-t-  {dV^.y.  +  T:y:V‘jx^ -y  r^y  _ 


(m) 


Here  we  have  changed  the  dummy  indices  necessary  for  the  transformation  of 
eq  .  (t). 

Considering  eq, (m),  we  note  that  its  left  side  and  the  first  summands  in 
its  right  side  are  scalars.  Consequently,  the  last  term  in  its  right  side  is 
also  a  scalar.  But  the  quantities  aj  ,  bj^ ,  c^  are  components  of  arbitrary  vec¬ 
tors,  Consequently,  according  to  the  second  analytic  definition  of  a  tensor 
(Sect, 8),  the  expressions  in  parentheses  are  components  of  a  mixed  tensor: 


DT‘!‘:y 


(ipky  yr*. .  ^  Jiry 


(9.10) 


The  tensor 

ential  of  the  tensor  Tf'J 


determined  by  eqs*(9.10)  is  called  the  absolute  differ-’ 

•  • 

j .  • 
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3.  Tensor  Field,  The  Absolute  (Covariant)  Derivative  of  a  Tensor 
of  Arbitraiy  Rank  and  Structure 

A  tensor  field  is  a  region  of  variation  of  the  coordinates  x* ,  such  that 
to  each  point  of  the  region  there  correspond  values  of  the  components  of  some 
tensor,  V/e  shall  assume,  vdth  infrequent  exceptions,  that  the  components  of 
the  tensor  are  single-valued  functions  of  the  coordinates  of  the  points  of  the 
field,  viTe  shall  also  assume  that  these  functions  have  analytic  singularities 
at  isolated  points  of  the  field.  At  all  other  points  of  the  field  the  tensor 
components  are  continuous  and  differentiable  functions  of  the  coordinates  x* , 
Then, 


dT‘^y_  —  d,  r;*  V  dx^. 


(n) 


Equation  (9,10)  now  takes  the  form: 


-f-  r:*.; 


rs  ..y 


U  ^  -  r- 


^  dx\ 


(9.11) 


The  operator 


ir-  • 

•7* 


ly 

JS  I 


IM. 

(9.12) 


is  called  the  absolute  or  covariant  derivative  of  the  tensor  The  geo¬ 

metrical  meaning  of  absolute  differentiation  will  be  discussed* in* the  following 
Section# 

Let  us  return  to  eq.(9*9a).  This  relation  may  be  represented  in  the  fol¬ 
lowing  form: 


^kSir  —  —  ^\8sr  =  Vkglr  =  0. 


(9.13) 


Equation  (9.13)  expresses  the  theorem  of  Ricci:  The  absolute  derivative  of 
the  metric  tensor  vanishes# 

This  assertion  also  applies  to  the  contravariant  and  mixed  components  of 
the  metric  tensor  (Bibl#7). 

Consequently,  in  covariant  differentiation  the  components  of  the  metric 
tensor  must  be  regarded  as  constant  quantities#  We  suggest  that  the  reader  con- 
A^ince  himself  that  the  well-known-  rules  for  differentiation  of  the  sum  or  prod¬ 
uct  of  scalar  functions  apply  to  the  absolute  differentiation  of  tensor  frac¬ 
tions# 
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Section  10*  Parallel  Displacement  of  Tensors  in  the  Sense  of 
Levi-Civita,  The  Tensor  of  Curvature* 


1*  Parallel  Displacement 

In  the  investigation  of  various  vectors  of  geometry  and  mechanics^  it  is 
necessary  to  compare  tensor  quantities  analytically  assigned  at  different 
points  of  space. 

This  comparison  can  be  accomplished  after  reduction  of  the  quantities  to 
be  compared  to  a  single  point*  We  meet  such  reductions,  in  particular,  in  the 
kinematics  and  statics  of  an  absolutely  rigid  body,  where  the  system  of  sliding 
vectors  is  displaced  parallel  to  their  initial  rectilinear  bases  to  the  center 
of  reductiono  In  parallel  displacement  of  a  vector,  neither  its  magnitude (mod¬ 
ulus)  nor  its  direction  are  changed.  Consequently,  in  parallel  displacement  of 
a  vector  from  the  point  M(x1  )  to  the  neighboring  point  (x^  +  dx*  ),  the  abso¬ 
lute  differential  of  the  vector  must  vanish.  Let  us  adopt  the  above  statement 
as  a  general  definition  of  parallel  displacement  of  tensor  quantities.  This 
definition  of  parallel  displacement  coincides  in  essence  with  the  definition 
given  by  Levi-Civita  (Bibl.8). 

Let  6Tj^j;  be  the  change  in  the  components  of  a  tensor  under  parallel  dis¬ 
placement  from  the  point  M(xi  )  to  the  neighboring  point  (x^  +  dx^  ).  Then,  on 
the  basis  of  eqs.(9*10),  we  can  set  up  the  system  of  differential  equations  of 
parallel  displacement.  This  s^rstem  has  the  following  form:  /L2 


-  i';/r 


rk- 


+  . .  .)dx\ 


(10.1) 


In  particular,  for  a  contravariant  vector  we  find 


oa^  =  —  a^dx^; 

and  for  a  covariant  vector 

5a, 


(10.2) 

(10.3) 


We  note  in  conclusion  that,  in  a  vector  displacement  that  is  parallel  in 
the  Levi-Civita  sense,  the  scalar  product  of  the  vectors  remains  unchanged  and 
each  of  the  vectors  entering  into  the  product  may  be  independently  displaced, 
and  then  the  scalar  product  of  the  vectors  so  displaced  can  be  constructed.  The 
proof  is  left  to  the  reader. 

2.  Tensor  of  Curvature  (Riemann-Christoffel  Tensor) 

Equations  (10*2)  -  (10.3)  are  not  in  general  totally  differential  equa¬ 
tions.  The  result  of  a  parallel  displacement  of  vectors  in  the  Levi-Civita 
sense,  therefore,  depends  on  the  shape  and  position  of  the  curve  along  which 
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this  displacement  is  accomplished.  Parallel  displacement  in  Euclidean  space  is 
here  an  exception*  In  this  case  it  is  always  possible  to  choose  a  coordinate 
system  such  that  the  components  of  the  metric  tensor  are  constant  and,  conse¬ 
quently,  the  Christoff el  symbols  vanish. 

Consider  the  result  of  a  displacement  of  the  contravariant  vector  a^  from 
the  point  M(xi  )  to  the  point  M^^(x*  +  dx^  +  6x*  )  on  noncoinciding  curves  passing 
through  the  point  M»(x*  +  dx*  )  and  (x*  +  6x*  ).  Let  us  calculate  the  compon¬ 
ents  of  the  displaced  vector,  using  eq.  (10.2).  Let  the  components  of  the  dis¬ 
placed  vector  at  point  M  be  a‘ .  Then,  the  components  of  the  parallel-displaced 
vector  at  point  M’  will  be 


(a) 


The  symbol  M,  here  and  hereafter,  denotes  the  values  of  the  functions  at 
point  M. 

On  further  motion  to  point  we  must  bear  in  mind  the  change  in  the  Chris- 
toffel  symbols,  which  are  fimctions  of  the  coordinates  of  the  points  in  space. 

We  have,  at  point  M” 


K'  ;., ),,  -I-  ,  )m  («0,,  dxX]  ^x‘>  +  . . . 


(b) 


where  the  A^a^  are  the  changes  in  the  components  of  the  vector  a,  on  passage  to 
the  point  M”  along  the  curve  We  shall  neglect  third-order  infinites-  /IS 

imals. 


Consider  now  the  result  of  parallel  displacement  of  the  vector  a  to  the 
point  M**  along  the  curve  The  components  of  the  parallel-displaced  vec¬ 

tor  at  point  Ml  will  be  expressed  as  follows: 


At  point  M”, 


(c) 


-  )m  +  )m  [(«%  -  )m  5x*]  djc? -j-  . . . 


(d) 


where  the  are  the  changes  in  the  vector  components  ai  on  passage  to  the 

point  M**  along  the  curve  MMiM", 
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If  the  parallel  displacement  of  the  vector  is  accomplished  in  a  space 
vri.thout  internal  curvature  (in  Euclidean  space),  then  (b)  and  (d)  are  identi¬ 
cally  equal.  Under  parallel  displacement  of  the  vector  in  a  non-Euclid ean 
space,  for  instance  on  a  nonplaner  surface,  (b)  and  (d)  vfill  not  coincide.  Con¬ 
sider  the  vector 


Aid'  —  A2d‘- 


(e) 


Subtracting  (d)  from  (e),  and  making  the  necessary  changes  in  the  dummy  indices, 
we  obtain; 


Aa'’  =  (a^r'. 


- 

pr  jk 


(10,4) 


Let  us  consider  this  equation.  Noting  that  its  left  side  contains  contra- 
variant  components  of  the  vector,  we  conclude,  based  on  the  second  analytic  def¬ 
inition  of  a  tensor  (Sect, 8),  that  the  expressions 

-  d,  4-  r;.  -  4*  17.  (10, 5 ) 


are  mixed  components  of  a  tensor  of  rank  four.  This  tensor  is  called  the  cur¬ 
vature  tensor,  or  the  Riemann-Christoffel  tensor* 

I 

In  Euclidean  space,  the  curvature  tensor  identically  vanishes*  In  fact, 
in  Euclidean  space  we  can  introduce  a  Cartesian  coordinate  system,  in  which  all 
the  Ghristoffel  symbols  vanish,  as  the  components  of  the  curvature  tensor  will 
then  also  vanish.  However,  a  tensor  that  vanishes  in  one  coordinate  system 
will  also  vanish  in  all  the  others  (Sect* 6)* 

Consequently,  in  Euclidean  space,  the  result  of  the  parallel  displacement 
of  a  vector,  analytically  determined  in  a  curvilinear  coordinate  system,  is  in¬ 
dependent  of  the  choice  of  the  curve  along  which  the  point  of  application  of 
the  vector  is  displaced*  The  vanishing  of  the  tensor  a  condition  of 

integrability  of  the  equations  of  parallel  displacement* 

The  above  discussion  applies  to  the  parallel  displacement  of  tensors  of  /UU 
arbitraiy  rank  and  stmicture* 

Consider  the  elementary  properties  of  the  curvature  tensor*  It  will  be 
clear  from  eq.(l0*5)  that  it  is  antisymmetric  in  the  indices  k  and  r.  Let  us 
find  its  covariant  components.  We  have 


Rrjj,  =  g*.  =  g,,  id,  17,  -  a,.  17,+  _  r;.  r). 


(f) 


Let  us  transform  (f).  From  eq, (9,9a)»  'we  obtain 


37 


i^r  -i- 1';„  -  J’;.  (i\, ,,  -I- 1',_  4. 

^r  ^7/ 


Performing  the  operation  of  alternation  with  respect  to  the  indices  r  and  j,we 
obtain 


Rrj.ik  -  r,./i  -  dj  i\  ,v  -I-  I’f,  _  rfy  i\ 


(10.6) 


and,  making  use  of  the  expressions  (9.8)  for  the  Christoff el  S3Tnbols,  we  get 


2  \  dx‘  dx^  dx^  dx^^  dx'’  dx^  dx^ 


“f*  ^  V-  ^  s.jk  -  (},  ij  Pj,  At- 


+ 


(10.7) 


This  formula  gives  us  the  fundamental  properties  of  the  curvature  tensor, 
its  antisymmetry  in  the  indices  r,  j  and  i,k  and  its  symmetry  in  the  index- 
pairs  rj  and  ik.  Hence  follows,  more  specifically,  that  in  a  three-dimensional 
space  the  curvature  tensor  has  only  six  substantially  different  components,  and 
in  two-dimensional  space  (on  a  nonplanar  surface),  one. 

In  Euclidean  space,  as  already  noted,  the  curvature  tensor  vanishes.  Its 
vanishing  is  a  necessary  and  sufficient  condition  for  the  possibility  of  intro¬ 
ducing  into  a  space  a  system  of  coordinates  with  the  Euclidean  metric,  in  which 
the  components  of  the  metric  tensor  are  expressed  by  the  equations: 

(10.8) 

V/e  shall  not  dwell  here  on  the  proof  of  this  assertion,  nor  on  the  study 
of  the  various  properties  of  the  curvature  tensor,  and  refer  the  reader  to  the 
specialized  manuals--. 

3.  Change  of  the  Sequence  of  Operations  in  Successive  £1^ 

Absolute  Differentiation 


It  can  be  sho'vvn  that  a  change  in  the  sequence  of  operations  of  covariant 
differentiation  substantially  changes  the  result  in  cases  where  the  curvature 
tensor  does  not  vanish. 

The  follovdng  equality  can  be  proved  by  direct  calculation: 


Cf.,  for  instance,  Rashevskiy,P.K.,  Riemannian  Geometry  and  Tensor  Analysis. 
Gostekhizdat,  1953. 
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(10.9) 


Consequently,  repeated  covariant  differentiation  is  commutative  in  Eu¬ 
clidean  space. 

Li,  Geometric  Construction  of  a  Covariant  Derivative 

We  can  now  convince  ourselves  that  the  absolute  derivative  determines  the 
major  part  of  the  increment  of  a  tensor  function,  like  the  derivative  that  de¬ 
termines  the  major  part  of  the  increment  of  a  scalar  function.  Consider,  for 
instance,  the  components  of  the  increment  of  a  contravariant  vector  correspond¬ 
ing  to  the  difference  between  the  coordinates  of  point  M(x*  )  and  M(x*  +  dx*  ). 

To  construct  the  vector  increment,  having  vector  properties,  at  point  M  or 
point  M,  we  must  use  the  operation  of  parallel  displacement.  We  have 

(Au)^V  -  -I-  -  [«;„  --  (l;,  )m  = 

=  -I-  (l'^).w  dx"  =  (r,  dx\ 


This  equality  com.pels  attention  to  the  duality  in  the  meaning  of  the  re¬ 
sult:  the  constru.cted  quantities  (Aa)Jj  do  have  the  properties  of  a  vector  at 
point  N,  but  are  expressed  in  terms  of  tensor  quantities  determined  at  point  N. 

Section  11.  Operator  of  Parallel  Displacement  of  Tensor  Quantities 
on  the  Base  Area  of  a  Shell 


Most  studies  on  shell  theory  are  based  on  the  reduction  of  the  three- 
dimensional  problems  of  the  theory  of  elasticity  and  plasticity  to  two- 
dimensional  problems,  by  means  of  the  analytic  detemiination  of  the  quantities 
sought  in  the  coordinates  and  metric  of  the  base  surface. 

We  shall  therefore  now  discuss  the  problem  of  the  parallel  displacement  of 
tensor  quantities  from  an  arbitrary  point  on  a  given  shell  to  the  base  sur-  A6 
face.  This  displacement  may  be  accomplished  by  integrating  eqs,(l0,l). 

We  shall  here  consider  the  integration'  of  the  simpler  formulas  [eqs,(l0.2) 

-  (10.3)],  which  permit  the  parallel  displacement  of  both  contravariant  and  co¬ 
variant  vectors.  V/e  shall  use  the  method  of  successive  approximation  employed 
by  us  elsewhere  (Bibl.23b)  for  this  purpose. 

Let  us  consider  again  eqs,(l0,2)  for  the  parallel  displacement  of  a  con¬ 
travariant  vector,  and  represent  them  in  the  following  form: 

da‘  —  —  a'"  dx^.  ^  ^  ^ 

Given  the  components  of  the  vector  a*  at  some  point  M(x^ )  of  the  shell. 

Let  us  denote  these  components  by  ,  Required,  to  find  the  components  a*  after 
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the  parallel  displacement  of  the  point  of  application  of  the  vector  along  an 
arbitrary  curve  to  the  base  surface. 

Assume  that  the  equations  of  the  displacement  curve  are  of  the  form 

.V'  x^(u),  (ll#l ) 

and  that 

.V' 


Then,  on  the  curve  selected  by  us,  the  Christoffel  symbols  will  be  as¬ 
signed  fionctions  of  the  parameter  u.  Then,  eqs,  (a)  will  take  the  form 


diV  —  M\a'  dn, 


where 


yVf' (;/)  (//)  A--"  (;/). 


(11.2) 


(11.3) 


where  the  dot  indicates  differentiation  with  respect  to  u.  Following  ray  ear¬ 
lier  work  (Bibl,23b),  we  replace  the  system  of  equations  (11.2)  by  the  system 
of  equivalent  integral  equations: 


U 

a‘  (a,  ita)  ==  -\-  J  /Vf)  (v)  or  (v)  dv. 

«o 


(11.4) 


Substituting  the  initial  values  of  the  components  of  the  vector  a*  in  the 
expression  under  the  sign  of  integration,  we  obtain  the  first  approximation: 


u 


(c) 


Substituting,  again,  the  first  approximation  (c)  into 
the  integral  sign  in  the  right  side  of  eq, (ll,4),  we  find 


the  expression  under 


U  U  V 

‘’.'i,)  =  <7o  j*  dv  -|-  (/u  J  J  Msivi)  Mr{v)  dr,  dv. 


Wo  Wo 


(d) 


Continuing  this  process,  we  obtain,  after  several  permutations  of  the  /k7 
indices. 
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a‘  (K,  H,)  =  a'  +  a'a  {«.  «o). 


(11.5) 


where 


U  U  V 

«o  Mo  M,1 

U  «  U 

*  M'r  (0)  +  J  J  (^i)  {V)  dv  dv, -{-...  . 

Mo  «.>  Vx 


j"  J  Mr{Vi)  JM's  (v)  dv^  dv-{-  .. .  — 


(11.6) 


Equation  (11.6)  defines  the  resolvent  of  the  S7stem  of  integral  equations 
(11.4).  The  displacement  of  a  covariant  vector  may  be  similarly  considered.  We 
have,  from  eqs.(io.3)» 

da,  —  Nl  a,  da, 

where 

N'i(ii)  =  Vu{a)x^{u). 

From  eq.(ll.7)  we  find 

U 

(«.  «o)  =  «/0  +  J  (y)  a,  (v)  dv. 

Mo 

This  system  of  integral  equations,  like  the  system  (11.4),  is  solved  by 
the  method  of  successive  approximation.  Its  solution  is  of  the  form: 


(11.7) 

(11.8) 

(11.9) 


(“.  “o)  —  +  ^rO  «o)* 


(11.10) 


The  resolvent  yJ (u,  u^ )  is  expressed  as  follows: 

U  U  V 

U'T  (K,  «o)  =  J  (v)  dv^^^N:  {v,)  M  (v)  dv,dv+... 

Mo  Mo  Ma 

u  u  u 

—  ^  Ni(v)dv  +  J  J  N^i(v)dvdv^A-  . , ,  .  (11.11) 


(11.11) 


Mo 


Mo 


The  proof  for  the  convergence  of  these  expansions  is  known  from  the  theory 
of  Volterra’s  integral  equations  of  the  seconci  kind.  With  insubstantial  re- 
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strictions  I  have  also  presented  the  proof  of  convergence  in  the  work  already- 
cited  (Bibl,23b). 

T?ie  resolvents  (u,  )  and  (u,  ),  like  the  Christoff  el  symbols,  are 

not  tensor  quantities^  These  operators  permit  the  displacement  of  tensor  quan¬ 
tities  over  a  finite  distance,  V/e  shall  call  them  operators  of  parallel  dis¬ 
placement. 

The  formulas  (ll,5)  and  (11,10)  can  be  put  into  a  different  form.  By  /hB 
setting 

^o)  5;  -(-  //o):  B- (u,  //,)  =  5^  +  ur(u,  uj,  (11.12 ) 

we  get 

=  '  (11.13) 


The  relations  (11.5)  and  (ll.lO)  written  in  this  form  are  analogous  to  the 
vector- component  transformation  formulas  derived  from  eqs, (6,3)#  We  therefore' 
extend  eqs,  (11,13)  to  a  tensor  of  arbitrary  rank  and  structure.  By  analogy  to 
eqs,(6,3)  we  obtain 


r';:  (u,  n,)  ■.=  a\,  («,  //„)  4  {n,  n^)  [fj{u,  u,) . . .  r!%:  {u,). 


(11.14) 


Let  us  consider,  as  an  example,  the  construction  of  the  operators  (u,Uo  ) 
and  Yj  (u,  u<,  ).  Let  the  metric  of  the  shell  be  expressed  by  eqs.  (3.6a)-0.6b), 
The  metric  defined  by  these  equations  is  encountered  in  an  \mdeformed  shell,  or 
in  a  deformed  shell  if  -  after  its  deformation  -  we  choose  a  new  coordinate 
system  with  the  coordinate  lines  coinciding  with  the  lines  of  curvature  on  the 
deformed  base  surface  and  with  the  normals  to  it. 

Assume,  for  simplicity,  that  the  displacement  takes  place  along  a  normal 
to  the  base  surface.  Then,  eqs, (11,1)  can  be  put  into  the  form 


Let  us  also  put: 

A 

:  =  x^--=a. 

(11.15) 

In  this  case: 

Ho  “  -  2- 

(11.16) 

then 

.-^;c’==0;  i’-l, 

(e) 

M‘rin)  = 

-r(,(H);  A^;(H)==r;3(H). 

(f) 
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Bearing  formulas  (5.9b),  (9.5)  and  (9.8)  in  mind,  and  calculating  the 
Christoff el  symbols  Tjg,  we  find  that  only  the  symbols  rjg  do  not  vanish  in  the 
system  of  coordinates  we  have  selected.  We  obtain 

rl-i^  =  d,  In  (1  -  kiX^)  (i  =  1.  2),  (11.17) 


or,  in  view  of  eqs. (11.15), 


Making  use  of  eqs. (f)  and  (g)  and  the  expression  for  the  resolvent, 
(11.6),  we  find 


,  1 — /v’vn  1  \  ~  k.iio  “ 


k.u, 

k.u 


1. 


(g) 


m 


(h) 


or,  in  the  notation  of  eqs, (11,15)  -  (11.16), 


k,  (X’  -  z] 
1  —  fef  x’ 


(/  =  1,  2). 


(11.17) 


The  remaining  operators  vanish.  For  x?  =  0,  eq, (ll,17)  yields  the  op¬ 
erator  of  parallel  displacement  of  a  contravariant  vector  to  the  base  surface 
(Bibl.23b): 

d)' (0,  z) - /e,  z.  (11,18) 


Let  us  now  determine  the  operator  Yj  (u,  u^,  ).  Using  eqs.  (f)  and  (g)  and 
the  expression  for  the  resolvent,  eq, (11,11 ),  we  find 


w;  («,  «o) 


,  1  -kill,  1  1  -/q«o 

—  In  ", - 7 - p  777  In^  yr 

1  —  k:ii  ‘2!  I  - 


—In 


plftTiT 


k^u 


(i) 


or 


kj  {2  —  x^) 
1  —  k^z 


(/=--!,  2). 


(11.19) 
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The  other  operators  YJ  vanish*  For  0,  eq.  (11*19)  gives  the  operator 
of  parallel  displacement  of  a  covariant  vector  to  the  base  surface: 


WHO,  = 


k:Z 


1  -  k-.z 


(11.20) 


Equations  (ll.l?)  and  (11.19)  can  be  directly  obtained  from  the  system  of 
equations  (11*2)  and  (ll*7)^  since  when  the  relations  (f)  and  (g)  are  satis¬ 
fied,  the  system  of  equations  of  parallel  displacement  breaks  down  into  indivi¬ 
dual  equations. 

Section  12.  Bcpansion  of  Tensor  Functions  in  Generalized 
Taylor  Series 

1.  Analytical  Definition  of  the  Radius  Vector  of  a  Point 
of  Space  in  Curvilinear  Coordinates 

In  analytic  geometry  the  term  radius  vector  is  customarily  applied  to  a 
directed  segment  draim  from  a  fixed  point  (the  origin  of  coordinates)  to  a  point 
in  space*  In  a  Cartesian  coordinate  system,  the  contravariant  components  of  /50 
the  radius  vector  of  a  point  are  equal  to  the  components  of  its  terminus  or to 
differences  between  the  coordinates  of  the  terminus  of  the  radius  vector  and 
those  of  its  fixed  origin.  Thus,  the  radius  vector  is  a  geometrical  object 
connected  vdth  two  points  in  space,  and  therefore  it  is  not  a  vector  attach¬ 
ment,  defined  instead  by  the  coordinates  of  its  point  of  application.  This 
causes  the  trouble  in  attempts  at  analytic  definition  of  the  radius  vector  in 
curvilinear  systems  of  coordinates,  since  the  transformation  formula  (6.3)  re¬ 
lates  to  a  fixed  point  in  space. 

To  avoid  misunderstandings,  we  shall  introduce  the  radius-vector  into  sys¬ 
tems  of  curvilinear  coordinates  by  means  of  definition.  We  shall  first  define 
the  radius  vector  in  the  Cartesian  system  of  coordinates,  as  just  indicated.  We 
shall  then  define  its  contravariant  components  in  an  arbitrary  curvilinear  sys¬ 
tem  of  coordinates,  applying  the  transformation  formulas  (6.3)*  We  shall  at 
the  same  time  also  define  the  transformation  coefficients  at  the  fixed  origin 
of  the  radius  vector.  Obviously  a  radius  vector  can  exist  only  in  a  space  that 
permits  introduction  of  the  Cartesian  coordinates.  It  does  not  exist  in  the 
internal  geometry  of  nonplanar  surfaces.  Here  we  can  introduce  only  small 
radius  vectors  with  errors  of  the  second  order  of  smallness. 

2.  Expansion  of  Tensor  Functions  into  Generalized 

Taylor  Series 

The  three-dimensional  problems  of  the  theory  of  elasticity  and  plasticity 
are  reduced  to  two-dimensional  problems  by  various  methods,  among  which  we  must 
mention  the  method  given  by  Cauchy  and  Poisson  in  the  theory  of  plates.  This 
method,  based  on  the  expansion  of  the  reo^uired  quantities  into  Taylor  series, 
will  be  discussed  in  Chapter  III.  Here  we  shall  dwell  only  on  the  general  prop- 
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erties  of  such  expansions  in  the  space  within  a  shell,  referred  to  curvilinear 
coordinates. 

Let  us  first  consider  the  tensor“T  of  rank  n,  referred  to  the  Cartesian 
system  of  coordinates.  Expanding  the  components  of  this  tensor  in  Taylor  se¬ 
ries  in  the  neighborhood  of  some  fixed  point  M,  in  powers  of  the  coordinate  in¬ 
crements,  and  returning  again  to  the  non— coordinate  representation  of  tensor 
quantities,  we  find 


(12.1) 


where  the  letters  M  and  N  denote  quantities  determined  at  the  fixed  points  M 
and  N. 

In  the  expanded  form,  in  the  Cartesian  coordinate  system,  eq.(l2.l)  has  /^1 
the  form; 


);v = ('f:*;: ),.  +  )m  + 


where  Ar  is  the  radius  vector  with  its  origin  at  the  point  M  and  its  teminus 
at  the  point  N. 

On  passage  to  curvilinear  coordinates,  the  derivatives  S,  in  eq.(l2.2)must 
be  replaced  by  the  absolute  derivatives  We  find 


+  ^  (^r)P  (Ary  +  ...  . 


(12.3) 


This  equation  defines  the  expansion  of  the  tensor  T  of  parallel  displace¬ 
ment  from  point  N  to  point  M.  In  other  words,  this  expansion  defines  the  com¬ 
ponents  of  the  tensor  T  at  point  N  in  terms  of  the  values  of  these  components 
and  their  derivatives  at  point  M  and  in  the  metric  of  space  at  point  M.  The 
proof  of  eq.(l2.3)  follows  from  two  propositions: 

a)  On  passage  to  a  Cartesian  system  of  coordinates,  eq. (l2.3)  is  trans¬ 
formed  into  eq.(l2.2),  which  results  from  the  classical  Taylor  expansion. 

b)  A  tensor  equation  valid  in  anj'"  system  of  cooilinates  is  valid  in  all 
other  systems. 
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PRINCIPAL  RELATIONS  OF  THE  NONLINEAR  THEORY  OF  ELASTICITY 
IN  THE  INVARIANT  FORM 

Section  !•  Euler  and  Lagrange  Variables#  Displacement  Vector^ 

Velocity  Vector  and  Acceleration  Vector  of  an 
Element  of  a  Continuous  Medium 

An  arbitrary  system  of  curvilinear  coordinates,  determining  the  position 
of  points  of  a  continuous  medium,  but  not  connected  with  the  medium,  is  called 
a  system  of  Euler  variables.  The  Euler  variables  of  the  points  of  a  continuous 
medium  vary  on  its  motion. 

A  system  of  coordinates  determining  the  position  of  points  of  a  medium  and 
materially  connected  with  that  medium  is  called  a  system  of  Lagrange  variables. 
The  Lagrange  variables  of  the  points  of  a  medium  do  not  vary  on  its  motion. 

Let  us  assume  for  simplicity  that  the  Euler  variables  are  the  Cartesian 
coordinates  ,  while  the  Lagrange  variables  are  the  arbitrary  curvilinear  co¬ 
ordinates  X* .  The  quantities  likewise  determine  a  certain  Eulerian  coordi¬ 
nate  system.  This  will  be  discussed  later  in  Sections  2  and  3* 

Let  us  introduce  in  the  space  of  Eulerian  coordinates  a  radius  vector  de¬ 
termining  the  position  of  the  points  of  the  medium.  When  the  position  of  the 
points  of  the  medium  varies,  the  radius  vector  of  a  certain  point  M(x^  )  will 
also  vary.  We  have 


7,  aO^^(0,  a'O  7-  x‘) 


1,  2,  3J. 


(1.1) 


The  increment  u(t,  x*  )  of  the  radius  vector  r(0,  x*  ),  detemining  the  ini¬ 
tial  positions  of  a  point  of  the  continuous  medium,  is  called  the  displacement 
vector  of  the  point  M(x*  ).  The  vector  u(t,  x*  )  is  a  function  of  the  Lagrangian 
coordinates  x^  and  the  time  t. 

Determining  the  components  of  the  radius  vector  r(t,  x^  )  in  Eulerian  co¬ 
ordinates,  we  obtain 

A'O (0,  +  (1.2) 

where  the  u^  are  the  ^physical  components’^  of  the  vector  u(t,  x^  )  in  Euler-  /53 
ian  coordinates.  Equations  (l.2)  may  be  considered  as  formulas  of  transition 
with  the  parameter  t,  connecting  the  Lagrangian  and  Eulerian  coordinates. 

By  differentiating  eq.(l.l)  with  respect  to  t,  we  find  the  velocity  vector 
and  the  acceleration  vector  of  an  element  of  the  continuous  medium: 


A6 


(1.3) 


dr  _ da 

Jf  ~  'dJ 


-  _  _  d^a 

™  "  dJ  dt^  ■ 


Section  2,  Tensor  of  Small  Deformations  and  Tensor  of 
Finite  Deformations 

1.  Tensor  of  Small  Deformations  and  Vector  of  Small  Rotation 
of  an  Element  of  a  Continuous  Medium 


Let  us  return  to  eq. (1,1).  This  equation  permits  the  introduction  of  the 
fundamental  quantities  describing  the  variation  of  the  internal  geometrical 
properties  of  a  space  invariably  bound  to  the  deformable  medium.  Such  quanti¬ 
ties  are  the  tensor  of  small  deformations  and  the  tensor  of  finite  deformations. 
Let  us  consider  first  the  tensor  of  small  deformations. 

Differentiating  eq, (1,1)  vd.th  respect  to  the  coordinates  x* ,  we  find 


Further, 


dr{t,  x‘)  =  dr[0,  x‘)-\-da{t,  x‘]. 
dr{0,  x‘)  =  d,7  (0,  x‘)  dx”  =  e,,  dxK 


(a) 


(b) 


where  are  the  vectors  of  the  local  coordinate  basis  in  the  undeformed  me- 
ditun. 


Let  us  continue  the  transformation  of  eq, (a).  Using  eqs,(l,  9.3)  and  (l, 
9.11),  we  obtain 

du  {t,  x‘)  =  ej^{da)>  ej^st,ti>dx’‘.  (c) 

where  the  covariant  derivative  is  determined  in  the  metric  of  the  xmdeformed 
mediiim*  Consequently, 


dr  It,  x‘j  =  (^^.0  +  dx^. 


(2.1) 


Denoting  the  contravariant  components  of  the  vector  dr  by  dx*^ ,  we  get 

dx'‘ dx’’.  (2,2) 

Equations  (2,2)  show  that  the  deformation  of  a  continuous  medium  may  be 
regarded  to  be  a  result  of  local  transformations  of  coordinates  in  the  neigh¬ 
borhoods  of  the  points  of  the  medium. 
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The  transformation  coefficients 


Z54 

(2.3) 


—  5a 


are  components  of  a  mixed  tensor  of  rank  two  in  the  metric  of  the  undeformed 
medium*  Let  us  consider  the  tensor 

<l>*'.  o)  (2.4) 

The  tensor^^  is  called  the  differential  expansion  of  the  vector  u(Bibl.7). 
We  introduce  the  covariant  components  of  the  tensor  $  and  expand  this  tensor 
into  its  symmetric  and  antisymmetric  parts  (I,  7.5).  We  find 

=  Vk'h  =  (V*  Hi  +  V,  u,,)  -f  ~  {s;  1,111  -  V;  u„).  (2.5) 

The  symmetric  tensor 

_  1  I 

^ki  —  (v*  t'i  +  rt^.)  =  --  {d.Ui,  -f  —  21,4  Uj)  (2,6  ) 


is  called  the  tensor  of  small  deformations  of  an  element  of  the  continuous  me¬ 
dium.  The  meaning  of  this  term  will  be  explained  below. 

The  antisymmetric  tensor 


=  —  '-4*  =  —  (V*«/  -  Vi«*) 


(2.7) 


leads,  on  the  basis  of  (l,  8.2)  to  the  vector 

1  ,  ,1 


=  -xh  -'-  ('T*  ”i  ~  Vj  H/.-)  =  — - (5*  Ui  —  d  llu). 

2J/^'  '•  2Vg 


(2.8) 


The  ^dices  j,  k,  i  are  a  cyclic  permutation  of  the  numbers  1,  2,  3.  The  vec¬ 
tor  Q  is  called  the  curl  of  the  vector  u: 

--=cur]rt.  (2,9 

It  is  well  known  that  the  vector  0  approximately  determines  the  absolute 
rotary  displacement  of  the  particles  of  the  medium  (Bibl, 7  )’'*■. 

*  The  identification  of  the  vector  Q  with  the  mean  angle  of  rotation  is  possi¬ 
ble  only  in  the  linear  theory  (Bibl.llb). 


On  the  basis  of  (I,  9.9d)  we  note  that  the  generalized  relative  angle  of 
rotation  of  adjacent  elements  of  the  deformed  medium  is  expressed  in  terms  of 
the  Christoffel  symbol  in  this  medium.  To  obtain  a  complete  idea  of  the  kine¬ 
matics  of  a  medium  after  deformation,  one  must  turn  to  the  investigation  of  its 
metric. 


2,  Tensor  of  Finite  Deformations 


To  find  the  kinematic  quantity  characterizing  the  change  of  the  distance 
between  two  points  of  a  continuous  medium  under  deformatijon,  and  the  change  in 
the  angle  between  the  direction  of  two  vectors  drg  and  6ro  originating  at  the 
arbitrary  point  M(x‘  )  of  an  undeformed  medium  under  deformation,  let  us  consi¬ 
der  the  change  in  the  scalar  product  dro  «  6ro  caused  by  deformation.  We  have, 
on  the  basis  of  eq, (b): 


and 


dv^  —  ^it)dx}\  §/■(,  — 
dro-^r^=gikdx‘5x’‘. 


(d) 


where  the  components  of  the  metric  tensor  relate  to  the  undeformed  state  of  the 
medi-um.  Further,  by  the  aid  of  eq,(2,l),  we  obtain 


dr  ■  Br  =  +  ^jo  V;  dx‘^x’‘  = 

=  {gik  +  Sjk'^iU^  +  dx‘Bx'‘.  (2,10) 

Finally,  making  use  of  the  Ricci  theorem  (I,  Sect,9»3)»  we  find 

dr  ■  Br  —  dr^  ■  or^  =  (v,«a  +  VA“i+ VjK-'v*“y)  dx‘Bx'‘.  (  e ) 


The  expressions  in  parentheses  are  the  covariant  components  of  the  symme- 
trie  tensor  of  rank  two: 


2Di,  = 


(2,11) 


Equations  (2,11)  .determine  the  tensor  of  finite  deformations  of  the  con¬ 
tinuous  mediiun.  From  a  comparison  of  eqs,(2,ll)  and  (2,6)  follows  the  follow- 
ing  relation: 


(f) 
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For  small  values  of  the  tensor  components  the  tensor  will  approx¬ 
imately  coincide  with  the  tensor  of  small  deformations 

It  will  be  seen  from  eq«(2.10)  that  the  metric  in  the  deformed  medium  is 
determined  by  the  equations 

=  +  (2.12) 

Hence,  from  eqs*(l«5#9*)  we  may  find  the  contravariant  and  mixed  components  of 
the  metric  tensor,  and  then  the  Christoffel  symbols  and  the  operation  of  abso¬ 
lute  differentiation  in  the  metric  of  the  deformed  medium. 

3«  Concluding  Remarks  /56 

The  reader  has  probably  noted  a  certain  arbitrariness  in  the  construction 
of  the  tensor  of  small  deformations  and  that  of  the  tensor  of  finite  deforma¬ 
tions.  We  did  in  fact  determine  the  increment  of  the  displacement  vector  in 
the  metric  of  the  undeformed  medium.  It  would  have  been  possible,  however,  to 
use  the  metric  of  the  deformed  medium. 

The  arbitrariness  in  the  choice  of  the  metric  is  not  fortuitous.  This  ran¬ 
domness  is  due  to  the  fact  that  in  a  general  study  of  the  internal  geometry  of 
manifolds  of  coordinates  x^ ,  the  metric  is  introduced  by  definition  and  cannot 
be  connected  in  advance  with  the  properties  of  the  manifold.  These  ideas  are 
well  known  from  modem  differential  geometry  (Bibl.6).  We  have  chosen  the  sim¬ 
plest  method  of  defining  the  metric  of  a  deformed  medium  and  at  the  same  time 
have  defined  the  tensors  of  small  and  finite  deformations.  A  different  justifi¬ 
cation  of  the  relations  obtained  is  also  possible.  One  could  assert  that  the 
coordinates  in  the  undeformed  medium  simultaneously  define  two  systems  of 
coordinates,  the  Eolerian  and  Lagrangian.  The  expressions  found  for  the  tensor 
components  of  small  and  finite  deformations  are  connected  with  the  Eulerian  co¬ 
ordinate  system. 

Section  3»  Conditions  of  Compatibility 

Equations  (2.11)  determine  the  finite-deformation  tensor  components  if  we 
know  the  components  of  the  vector  of  displacement  of  an  element  of  the  contin¬ 
uous  medium. 

It  is  natural  to  pose  the  inverse  problem;  to  find  the  displacement  vector 
from  the  components  of  the  finite-deformation  tensor.  This  problem  is  solved 
by  integrating  a  system  of  six  nonlinear  equations  (2.11)  with  three  unknown 
functions,  the  vector  components  Uj .  Obviously,  the  possibility  of  a  single¬ 
valued  determination  of  the  functions  u^  from  the  system  of  equations  (2.11) 
must  be  assured  by  satisfaction  of  additional  conditions^ imposed  on  the  compon¬ 
ents  of  the  strain  tensor.  It  is  simplest  here  to  start  out  from  general  geo¬ 
metrical  considerations.  The  existence  of  the  vector  u  is  equivalent  to  the 
existence  of  the  coordinate  transformation  formulas  (1.2),  and  of  transforma¬ 
tion  formxfLas  inverse  to  eqs.(l.2),  permitting  us  to  pass  from  the  metric  in 
the  deformed  medium  to  the  initial  metric.  But  the  initial  metric  is  the 
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metric  of  Euclidean  space.  In  this  metric,  the  curvature  tensor  vanishes  iden¬ 
tically.  Consequently,  also  in  the  deformed  medium  the  curvature  tensor  will 
vanish  if  there  exist  the  transformation  formulas  (1.2)  or  if  there  exists  a 
displacement  vector  u  as  a  single— valued  function  of  the  cooiKiinates  x*  at  a 
fixed  time  t. 

The  fact  that  the  components  of  the  curvature  tensor  vanish  is  the  wanted 
condition,  which  must  be  satisfied  by  the  strain  tensor  compnents  in  order 
that  the  displacement  vector  determined  from  eqs.(2.1l)  be  in  existence.  Mak-/^ 
ing  use  of  (l,10.7)»  we  find: 


2  \  dx'dx''  dx>dx'‘  dx''dx''  dx’dx‘  j 


1 


1(0) 
(K  ir 


p(/5) 
i  c  ib 


—  a<is  I'l^l 


(3.1) 


where  are  Christoff el  symbols  of  the  first  kind  expressed  in  terms  of  the 

metric  tensor  components  of  the  deformed  medium,  Grs*  Substituting  eqs.(2.1l) 
into  eqs.(3.l),  we  find  the  required  compatibility  conditions  of  eqs.(2.1l),  or 
the  integrability  conditions.  A  special  case  of  eqs.(3.l)»  for  small  deforma¬ 
tions,  is  given  by  the  well-known  Saint-Venant  conditions^:-. 

Section  1.  Stress  Tensor.  Generalized  Hookers  Law 

1.  Linear  Generalization  of  Hooked  s  Law.  Physical  and  Geometric 
Nonlinearity  of  the  Equations  of  the  Theory  of  Elasticity 

The  second  tensor  determining  the  state  of  the  deformed  medium  is  called 
the  stress  tensor.  Its  properties  are  well  known  from  the  principles  of  the 
mechanics  of  a  continuous  medium,  and  they  will  not  be  discussed  here. 

The  stress  tensor  and  the  strain  tensor  are  correlated  by  a  system  of  re¬ 
lations  resulting  from  the  generalized  Hooke»s  law.  This  connection  is  usually 
considered  as  linear  and  is  accomplished  by  means  of  the  elasticity  tensor 
pik,  energetic  considerations  it  follows  that  the  components  of  the 

elasticity  tensor  C‘*'>  are  symmetric  in  the  labels  i  and  k,  r  and  s,  and  the 
pair  of  indices  ik,  rs.  Thus  in  the  most  general  case  of  anisotropy  of  the  ma¬ 
terial,  the  tensor  G*’'*'^*  has  only  21  independent  components. 

The  generalized  Hookers  law  in  the  invariant  form  is  expressed  as  follows: 

=  (4.1a) 


Cf.E.Trefftz,  Mathematical  Theory  of  Elasticity  and  also  (Bibl.7),  ONTI,  1934 
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where  a**'  are  the  contravariant  components  of  the  stress  tensor. 

The  expressions  for  the  components  of  the  deforaiation  tensor  in  terms  of 
the  stress  tensor  are  of  the  following  form: 

M  a'*.  (4.1b) 

where  the  quantities  Yra,  ik  expressed  in  terms  of  To  find  these 

expressions,  it  is  sufficient  to  perform  the  inversion  of  eqs.(4.1a),  solving/ 58 
the  system  of  linear  equations  (4«la)  with  respect  to  D^g. 

Let  us  consider  an  isotropic  medium.  In  the  case  of  an  isotropic  medium 
the  elasticity  tensor  has  only  two  substantially  different  components.  All  the 
components  of  the  elasticity  tensor  can  be  expressed  in  terms  of  two  indepen¬ 
dent  quantities,  which  are  constants  in  a  homogeneous  medium. 

We  now  introduce  the  Lamd  constants  X  and  |ji : 


I 


Ey 

(l”2v)(l+v)  ’ 


E 

2(1 +v)* 


(4.2a) 


The  inverse  relations  are  of  the  following  fom: 


X  |x  2  (X  -f-  ji) 


(4.2b) 


In  eqs.  (4.2a)  - 
Equations  (4.1a)  can 


(4.2b),  E  is  Young^s  modulus,  and  v  is  Poisson^s  constant, 
then  be  represented  in  the  following  form: 


where 


(4.3) 

(4*4) 


is  the  linear  invariant  of  the  strain  tensor. 

The  quantities  gP^  are  the  contravariant  components  of  the  metric  tensor 
of  the  undeformed  medium.  The  introduction  of  the  metric  tensor  of  the  de¬ 
formed  medium  would  here  be  superfluous,  since  it  would  lead  to  a  nonlinear  re¬ 
lation  between  the  components  of  the  stress  tensor  and  those  of  the  strain  ten¬ 
sor,  which  would  be  contradictory  to  eq. (4.1a). 
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We  shall  not  dwell  on  the  problem  of  justification  of  the  analytic  expres¬ 
sion  of  the  generalized  Hookers  law  defined  by  eqs.(4.1a)  -  (4*3),  but  shall 
adopt  these  equations  as  the  direct  consequences  of  experimental  data,  which^ 
are  valid  in  a  certain  region  of  variation  of  the  stress  tensor  and  the  strain 
tensor. 

It  follows  from  eqs,(4»3)  -  (4»4)  that 


-Jk  =  D,,.  (4.5a) 


Passing  to  the  covariant  components  of  the  stress  tensor,  we  find: 


(4.5b) 


A  comparison  of  eqs, (4.5a)  and  (4.1a)  leads  to  the  following  expression  for  the 
components  of  the  elastic  tensor: 

C'*'"  =  ^ 

Equations  (4,1a)  -  (4.1b)  and  (4.5a)  express  the  linear  Hookets  law,  /ii 
since  the  components  of  the  stress  tensor  and  the  strain  tensor  enter  linearly 
into  these  relations.  At  the  same  time,  it  must  be  emphasized  that  the  ten¬ 
sor  D,,  contains  nonlinear  terms  in  the  vector  components  u  and  their  deriya- 
-ti-yes  with  respect  to  the  coordinates  x^ ,  In  this  connection,  we  distinguish 
between  the  physical  nonlinearity  and  the  geometi*icaT  nonlinearity  of  the  equa¬ 
tions  of  the  elasticity  theory  or  the  equations  of  the  mechanics  of  a  contin¬ 
uous  medium  with  properties  more  general  than  those  of  an  elastic  body*. 

The  nonlinear  terras  entering  into  the  composition  of  the  tensor  of  finite 
deformation  determine  the  geometrical  nonlinearity  of  the  equations.  Physical 
nonlinearity  depends  on  the  form  of  functional  connection  between  the  compon¬ 
ents  of  the  stress  tensor  and  those  of  the  strain  tensor, 

2,  The  Nonlinear  Hookers  Law 

For  an  anisotropic  body,  on  introduction  of  terms  containing  products  and 
squares  of  the  components  of  the  strain  tensor,  we  obtain 


pq^rs* 


(4.7) 


Here  we  meet  two  elastic  tensors:  the  tensor  Ci*'’  *’*,  discussed  above,  and 


*  V,V,Novozhilov  in  his  monograph  (Bibl,llb)  gives  clear-cut  definitions  of 
these  forms  of  nonlinearity. 
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the  tensor  of  rank  six  Cg’'’  This  tensor  is  symmetric  in  the  labels  i,  k, 

P>  Q.*  s  and  the  pairs  of  corresponding  indices.  An  elementary  calciilation 
shows  that  this  tensor  has  79  substaintially  different  components.  Consequently, 
there  are  100  substantially  different  components  of  the  tensors  C*''j  p®  and 
(;ik,pq,r8^  taken  together. 

It  is  difficult  to  obtain  the  expressions  determining  the  strain  tensor 
components  in  terms  of  the  stress  tensor  components  by  inversion  of  eqs,  (4,.7), 
since  such  inversion  leads  to  the  solution  of  a  system  of  six  quadratic  equa¬ 
tions,  i,e,,  to  the  solution  of  an  algebraic  equation  of  twelfth  degree.  Such 
an  equation  in  the  general  case  cannot  be  solved  in  radicals. 

All  this  indicates  the  great  difficulties  that  arise  in  the  study  of  prob¬ 
lems  of  the  mechanics  of  anisotropic  elastic  bodies  with  “physical  nonline¬ 
arity”. 


Consider  now  an  isotropic  body.  In  order  to  set  up  the  invariant  expres¬ 
sion  of  the  generalized  Hookers  law,  including  terms  of  the  form  Dp^D,,,  it  is 
sufficient  to  consider  the  components  of  a  tensor  of  rank  six,  constructed  from 
the  contravariant  components  of  the  metric  tensor,  permitting  us,  as  a  result 
of  multiplication  and  contraction,  to  find  additional  linearly  independent 
terms  entering  into  the  composition  of  the  components  of  the  stress  tensor  /60 
These  components  of  the  required  tensor  of  rank  six,  as  can  easily  be 
verified,  are  expressed  by  three  combinations:  g^''gP‘Jg^*,  g*’‘^g‘'’^®,  g^^’g^'^g’®. 
Thus,  the  generalized  nonlinear  Hooke’s  law  may  be  represented  by  the  following 
invariant  equation: 


o'*  =  -I-  2iig"g''^)  D„  4-  +  c^gPog‘'-g’’^  + 

+  c,g‘Pg’‘^g<'^)D^^D,,. 


(a. 8 ) 


Equation  (A.8)  contains  five  parameters  determining  the  elastic  properties 
of  the  mediimi:  The  Lame  constants  \  and  n  and  the  additional  coefficients  Cj , 
Cg,  Cg,  These  coefficients  are  constants  in  a  homogeneous  body.  All  the 
above-eniamerated  coefficients  are  experimentally  determined.  Both  eqs, (A. 5a)- 
(A»6)  and  eq, (4.8)  will  contain  contravariant  components  of  the  metric  tensor 
of  an  undeformed  medium.  Indeed,  the  application  of  the  metric  tensor  compon¬ 
ents  of  the  defomed  medium  would  lead,  as  is  clear  from  eq,(2.l2),  to  the  in¬ 
troduction  into  eq,  (Z|.,8)  of  additional  terms  of  the  third  dimension  with  re¬ 
spect  to  the  components  of  the  strain  tensor.  This  would  contradict  eqs, (4,7) 
by  which,  in  advance,  we  restricted  the  accuracy  of  the  wanted  relation.  Equa¬ 
tion  (4,8 )in  essence  coincides  with  the  “Voigt-Mumaghan  law" .  A  critical  anal¬ 
ysis  of  certain  consequences  that  result  from  relations  analogous  to  eq.  (4,8)  is 
given  elsewhere  (Bibl.llb), 

3*  Concluding  Remarks 

In  most  works  on  the  mechanics  of  deformable  bodies,  the  construction  of 
generalized  formulations  of  Hooke’s  law  is  based  on  energetic  considerations. 
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A  detailed  exposition  of  energetic  principles  would  be  outside  the  scope  of 
this  book,  and  we  have  therefore  employed  an  outwardly  formal  method,  postula¬ 
ting  the  invariance  of  the  law  sought  and  using  the  propositions  of  tensor  al¬ 
gebra  for  the  construction  of  its  invariant  formulation.  The  formalism  of  this 
method  is  illusory.  It  is  well  knoi^rn  from  modern  physics  that  the  requirement 
of  the  invariance  of  the  mathematical  formulation  of  the  laws  of  nature  results 
from  generalized  principles,  which  are  the  expanded  energetic  considerations  to 
which  we  have  referred  above# 

Section  5.  Equations  of  Motion  of  an  Element  of  a  Continuous  Medium, 

The  Linear  Lame  Equations 

1,  Equations  of  Motion  of  an  Element  of  a  Continuous  Medium 
in  an  Arbitrary  System  of  Lagrange  Coordinates 

The  equations  to  be  considered  determine  the  motion  of  an  element  of  a  de¬ 
formed  continuous  medium.  For  this  reason,  in  determining  the  components  of 
the  metric  tensor,  the  Christoffel  symbol,  and  the  ftindamental  determinant, 
vxhich  are  necessary  for  setting  up  the  equations  of  motion,  we  must  base  our-/^ 
selves  on  eqs.(2.l2).  Here  the  components  of  the  strain  tensor  enter  into  the 
fundamental  determinant  and  the  Christoffel  symbols. 

The  fundamental  determinant  in  the  deformed  medium  will  be  called  G.  Var¬ 
ious  quantities  connected  with  the  deformed  medium  will  be  indicated  by  the  in¬ 
dex  (D).  The  Christoffel  symbols  in  the  metric  of  the  deformed  medium  will  be 
indicated  by  brackets  and  braces: 


vin) 

1  i,  jk 


[M\  iT’ ={//:}• 


(5.1) 


The  covariant  derivative  in  the  deformed  medium  will  be  indicated  by  • 

In  this  notation  the  equations  of  motion  of  an  element  of  a  deformed  me¬ 
dium  and,  in  particular,  of  an  element  of  an  elastic  or  plastic  body,  are  of 
the  following  form  [cf.,  for  instance  (Bibl.7,  8,  lib)]: 


dhi 


rP/--‘==P-£-  (Gy=1.2). 


dt 


(5.2aj 


where  p  is  the  density  of  the  material  of  the  body,  and  are  the  contravariant 
components  of  the  mass  forces.  Making  use  of  (l,  9.12),  we  represent  eq. (5.2a) 
in  the  form 


d-H' 

dP 


(5.2b) 


We  now  transform  the  sum  of  the  Christoffel  symbols 


On  the  basis  of 
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eq*(l,  5#9a)  and  (I,  9»8),  after  the  necessary  changes  in  the  diunniy  indices^  we 
find 


(  /  }  ]  ==  --  4-  _ ^  J_  dOjS 

""  2  [  dx^  ^  dx^  dx^ )  2G  dGj,  dx^ 


Consequently, 


1  dVG 
Y~G  ~dx^ 


(5.3) 


Substituting  eq»(5#3)  into  eq, (5#2a),  we  obtain 


1 

VO 


dj  ( /G  C'7)  +  {j  '  }  -\-pF‘-^p  . 


(5.4) 


To  the  systems  of  equations  (5«2a)  or  (5*4)  must  associate  the  equation 


(a) 


expressing  the  law  of  the  conservation  of  mass.  Equation  (a)  is  usually  called 
the  equation  of  continuity  [cf,,  for  instance  (Bibl,7)]. 

2,  Linear  Lame  Equations 

We  ^hall  assume  that  the  components  of  the  tensor  of  the  diffeiential  ex¬ 
pansions  ^  (Section  2)  are  small  quantities.  Accordingly,  in  the  generalized 
linear  Hookers  law  (4.5a),  we  will  replace  the  components  of  the  finite- 
deformation  tensor  by  the  components  of  the  tensor  of  small  deformations  , 

We  exclude  the  strain  tensor  components  of  the  equations  of  motion  (5.2a)  from 
the  components  of  the  metric  tensor  and  thus  also  from  the  Christoffel  symbols. 
Then,  the  covariant  derivative  vj®'*  is  transformed  into  the  covariant  deriva¬ 
tive  Vj  in  the  undeformed  medium.  Substituting  the  expressions  for  the  strain 
tensor  components  (4,5a)  into  eq, (5,2a),  we  obtain,  after  simple  transforma¬ 
tions,  the  well-known  Lame  equations  in  an  arbitrary  curvilinear  coordinate  sys¬ 
tem  (Bibl,7): 


-f-  O'  -I- 1‘)  +  p4''  =  p 


d^u‘ 

dt^ 


(5,5a) 
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Multiplying  eq.(5.5a)  by  gjj,  perfo^ng  the  operation  of  contraction,  and 
making  use  of  the  Ricci  theorem,  we  obtain 


d'-Uj 

-t-  lO  +  9^1  =  P  -jfi'- 

(/,  k,  s  =  1,  2,  3). 


(5.5b) 


Before  setting  up  the  nonlinear  Lame  equations,  let  us  consider  several 
auxiliary  propositions. 

Section  6.  Relationships  between  Covariant  Derivatives  in  Deformed 
and  Undeformed  Media 

1,  Fundamental  Determinant 

Consider  the  expressions  for  the  quantities  determining  the  metric 
parallel  displacement  in  the  space  of  the  Lagrange  coordinates  of  a  defom^ 
medium:”-,  separating  from  these  quantities  the  parts  linearly  connected  with  the 
strain  tensor  components. 

Consider  first  the  fundamental  determinant,  ^  Applying  the  Taylor  formula 
and  eqs,(2,l2),  we  find: 


G  ^  2  - Di*  +  •  •  •  ^  ^  1  +  ...)• 


(6,1) 


2,  Covariant  and  Contravariant  Components  of  the  Metric 
Tensor  of  a  Deformed  Medium 

The  covariant  components  of  the  metric  tensor  in  the  deformed  medium  are 
expressed  by  eqs,(2,l2),.  Consider  the  contravariant  components  of  the  metric 
tensor.  We  introduce  a  system  of  generalized  Kronecker  delta  61'' 1  which  have 
the  following  properties:  if  the  indices  i,  k,  j  form  a  positive  cyclic  pemu- 
tation  of  the  numbers  1,  2,  3,  then  the  quantities  6i>'J  will  be  equal  to  +1, 
whereas  if  the  superscripts  i,  k,  j  form  a  negative  cyclic  permutation  of  the 
numbers  1,  2,  3,  then  the  quantities  aiifJ  are  equal  to  -1;  and  if  two  identical 
nvimbers  are  present  in  the  indices  i,k,j,  then  the  generalized  Kronecker  delta 
61*'^  vanish'^^''. 


For  brevity,  we  shall  speak  hereafter  of  “in  the  deformed  meditom"  etc,, 

-:h'-  Detailed  information  on  the  properties  of  the  quantities  to  x^lich  the  J^st 
introduced  generalized  Kronecker  delta  6i''J  belong,  will  be  found  in  O.Veblen  s 
book  “Invariants  of  differential  quadric  forms'*.  Chapter  1,,IL,  19itB, 
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The  fundamental  determinant  g  may  be  represented  by  the  following  formula: 


Similarly,  bearing  in  mind  eq, (6,1), 


(6,2a) 


G  =  o«v  {g.^  +  2Dn)  (g^,  +  2D,,,)  (gy,  +  2Dy,)  =  ^  +  2gg-'‘  + 

+  45'^/  [gnD„,Dy,  +  g„.p,,Dy,  +  gjP,P,,)  + 

(6.2b) 


This  equation  may  be  simplified  by  making  use  of  the  identity 


Then, 


d'‘g 

dgihdgrs 


^irplUsqg 


pqy 


(a) 


G  =  2gg‘'^D„  +  21-Pl'>^'’gpp,p„  +  (6.3  ) 


Applying  the  Taylor  formula  and  eqs,(2,12),  we  find 


Qik  _  gik  2 


dg^ 

dgrs 


D. 


(b) 


or,  on  the  basis  of  (l,  5.9a)  and  eq. (6,2a), 


Qik 


g 


gikgrs 


D. 


(6.4) 


The  expressions  in  parentheses  are  the  components  of  a  tensor  of  rank 

four. 


We  will  consider  only  that  portion  of  this  tensor  which  is  symmetric  in 
the  labels  r  and  s,  since  the  tensor  D,  g  is  symmetric  in  these  indices. 


Let  us  put 


/64 
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(6.5) 


/V 


rs 


1 

(o-vyJA-.w  -I- 


The  tensor  is  symmetric  in  the  superscripts  i  and  k,  r  and  s  and  the 

pairs  of  these  -indices.  Thus,  we  find 

g/A-  -f  A'”’ " ,  .  (6.6a ) 

Hereafter  vre  shall  retain,  in  the  equations  of  m.otion  of  t|ie  continuous 
medium,  only  terms  wliich  are  quadratic  in  the  tensor  components  $.  Under  thi s 
condition,  the  small -deformation  tensor  must  be  substituted  for  the  finite- 
deformation  tensor  in  eq,  (6.6a),  V7e  obtain 

G‘*  =  s„  +  . . .  .  (6.6b ) 


It  is  here  assumed  that  the  quantities  e, ,  are  nonvanishing.  The  case  where 
any  component  of  e,  g  vanishes  requires  special  Investigation  (see  also  Sect. 
6.1). 


The  differences 


D'*  =  u‘*  —  £'*  =  /!'*’ " 


(6.7) 


may  be  regarded  as  components  of  the  contravariant  strain  tensor.  It  is  clear 
from  eq,(6,6a)  that,  in  the  nonlinear  theory  of  elasticity,  we  musu  distinguish 
the  components  of  the  contravariant  strain  tensor  from  the  contravariant  com¬ 
ponents  of  the  covariant  strain  tensor  defined  by  the  equations 


(6.8) 


Vie  will  not  fxirther  go  into  these  questions. 

3.  Christoffel  Symbols  in  a  Defomed  Medium 

Calculating  the  Christoffel  symbols  of  the  first  kind  in  the  metric  of  the 
deformed  medium,  we  obtain 


where 


f/ftl  — +  ,,  Q.. 

(>6.9) 

1  /  dD;,  ao,.,  dDj^\ 

Uik—^ydx^  +  dx^  )'  (6.1te) 
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Retaining  in  the  equations  of  motion  of  an  elemen|,^of  a  continuous  medium 
only  terms  that  are  quadratic  in  the  tensor  components  ^  ,  instead  of  the  quan¬ 
tity  we  must  consider  the  quantities  : 


¥  I  ^  -  -wl  • 


(6.10b) 


On  the  basis  of  (l,  9.8)  it  is  easy  to  establish  that  the  quantities  /65 
Yj  lit  are  Christoff  el  symbols  of  the  first  kind  in  a  space  whose  metric  is  de¬ 
termined  by  the  components  of  the  strain  tensor  ,,  The  quantities  are 

Christoff el  symbols  of  the  first  kind  in  a  space  with  the  metric  tensor 

Let  us  find  the  Christoffel  symbols  of  the  second  kind  in  the  metric  of 
the  deformed  medium.  We  have 


{/ft}  —  [/*)  —  (gJ^  -|-  Dp,  +  •  •  • )  (I’i,  ift  +  2ff,  jft). 


(a) 


Retaining  in  the  left  side  of  eq. (a)  the  terms  linearly  dependent  on  the  strain 
tensor  components  and  their  derivatives,  we  find 


r/ft  -f  /ft + r,,  ,*  + . . . 


(6.11) 


We  now  introduce  the  notation 

r,. ,,  Dp,.  ( 6 . 12a ) 

Since  we  shall  retai|i_,in  our  equations  only  nginlinear  terms  w|iich  are  quadratic 
in  tensor  component s'*,  we  replace  the  tensor  P  by  the  tensor  N  with  components 
expressed  as  follows: 


I^ik.  —  ift  r,,  ik  B 


(6.12b) 


Thus, 


[ift)  —  r/ft  Pii{  , 


or,  in  accordance  with  eq. (6.12b), 


{/ft}=r)*+i^ii{ 


(6,13a) 


(6.13b) 


We  shall  show  that  the  quantities  PjjjJ  are  mixed  components  of  a  tensor  of 
third  rank.  This  proof  is  also  extended  to  the  quantities 
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Now.  setting  up  the  transformation  formulas  for  the  Christoffel  sjniibols 
f  and  rtk  by  eqs.(l,  9.7b),  we  find  that  their  difference  (or,  approx- 

imtely,  NijjJ  )  obeys  the  transformation  formulas  for  the  m^ed  components  of  a 
tensor  of  third  rank.  This  tensor  is  symmetric  in  the  indices  i  and  k, 

4.  Covariant  Derivative  in  a  Deformed  Medium 

Consider  again  (l,  9.12).  We  have 

On  the  basis  of  eq. (6.13a),  we  obtain  from  eq,(6.14): 


'  r;*>:  =  + />;;!  r!^.}:  +  p;.*  r.)'.  -  Py/.  7!*;:  + . . . 


(6,15a) 


In  particular,  we  find  for  the  contravariant  vector 
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and  for  the  co variant  vector 


,(») 


Let  us  consider  the  commutativity  of  the  operators  v,  and  v, . 
10.9)  and  eq. (6.15b),  we  find 

’a'  =  +  R:^'r'j.aK 


(6.15b) 

(6.15c) 
From  (l, 

(6.16) 


Equation  (6.l6)  is  simplified  if  the  space  filled  by  the  medium  is  Eucli¬ 
dean.  It  is  precisely  this  case  that  we  shall  consider  hereafter.  But  even  in 
this  case,  the  operators  V,  and  are  noncomrautative,  which  considerably  com¬ 
plicates  the  nonlinear  equations  of  motion  of  an  element  of  an  elastic  or  plas¬ 
tic  body. 

5.  Conclusion 

The  relations  (6.1)  -  (6.16)  found  by  us  permit  deriving  approximate  non¬ 
linear  equations  of  motion  of  an  element  of  an  elastic  or  plastic  body  in  the 
metric  of  the  undeformed  medium.  These  relations  permit  an  inversion:  all  the 
quantities  required  for  this  construction  can  be  expressed  in  the  metric  of  the 
deformed  medi-um. 

To  summarize,  we  may  assert  that  we  have  constructed  a  fundamental  system 
of  quantities  which  permit  us  to  set  up  the  nonlinear  approximate  equations  of 
motion  of  an  element  of  a  continuous  medium  in  an  arbitrary  curvilinear  system 
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of  coordinates,  i.e.,  in  the  invariant  form,  in  one  of  two  metrics:  either  in 
the  metric  of  the  nndeformed  mediimi  or  in  the  metric  of  the  deformed  medium. 

Section  ?•  Nonlinear  Lame  Squations'>'- 

In  order  to  set  up  a  system  of  equations  permitting  investigation  of  the 
motion  of  the  particles  of  elastic  bodies  under  finite  deformations,  we  must 
make  use  of  the  equations  of  motion, eqs. (5*4)»and  the  nonlinear  Hookers  law 
(Mumaghan»s  law)  expressed  by  eqs.(4,7)  -  (4.8).  Here  we  must  know  the  com¬ 
ponents  of  the  elastic  tensor.  Since  the  components  of  the  elastic  tensor 
have  been  little  investigated,  even  in  the  case  of  an  isotropic  body,  we  shall 
confine  ourselves  to  the  linear  Hooke’s  law  (4.5a). 

We  recall  that  eqs.(4.5a)  contain  terms  nonlinear  in  the  tensor  components 
$  so  that,  without  considering  physical  nonlinearity,  we  shall  preserve  geo¬ 
metrical  nonlinearity. 

Let  us  bear  in  mind  eqs.(6.l)  and  (6.13b).  We  represent  eq. (2.11)  in  the 
folloiidng  form: 


(7.1) 


We  shall  denote  by  the 
eqs.(4.5a)  in  terms  of  the 
Then, 


stress  tensor  components 
components  of  the  tensor 


expressed  on  the  basis  of 
of  small  deformations  ^ . 


,lk  ^  „ik 


(7.2) 


The  equations  of  motion  of  an  element  of  a  continuous  medium  [eqs.(5./t)] 
may  be  represented  in  the  form 


y~  {y''g  =o')  +  +  pP  -h  . 

(7.3) 

where 

d/  -f-  Njr‘  dj  lyg  (Kgljgrs 

+  2iig‘^gi-^)  + 1  r;>  (Ig'jgPt  +  2iig^PgJ‘>)  v„K (7.4) 


These  equations  were  first  considered  by  us  in  Reference  23b,  Part  II,  Sec¬ 
tion  4. 
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The  quantities  detennine  the  in.fTuence  of  geometrical  nonlinearity  on 
the  motion  of  an  element  of  an  elastic  body.  These  quantities  are  equivalent 
to  additional  body  forces. 

Thus,  to  set  up  the  nonH-inear  Lame  equations,  it  is  sufficient  to  intro¬ 
duce  the  additional  body  forces  into  the  left  side  of  the  linear  Lame  equa¬ 

tions  (5.5a)  or  (5.5b).  V/e  obtain 


+  (X  +  !X)  +  pF‘'  +  «»'■ 


d^Uj 


(7.5a) 

(7.5b) 


These  invariant  equations  may  obviously  be  represented  in  vector  form: 


where 


P’V""  +  (^  +  p)  grad  dl  V  K  +  P^+  i  =  p 


dhi 
dt^  ■ 


V*  =  rtv. 


(7.6) 

(7.7) 


is  the  La.place  operator  in  an  arbitrary  curvilinear  system  of  coordinates,  and 


di  V  K  =  —  g'^^Vrtls- 


(7.8) 


Section  8.  Initial  and  Boundary  Nonlinear  Conditions. 
Conditions  of  Contact  of  Layers 

1.  InitiaJ-  Conditions 


IM. 


The  statement  of  problems  of  the  mechanics  of  deformable  bodies  includes, 
as  a  necessary  element,  the  assignment  of  a  system  of  initial  and  boundary  con¬ 
ditions.  Since  the  differential  equations  of  motion  of  an  element  of  a  contin¬ 
uous  medium  are  equations  of  the  second  order  v/ith  respect  to  the  time  t,  the 
classical  initial  conditions  become  applicable:  At  some  time  t  =  to,  arbitrar¬ 
ily  called  the  initial  time,  the  positions  and  velocities  of  the  elements  of 
the  deformable  medium  must  be  assigned.  In  connection  with  the  fact  that  the 
positions  and  velocities  of  the  elements  of  the  medium  are  expressed  in  terms 
of  the  displacement  vector  components  and  their  time  derivatives,  we  have  the 
follov/ing  initial  conditions: 

"/('‘o.  =  (•»:''), 

a:0  =  «/o(jc0 
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(8.1a) 

(8.1b) 


where  the  dot  denotes  differentiation  with  respect  to  time, 
2,  Nonlinear  Boundary  Conditions 


We  shall  consider  below  only  the  case  where  the  continuous  medium  is  a 
solid  body  and,  in  particular,  an  elastic  body. 

I 

A  feature  of  boundary  problems  of  the  mechanics  of  solid  deformable  bodies 
under  finite  displacements  and  deformations  of  their  elements  is  the  assignment 
of  boundary  conditions  on  the  deformed  surface  of  the  body  v/hose  shape  is  to  be 
determined.  On  the  deformed  surface  of  the  body  may  be  assigned;  a)  the  com¬ 
ponents  of  the  displacement  vector,  b)  the  components  of  the  stress  vector,  and 
c)  the  mixed  boundary  conditions.  The  expressions  of  the  boundary  conditions, 
like  the  equations  of  motion  of  an  element  of  a  continuous  medium  considered 
above,  result  from  the  general  equation  of  dynamics.  The  derivation  of  these 
conditions  will  not  be  discussed  here,  and  the  reader  is  referred  to  general 
Handbooks  on  elasticity  theory  (cf,,  for  example,  Bibl.llb), 


We  will  confine  ourselves  here  to  more  elementary  considerations.  Assume 
that  in  the  case  of  the  boundary  problem  a),  the  displacement  vector  components 
are  assigned  as  functions  of  the  Lagrangian  coordinates  of  the  points  of  the 
body  feurface.  Problem  b)  will  be  discussed  in  greater  detail. 

The  components  cf  the  stress  vector  f  are  expressed  by  the  equations 


(8.2a) 


or 


0.  2,  3). 


(8.2b) 


where  n,^  are  the  covariant  components  of  the  unit  vector  of  an  external  nor-  /69 
mal  n  to  the  deformed  surface  of  the  body. 

Since  the  shape  of  the  deformed  surface  of  the  body  is  to  be  determined, 
let  us  express  the  components  of  the  unit  vector  of  the  external  normal  n  in 
terms  of  the  components  of  the  unit  vector  of  the  external  normal  n©  to  the  un¬ 
deformed  surface.  Let  us  maJce  use  of  eq,  (l,l)  and  assume  that  the  equations  of 
the  surface  of  the  body  in  parametric  form  read  as  follows: 

(/-I,  2,  3).  (8.3) 


where  (a  ~  1,2)  are  the  Gaussian  coordinates  of  the  points  of  the  surface  of 
the  body. 

We  note  that  eqs.(8.3)  remain  unchanged  under  deformation  of  the  body. 

The  coordinate  vectors  of  the  local  coordinate  basis  on  the  surface  of  the 
body  are  determined  by  the  equations 
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(i=  l,  2,  3;  a  =  l.  2). 


(8.4) 


dr  dr  dx' 

If 


*  dx' 

’i - 


The  unit  vector  of  the  external  normal  to  the  deformed  surface  of  the  body  is 
determined  by  (l,  3.1)  l 


n 


«iX^i 


^1  X  ^2 


(8.5) 


It  is  here  assumed  that  the  choice  of  the  parameters  will  ensure  the 
direction  selected  for  the  unit  vector  n.  It  follows  from  eqs.(8.Zi.)  and  (8.5) 
that 


^  dx^  dx^ 
-  dx^  djc* 


iS.6) 


Making  use  of  eq. (I,  8.6),  we  find 

Cei  X  =  VG  (5f  5l  -  5f  =  VG  5,,,.  (8.7) 


where  6ii[,  are  quantities  analogous  to  those  considered  in  Sect. 6*2,  These 
quantities  are  equal  to  +1  if  the  labels  i,  k,  r  form  a  positive  cyclic  permu¬ 
tation  of  the  numbers  1,  2,  3,  while  they  are  equal  to  -1  if  this  permutation 
is  negative  and  vanish  in  all  other  cases.  Then,  the  covariant  components  of 
the  vector  n,  determined  by  eq. (8.6),  will  be  expressed  as  follows:  /20 


^  V^G'^  ' 


where 


Gj  — 


dx'  dx" 

WW' 


(8.8) 


(8.9a) 
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(8.9b) 


B. 


^Ikfipqs 


dx‘  dx’‘  dxP  dx" 


di'  dl* 


and  where  the  quantities  and  ,  do  not  depend  on  the  deformation  of  the 
body. 


The  contravariant  components  of  the  metric  tensor  (/®  are  determined  from 
eqs,(6,6a).  Making  use  of  these  equations,  we  get 


=  [B„ (g"  +  ^ .  .)J- J  = 


Confining  ourselves  to  the  linear  approximation,  we  find 


(8,10a) 


■] 


(8.10b) 


Noting  that  the  covariant  components  of  the  unit  vector  rig  are  expressed  by  the 
equations 


we  obtain 


«0y  =  Cy(S„g") 


«/=«0/ 


Brs^pq 


ttqj  +  •  •  • 


(8.11) 


(8.12) 


On  the  basis  of  eq,(8,12),  the  condition  (8,2a)  for  the  deformed  surface 
of  the  body  takes  the  following  form; 


\rs,pg 


^rs 

^B,sg‘ 


(8.13) 


Equations  (8.13)  approximately  express  the  nonlinear  boiandary  conditions 
of  the  problem  b).  After  these  remarks,  the  analytical  statement  of  problem  c) 
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is  now  obvious. 


3,  Conditions  of  Contact  on  Surfaces  of  Separation  between  Media 
with  Matter  of  Different  Mechanical  Characteristics 

In  the  shell  theory  we  have  to  do  with  layered  aggregates.  The  theory  of 
layered  shells  is  developed  in  a  monograph  (Bibl.l).  The  conditions  for  the 
interfaces  between  layers  can  be  very  varied  and  depend  on  the  method  of  con— /71 
struction  of  the  layered  shell  which  is  essentially  a  system  of  shells. 

Assume,  for  instance,  that  the  design  of  a  layered  shell  ensures  the  con¬ 
tinuity  of  the  field  of  displacements.  The  stress  tensor  components  on  the  in¬ 
terface  between  the  layers  must  obey  the  conditions  resulting  from  Kewton^s 
Third  Law.  Thus,  on  the  interface  of  media  labeled  k  and  k  +  1,  the  conditions 


(»)  (i+i)  (ft)  (ft+i) 

=  /‘  =  /‘ 


2,  3). 


(8.U) 


must  be  satisfied, 

A,  General  Characterization  of  the  Formulation  of  Nonlinear 
Problems  of  the  Theory  of  Elasticity 

The  problems  of  the  nonlinear  theory  of  elasticity  belong  to  two  classes. 
The  first  class  consists  of  weakly  nonlinear  problems  and  the  second,  of  strong¬ 
ly  nonlinear  problems.  The  problems  of  the  first  class  are  characterized  by 
the  fact  that  the  absolute  values  of  the  components  of  the  tensor  $  are  proper 
fractions.  This  permits  us  to  neglect,  in  the  equations  of  motion  of  the  ele¬ 
ments  of  an  elastic  body,  the  nonlinear  terms  vri.th  an  index^qf  homogeneity 
greater  than  two,  relative  to  the  components  of  the  tensor 

All  the  remaining  cases  are  strongly  nonlinear.  However,  this  classifica¬ 
tion  is  arbitrary  and  in  certain  cases  inapplicable,  VJe  will  discuss  these 
cases  later  in  the  text. 

The  relations  of  the  above  nonlinear  theory  relate  to  weakly  nonlinear 
problems.  The  question  naturally  arises  as  to  the  limits  of  applicability  of 
weakly  nonlinear  and  strongly  nonlinear  theory’-.  These  limits  obviously  depend 
on  two  groups  of  factors. 

The  first  group  of  factors  limits  the  applicability  of  the  equations  of 
the  theory  of  elasticity  by  the  physical  properties  of  the  material:  The  de- 
fomation  must  be  so  small  that  Hooke’s  law  (A. 5a)  or  the  Voigt-Mumaghan  law 
(A.8)  are  satisfied.  These  considerations  emphasize  the  desirabilit3r  of  mak¬ 
ing  use  of  the  equations  of  the  vreakly  nonlinear  theory  and  narrow  the  limits 
of  application  of  the  strongly  nonlinear  theory. 

The  second  group  of  factors  has  a  kinematic  meaning  and  restricts  the  ap¬ 
plicability  of  the  equations  of  the  weakly  nonlinear  theory'-  or,  more  exactly, 
forces  us  to  verify  their  applicability  in  solving  specific  problems.  In  fact, 
these  equations  were  formally  set  up  on  the  basis  of  expansions  according  to 
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2 

the  degree  of  homogeneity  of  the  terms  containing  components  of  the  tensor 
In  the  equations  were  retained  only  the  terms  which,  on  application  of  Hookers 
law  (Zi,  5a),  will  contain  terms  linear  in  the  tensor  components  $  or  their  de¬ 
rivatives  and  squares,  zz 

A  simple  example  'will  sho'w  that  this  procedure  does  not  always  lead  to 
success.  Let  us  consider  the  equation  which  is  familiar  from  courses  on  the 
strength  of  materials: 


Ely^ 


(a) 


Applying  the  above  procedure,  we  find 


EJy"  =  M, 


(b) 


i.e.,  here  we  might  reach  the  erroneous  conclusion  that  the  equations  were 
weakly  nonlinear  and  coincided  with  the  linear  theory. 

These  errors  might  have  been  avoided  if  we  had  noted  that  y^®  is  a  com¬ 
ponent  of  the  strain  tensor  D  in  which,  in  this  case,  only  the  term  containing 
yT^  does  not  vanish. 

Thus,  the  expansion  considered  by  us  may  be  simplified  by  replacing  the 
tensor  by  the  tensor  if  the  components  of  are  nonvanishing.  If 

some  tensor  components  in  some  specific  problem  do  vanish,  then,  in  the  cor¬ 
responding  tensor  components  we  must  retain  the  terms  of  higher  order  and 

eliminate  them  from  the  equations  only  after  an  additional  analysis  making  al¬ 
lowance  for  the  special  features  of  the  problem. 

All  above  statements  lead  to  the  conclusion  that  it  is  expedient  separ¬ 
ately  to  consider  the  quantities  characterizing  nonlinear  deformations  ”as  a 
whole”-'^'. 

Section  9»  Internal  and  External  Nonlinear  Problems 

The  mechanics  of  deformable  bodies  comprises  two  fundamental  problems 
which  we  shall  call  ”intemal*^  and  "external*^. 

The  internal  problem  is  to  determine  the  stressed  and  strained  states  of 
elements  of  a  moving  body.  The  external  problem  is  to  describe  the  motion  of 
the  set  of  elements  of  a  body  or  of  the  body  ”as  a  whole*^  relative  to  a  system 
of  Eulerian  coordinates. 

The  internal  state  of  the  elements  of  a  body  is  determined  by  the  stress. 


Cf.(Bibl.llb)  and  also  I.Gekkeler,  Statics  of  an  Elastic  Body,  ONTI,  1934, 

pp. 80-96* 
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strain,  and  elastic  tensors.  It  is  natural  to  apply  here  the  Lagrangian  coor¬ 
dinates,  The  external  problem  is  solved  after  determination  of  the  displace¬ 
ment  vector  u,  which  on  the  basis  of  eqs,(l.l)  -  (l«2)  permits  establishing  the 
configuration  of  the  deformed  body  at  arbitraiy  time. 

In  ?.V.Kovoz;hilov»s  monograph  (Bibl.llb),  four  groups  of  problems  of  /22. 
nonlinear  elasticity  theory  are  defined.  In  accordance  with  his  conclusions, 
we  will  hereafter  focus  our  attention  on  problems  physically  linear  but  geomet¬ 
rically  nonlinear,  since  it  is  precisely  this  group  of  problems  that  is  closest 
to  the  nonlinear  problems  of  the  theory  of  elastic  shells^'’. 

The  division  of  the  general  problem  of  the  mechanics  of  elastic  deformable 
bodies  into  an  external  and  an  internal  problem  was  quite  fully  accomplished  by 
Kirchhoff  and  Clebsch  in  the  statics  of  thin  rods.  They  found  that  the  inter¬ 
nal  problem  of  the  statics  of  thin  rods  is  linear. 

The  stressed  and  strained  state  of  the  elements  of  a  thin  rod  was  de¬ 
scribed,  perhaps  in  first  approximation  but  with  sufficient  accuracy,  by  the 
solution  of  the  well-known  Saint-Venant  problem  with  indeterminate  parameters, 
depending  on  the  solution  of  the  external  problem.  The  solution  of  the  exter¬ 
nal  problem  required  the  integration  of  systems  of  nonlinear  differential  equa¬ 
tions  analogous  to  those  known  from  the  dynamics  of  a  solid  body. 

The  above-given  equations  of  nonlinear  elasticity  theory  do  not  permit  a 
complete  separation  of  the  external  and  internal  problems,  although  the  use  of 
the  coordinates  x?  instead  of  Eulerian  Cartesian  coordinates  makes  it  possible 
to  advance  considerably  in  this  direction. 

Considering  the  quanuities  entering  into  the  equation  of  the  theory  of 
elasticitv,  we  note  that  the  internal  deformed  state  of  the  elements  of  a  body 
must,  acconiing  to  Kirchhoff  and  Clebsch,  be  described  by  the  tensor  of  small 
deformations  ,  Among  the  quantities  defining  the  state  of  the  body  ’’as  a 
whole",  the  components  of  the  antisymmetric  tensor  Qj^  ,  expressed  by  eqs,(2,7} 
and  the  quantities  must  be  included. 

As  noted  in  (I,  Sect. 9),  the  Christoff  el  symbols  i]^]  have  a  nature  siM- 
lar  to  that  of  the  tensor  of  instantaneous  angular  velocity  of  a  solid  body  or 
to  that  of  the  vector  of  angular  velocity  of  rotation  of  a  natural  trihedron, 
considered  in  the  theory  of  thin  rods,  //e  recall  that  this  vector,  according 
bo  the  Kirchhoff-Clebsch  theory,  satisfies  equations  of  equilibrium  analogous 
to  the  dynamic  Euler  equation  determining  the  motion  of  a  rigid  body  about  a 
fixed  point. 

Turning  to  the  equations  of  nonlinear  elasticity  theory,  we  note  that  the 
difficulties  arising  in  the  general  solution  of  the  question  of  subdividing  the 
problem  of  dynamic  deformation  of  an  elastic  body  into  an  external  problem  and 
an  internal  problem  consists  in  analytically  expressing  a  generalized  Hooke's 
law,  relating  the  stress  tensor  components  to  the  components  of  the  finite- 
deformation  tensor  and  to  the  analytic  expressions  for  the  latter.  It  follows 


>'*■  Cf,  (Bibl.llb,  pp, 125-126), 
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from  eqs,(2,6),  and  (2*11)  that  the  tensor  components 

sented  in  the  following  form: 


can  be  repre- 


Z24 


^ik  ^ik  ^  ^  ^ir^kj  4"  4~ 


(9-1) 


If,  in  accordance  with  V.V.Novozhilov,  we  consider  the  case  of  quantities 
which  are  small  in  comparison  with  unity,  then  we  obtain  approximately- 


=  ^ik  +  —  g'^^ir^hj- 


(9.2) 


It  will  be  clear  from  eqs»(9.l)  and  (9.2)  that  Djj;  and,  consequently,  the 
components  of  the  stress  tensor  o‘it  contain  quantities  relating  to  both  the  ex¬ 
ternal  and  internal  problems. 

Considering  the  equations  of  the  nonlinear  theory  of  elasticity,  we  may 
state  that  only  the  conditions  of  compatibility  (3.1)  belong  exclusively  to  the 
external  problem. 

There  is  a  resemblance  between  conditions  (3.1)  and  the  equations  of  equi¬ 
librium  of  thin  rods.  This  resides  in  the  fact  that  the  derivatives  of  the 
Christoffel  sjonbols,  entering  into  the  conditions  (3.1),  are  analogous  to  the 
derivatives  of  the  instantaneous  angular  velocity  components  of  a  natural  tri¬ 
hedron  of  the  axis  of  the  rod,  which  enter  into  the  equations  of  equilibrium  of 
thin  rods.  The  difference  is  that  the  conditions  of  compatibility  do  not  have 
a  kinetic  but  only  a  kinematic  meaning. 

Section  10.  Extension  of  the  Kinematic  Relations  of  the  Kirchhoff- 
Clebsch  Thin-Rod  Theor^^r  to  Shell  Theory 

The  theory  of  thin  shells  proposed  by  Kirchhoff  and  Clebsch  is  based  on 
the  kinematic  relations  referring  to  simplified  assumotions  related  with  cer¬ 
tain  concepts  on  the  deformation  of  beams. 

V/e  will  show  that  the  kinematic  relations  of  the  theory  of  thin  rods  can 
be  generalized  into  the  three-dimensional  problems  of  the  theory  of  elasticity, 
and  first  of  all  into  the  problems  of  the  theory  of  shells^---. 

Let  us  Consider,  in  the  deformed  body,  the  point  M(x^  )  and  the  local  coor¬ 
dinate  basis  associated  with  it.  Let  us  superpose  on  this  basis  the  axis  of  a 


Equation  (9.2)  corresponds  to  formulas  (l.  111)  of  the  author»s  book 
(Bibl.llb). 

v/e  have  been  guided  by  the  exposition  of  the  Kirchhoff-Clebsch  theory  in  Gek- 
keler's  book  ’‘Statics  of  an  Elastic  Body”,  ONTI,  1934.,  Section  30a-",  using  it  in 
the  generalization  of  the  analytic  apparatus  of  tensor  analysis. 
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fixed  Cartesian  (Eulerian)  system  of  coordinates  yg.  The  neighborhood  of  the 
point  M  is  thus  determined  by  the  coordinates  y©  ■which  are  functions  of  the  co¬ 
ordinates  x* ,  The  coordinates  yo  vanish  at  point  M. 

_Let  r(j4»  yo  )  ^  radius  vector  drawn  from  point  M(xo  )  to  point  N(xci,yo)» 

Let  V  be  the  displacement  of  point  N  relative  to  point  M:  775 


K'>  yo)=“(^.  yo)  — -^o;  0). 


Clearlj’-, 


0)  =  0; 


d'v(t,  x<;  0) 


dxl 


-  =  0. 


(a) 


(b) 


It  goes  without  saying  that  eq, (a)  has  a  meaning  in  a  curvilinear  coordi¬ 
nate  system  only  when  the  vector  u(t,  x^,  yo  )  'undergoes  displacement  parallel, 
in  the  sense  of  Levi-Givita,  to  point  H. 

We  introduce  the  vector 


yo)  =  ''(^o:  yo)+'^(^.  yl,) 


(10.1) 


and  investigate  the  variation  of  this  vector  relative  to  a  moving  coordinate 
base,  with  the  origin  being  displaced  along  the  coordinate  line  x*  . 

A  network  of  the  local  coordinate  system  y*  is  associated  -with  the  moving 
base.  When  the  base  moves  through  the  points  M  and  N,  which  are  fixed  in  space, 
the  points  of  this  network  -will  be  continuously  displaced,  so  that  the  points  M 
and  N  are  in  motion  relative  to  the  system  of  coordinates  y^  with  its  origin  at 
the  fixed  point  M’ (x*  ). 

Let  us  ass\ime,  for  definiteness,  that  the  motion  of  the  coordinate  base  is 
determined  by  the  relations 

x‘  =  x‘{  y'  =  y‘;  =  y»  =  y*-s*.  (10.2) 

where  the  index  k  is  fixed.  The  parameter  ^  determines  the  motion  of  the  co¬ 
ordinate  base. 

Consider  the  vector  v*  Its  components  in  the  moving  system  of  coordinates 
y^  will  be 


(10.3) 
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_ ^  As  foi;  the  vector  r,  representing  its  decomposition  into  the  components 

MlI4»  and  M^N,  we  determine  its  components  by  the  equation 


8j(5*  =  yj.  (10.4) 

The  sign  indicates  invariance  of  eq,  (1^,4).  We  emphasize  that  eq,  (10.4) 
must  be  regarded  as  the  definition  of  vector  r,  not  subject  to  proof,  but  cor¬ 
responding  instead  to  elementary  geometrical  concepts.  /76 

We  revert  to  the  vector  R.  It  follows  from  the  definition  of  this  vector 
that  its  absolute  derivative  with  respect  to  the  variable  ^  vanishes-"-: 


dR‘ 

ds’’ 


+  {/*>., ^'  =  0. 


(10.5) 


Further,  we  find 


Consequently, 


dv^  _  dv^  dv^  ^  dr^ 

ds^  dx^  dy*  ’ 


dv* 


0. 


(10.6) 


(10.7a) 


Noting  that  it  follows  from  eqs.(l0.2),  (10.3)  that 


dv‘  dv‘ 

dx”  dxo 


dv^  dv^ 


(c) 


we  find  finally 


dv^ 

dxo 


dv^ 


r  +  {/*};H(yH^O  =  0. 


(10.7b) 


These  relations  are  an  extension  of  the  Kirchhoff-Clebsch  kinematic  equa¬ 
tions  to  the  three-dimensional  problems  of  elasticity  theoryo  The  Christoffel 
symbols  {J)(}  ,  as  already  noted,  are  in  this  case  associated  with  the  known 


*  We  recall  that  the  point  of  attachment  of  the  vector  R  is  the  point  M. 
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quantities  p,  q,  r  of  the  theory  of  thin  rods^s-. 

According  to  the  Kirchhoff-Clebsch  theory,_,the  stressed  state  of  the  ele¬ 
ments  of  a  rod  is  determined  not  by  the  vector  u  of  absolute  displacement  of  an 
element  of  the  rod  but  by  the  vector  of  relative  displacement  v.  The  “internal” 
problem  is  solved  in  the  components  of  the  vector  v. 

Assume  that  the  stressed  state  of  an  element  of  a  shell  is  also  determined 
by  the  vector  v.  We  then  represent  eq. (10.7b)  in  the  following  form: 


dv‘ 


dyS 


r  =  yi- 


(10.8) 


We  also  assume  that  the  base  area  of  a  shell  can  be  chosen  such  that  the  quan¬ 
tities  vi  shall  be  small.  Then,  we  find  in  first  approximation  777 


(10.9) 


These  relations  permit  us  to  derive  the  vector  components  vi  and  thus  to 
solve  the  internal  problem.  The  external  problem  is  solved  by  applying  the 
equations  of  motion. 

Other  applications  of  eqs.(l0.8)  are  also  possible.  For  example,  it  fol¬ 
lows  from  this  equation  that 


xi;  .v')  =  V<°>«'(^  x‘:  0)  + -|^+ 

^yo 


(10.10) 


If,  as  a  result  of  the  smallness  of  Bv* ,  we  neglect  the  tern  then 

eq. (lO.lO)  takes  the  form 


V*  K'  (^ 


dv‘ 


K  ’  "^0  ‘  ■I'  0*)^  ^0 

^yo 


(10.11) 


Equations  (lO.lO)  and  (lO.ll)  permit  us  to  develop  a  method  of  application 
of  three-dimensional  problems  of  the  theory  of  elasticity  to  two-dimensional 
problems,  different  from  the  methods  known  at  present. 

If  we  choose  the  base  area  such  that  the  covariant  derivatives  such  as 


Compare  with  pp.86,  87  of  the  above-cited  book  by  I.Gekkeler  “Statics  of  an 
Elastic  Body”,  ONTI,  1934. 
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(t,  O)  orVj^u^(t,  ;  O)  are  sufficiently  small  in  absolute  value  and 
the  yi  are  also  sufficiently  small,  then  eqs.(lO.lO)  -  (lO.ll)  permit  a  linear¬ 
ization  of  the  expression  for  the  tensor  components  Djj,  and  a  linearization  of 
the  above-derived  equations  for  the  nonlinear  theory, ^  of  elasticity. 

Section  11,  Potential  Energy  of  Deformation  and  Kinetic 
Ener.i;^/^  of  the  Elastic  Body 

Without  dx^relling  on  the  well-knovjn  conditions  of  the  existence  of  poten¬ 
tial  deformation  energy  as  a  function  of  the  strain-tensor  components,  we  A'\rish 
to  state  that,  in  adopting  for  phenomenological  considerations  the  Hooke-Voigt- 
Murnaghan  law  in  the  form  of  eq,  (/i,8)  or  in  the  more  general  form  of  eq,(4»7), 
we  implicitly  assumed  that  the  above-mentioned  conditions  of  existence  were  sat¬ 
isfied-  . 

The  elementary  work  of  deformation  has  the  following  form: 


(11.1) 


where  V  is  the  volume  of  the  deformed  body.  The  Pfaff  form  is  inte-  /76 

grable  if  eqs.(/L,7)  are  satisfied.  The  conditions  of  integrability  are  satis¬ 
fied  by  the  symmetry  properties  of  the  elastic  tensors  and  indi¬ 

cated  in  Sect, /l. 2. 

Hereafter  we  shall  make  use  of  the  linear  Hookers  law.  Integrating  in 
this  case  the  Pfaff  form  6Dj  ,  we  find 


A 


(11.2a) 


In  the  more  general  case. 


and  here 


6 


02 


^ik^pqDrsdV, 


(11.2b) 


{V) 

More  details  on  the  conditions  of  existence  of  potential  defonnation  energy 
as  a  function  of  the  components  of  the  tensor  will  be  found  in  A.Love’s 
book  "Theory  of  Elasticity",  and  also  in  (Bibl.llb)  . 
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Equations  (11.2a)  -  (ll.2b)  determine  the  potential  energy  of  deforma¬ 
tion  A.  The  resultant  expressions  are  invariant  under  point  transformations  of 
the  coordinates  and  determine  A  in  an  arbitral?''  curvilinear  coordinate  system. 

The  kinetic  energy  of  an  elastic  body  is  determined  by  the  following  equa- 

tion: 

r  =  (11.3) 

(V) 


The  element  of  volume  dV  of  the  deformed  body  is  connected  with  the  ele¬ 
ment  of  volume  dVg  of  the  body  before  deformation  by  the  relation  resulting 
from  eq, (6,1): 

dK={I_|-2g'*D,ft+ (11. iO 

The  limits  of  integration  in  eqs,  (11,2a)  -  (11.3)  like-wise  depend  on  the 
components  of  the  strain  tensor. 

Section  12,  Work  and  Reciprocity  Theorem  in  Nonlinear  Elasticity  Theory 

The  theorem  of  reciprocal  work  in  the  linear  theory  of  elasticity  is  a 
consequence  of  the  identity  of  two  invariants  associated  with  two  states  of  the 
body: 

4  =  =  (12.1) 


The  identity  (l2,l)  results  from  Hookers  law  (4,1a)  on  replacing  the  ten¬ 
sor  D, ,  by  the  tensor  of  small  deformations  e, , , 

We  have  indicated  elsewhere  (Bibl.23c)  general  considerations  permitting/2i 
various  generalizations  of  the  work  and  reciprocity  theorem  to  be  found.  In 
order  to  find  a  generalization  of  the  reciprocal  theorem  to  the  nonlinear  elas¬ 
ticity  theory,  let  us  make  use  of  eq.(4.7),  represented  in  the  following  form: 


Qik  _  J'ik 


Qik,  rs 


(12.2a) 


where 


Cik,  rs 
1 


ik,pQ,  rs 


(12.2b) 


We  shall  call  the  stresses  o‘_*'  reduced  stresses.  Consider  the  invariant 


A 


'ik‘ 


(12.3) 
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In  the  case  of  small  deformations,  the  invariant  passes  over  into  the 
invariant  Aq.  From  eqs.(l2,2a)  follows  the  identity: 


or 


A  12  =  A21 


(12. A) 


It  vd.ll  be  clear  from  eqs.(ll.2a)  that  eq.  (12.4)  expresses  the  property  of 
reciprocity  of  the  work  done  by  the  reduced  stresses  of  one  state  of  an  elastic 
body  on  the  strains  of  the  other  state.  This  work  may  be  referred,  for  ex¬ 
ample,  to  unit  volume  of  the  undeformed  body. 

We  emphasize  that  the  reference  of  the  scalar  A^g  to  unit  volume  of  the 
undeformed  body  is  arbitrary.  In  exactly  the  same  way,  one  might  use  the  unit 
volume  of  the  body  in  the  first  or  second  state.  To  this  arbitrary  choice  cor¬ 
respond  three  possible  integral  statements  of  the  generalized  reciprocal  theo¬ 
rem.  Multiplying  eq.(l2.4)  by  the  volume  element  dVo  of  the  undeformed  body 
and  integrating  over  the  volume  Vq  ,  we  find 

I'^o)  (Vo) 


Consider  the  integral 


We  have 


(Vo) 


(Kl 

Further, 

"'•>  Kl 

and,  applying  the  Ostrogradskiy-Gauss  formula,  we  find 


JIJ  =  f Jf; . 

(5.) 


(a) 


(b) 

780 

(12.6) 


(12.7) 
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with 


F„  =  c,.  n, 


0» 


(12.8) 


where  n,,  is  the  unit  vector  of  the  external  normal  to  the  surface  Sq  of  the  un¬ 
deformed  body. 

Using  eqs,(5.2a)  and  the  relation  (6.15a),  we  get 


ik 


d'-u^ 


" u 


'ij 


:‘J  —  VjT'*  =  — 


(12.9) 


The  vector  $  may  be  regarded  as  the  force  related  to  unit  volume  of  the 
undeformed  body.  In  this  case,  however,  it  must  not  be  forgotten  that  all  the 
kinetic  quantities  in  eq,  (12.9)  are  connected  \iri.th  an  element  of  volume  of  the 
deformed  body. 

On  the  basis  of  eqs.(l2,6)  -  (12.9),  eq.(l2,5)  takes  the  following  form: 

Fl,  ■  u"dSo  +  jj j  •  u"d  V^o  =  JJ  F„  •  u'dS,  4- 
ii'..)  (V'.)  (5)) 


(12.10) 

(V'.) 


Equation  (l2,10)  may  be  regarded  as  the  formal  generalization  of  the  the¬ 
orem  of  work  and  reciprocity  of  the  linear  theory  of  elasticity  to  the  problem 
of  the  mechanics  of  anisotropic  elastic  bodies  with  physical  and  geometrical 
nonlinearity.  In  fact  eq. (12,10),  at  small  deformations  and  in  the  absence  of 
inertial  forces,  yields  the  classical  theorem  of  work  and  reciprocity, 

\'Je  note  in  conclusion  that  the  use  of  other  methods  for  selecting  the  ini¬ 
tial  invariant  would  yield  other  integral  equations  which  would  likewise 

generalize,  in  the  above  sense,  the  reciprocal  theorem  of  the  linear  theory  of 
elasticity.  All  these  generalizations  do  not  literally  correspond  to  the  clas¬ 
sical  theorem  since  they  contain  quantities  which  are  only  by  convention  termed 
by  us  ^surface”  and  ’HDody"  forces.  The  question  of  the  possibility  of  proving 
the  reciprocal  theorem,  free  of  these  arbitrary  elements,  still  remains  open. 

Section  13*  Elastic  Medium  with  Initial  Stresses  /81 

In  many  cases  it  is  necessary  to  investigate  the  deformation  of  elements 
of  an  elastic  body  in  an  already  established  stressed  state. 

The  book  by  A, Love  contains  examples  of  cases  in  which  the  initial  stresses 
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cannot  be  neglected.  One  of  these  examples  is  taken  from  the  theory  of  shells'^ 

The  modem  practice  of  designing  reinforced  concrete  and  steel  structures 
vdth  prestressed  elements  likewise  furnishes  numerous  examples  from  the  field 
of  mechanics  investigated  in  the  present  study  and  demonstrates  the  necessity 
of  formulating  a  general  theory  permitting  a  sufficiently  rigorous  mathematical 
analysis  of  these  problems  and  similar  ones. 

The  question  of  the  relations  between  the  components  of  the  tensor  of 
additional  stresses  and  the  tensor  of  additional  deformations  was  posed  long 
ago. 


Love  indicates  that,  to  establish  the  relations  between  the  additional 
stresses  and  strains,  we  must  turn  to  a  more  general  theory  than  that  developed 
in  the  classical  mechanics  of  elastic  bodies,  or  to  practical  experiments.  The 
outmoded  theory  of  Cauchy  and  Green  is  obviously  insufficiently  substantiated-'^. 

We  present  below  the  relations  between  the  additional  stresses  and  the 
additional  strains  resulting  from  relations  (4* la)  containing  geometrically  non¬ 
linear  terms. 

We  shall  assume  that  there  exists  an  initial  undefonned  state  of  the  body. 
The  body  is  then  deformed  and  the  initial  stresses  and  displacements  Uq! 
appear  and  are  related  by  eqs.(4*la): 

°0  =  y  "  iVr^^Os  +  (13  .1  ) 


Equation  (13.1)  corresponds  to  the  mechanical  methods  of  establishing 
initial  stresses.  If  the  initial  stresses  are  due  to  thermal  effects, eqs. (l3.l) 
must  be  supplemented  by  temperature-dependent  terms. 

Consider  certain  consequences  resulting  from  eqs.(l3.1)*  As  a  result  of 
the  additional  strain,  let  new  stresses  and  displacements  arise,  connected  with 
their  initial  values  by  the  relations 

=  +  =  (13.2) 

It  is  here  assumed  that  the  components  Vj  are  small  in  absolute  value,  i.e.,  /82 
small  in  relation  to  a  certain  characteristic  measurement  of  the  body.  In  the 
shell  theory,  such  a  quantity  is  the  thickness  of  the  shell. 

Substituting  eqs.(l3.2)  into  eqs.(4#la)  we  obtain,  after  a  number  of  trans¬ 
formations  and  discarding  the  terms  that  are  nonlinear  in  Vj  and  the  deriva¬ 
tives  of  Vj  : 


Cf,  A. Love,  Mathematical  Theory  of  Elasticity  (Russian  Translation)  ONTI, 

1935,  pp.120  -  122. 


78 


r‘*  =  (c'*- " + C"’  ViO<- 


(13.3) 


Symmetrizing  the  left-hand  side  of  this  equation  in  the  indices  r  and  s, 
we  find 


fik 


(13.4) 


Let 


ik,  rs 


=  C'"' "  +  C^*'  ^  Vo, 


,/*,  /5, 


/ft,  y>. 


(13.5) 

(13.6) 


where  d^,  is  the  tensor  of  small  additional  deformations.  Then,  eqs.(l3.4) 
take  on  the  form  of  a  generalized  Hookers  law; 

T'*  =  x‘*' (13.7) 


The  quantities  h*'^*'*  may  be  considere4  as  being  components  of  the  elastic  ten¬ 
sor  in  a  body  with  initial  stresses. 

In  eq,(l3,5)  we  replace  the  tensor  components  V^uq  by  their  expressions  in 
terms  of  the  tensor  components  and  Qiy  ,  resulting  from  eqs,(2,6)  -  (2,7). 

We  then  find 


^/ft,  rs _ 


+  C'*’  e/  +  c'*’  e>f  +  c'*'  +  C 


(13.8) 


It  is  clear  from  eqs,(l3,5)  and  (13^8)  that,  under  large^ displacements  of 
^  or  of  components  of  the  strain  tensor  e  and  of  the  tensor  Q  connected  with 
rotations  of  elements  of  the  body,  a  prestressed  body  on  subsequent  deforma¬ 
tions  must  be  regarded  as  an  inhomogeneous  body  with  varied  anisotropy.  In 
particular,  an  isotropic  body  is  converted  into  an  anisotropic  body.  These 
facts  are  also  known  from  geometrical  optics,  but  in  solving  the  problems  of 
the  mechanics  of  elastic  bodies  they  are  of  substantial  importance  only  in  dis-i 
placements  of  \^_^high  jij  modulus,  for  great  absolute  values  of  the  components 
of  the  tensors  “e  and  Q,  All  above  statements  also  apply  to  physically  non¬ 
linear  elastic  bodies,  for  which  the  relations  (4.7)  are  valid. 
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CHAPTER  III 


REDUCTION  OF  THE  THREE-DIMEI\[SIONAL  PROBLEf^IS  OF  THE  MECHANICS 
OF  ELASTIC  BODIES  TO  THE  IWO-DEvIEi'JSIONAL  PROBL^IS 
OF  THE  TFIEORY  OF  SHELLS 

Section  !•  General  Characterization  of  the  Problem 

The  solution  of  the  three-dimensional  problems  of  elasticity  theory  in¬ 
volves  considerable  mathematical  difficulties*  For  this  reason,  long  ago,  dur¬ 
ing  the  verj^  development  of  the  methods  for  solving  the  problems  of  elasticity 
theory,  two  groups  of  problems  were  distinguished,  permitting  the  substitution 
of  systems  of  elastodynamic  equations  by  systems  of  approximate  equations  con¬ 
taining  a  smaller  niunber  of  independent  variables  than  the  original  equations# 
This  decrease  in  the  number  of  independent  variables  is  equivalent  to  decreas¬ 
ing  the  number  of  dimensions  of  space,  since  the  independent  variables  in  the 
equations  of  elasticity  theory  are  the  space  coordinates  and  time* 

The  tx^ro  mentioned  groups  of  problems  are  the  problems  of  the  motion  of  ele¬ 
ments  of  thin  elastic  rods  and  those  of  the  dynamically  stressed  and  strained 
states  of  shells* 

In  the  former  case,  the  relations  of  two  spatial  measurements  of  the  body 
to  the  third  dimension  are  negligible,  so  that  the  three-dimensional  problem  of 
the  elasticity  theory  can  be  reduced  to  a  one-dimensional  problem* 

In  the  shell  theor^^,  it  is  assumed  that  the  ratio  of  one  of  the  dim.ensions 
of  the  body  -  the  thickness  of  the  shell  -  to  the  other  dimensions  is  small* 
Then,  as  x^re  shall  show,  the  three-dimensional  problem  of  the  theory  of  elasti¬ 
city  can  be  approximately  reduced  to  a  tv/o-dimensional  problem* 

The  ratio  of  the  thickness  of  a  shell  to  one  of  the  characteristic  parame¬ 
ters  determining  the  dimensions  of  the  shell  is  limited  by  various  conditions 
in  conventional  studies  of  the  subject  matter.  These  conditions  depend  prima¬ 
rily  on  the  accuracy  of  the  approximate  representation  of  the  three-dim.ensional 
dynamic  boundary  problems  of  the  two-dimensional  elasticity  theory#  It  is  ob¬ 
vious  that  the  boundary  conditions  of  the  problem  are  of  great  importance  here. 
It  is  therefore  impossible  to  set  up  any  general  absolute  criterion  which  the 
thickness  of  a  shell  must  satisfy,  to  ensure  a  predetermined  accuracy  in  the  /84 
solution  of  equations  approximately  describing  its  state. 

We  give  below  a  brief  survey  of  the  present  methods  of  classifying  shells 
according  to  their  thickness.  This  classification  also  involves  concepts  on 
the  limits  of  applicability  of  various  methods  of  analytical  description  of  the 
dynamically  stressed  and  strained  state  of  a  shell. 

We  \nH-  make  some  preliminary  remarks’-  on  the  general  problem  of  reducing 

We  recall  that  there  are  two-dimensional  problems  in  the  elasticity  theories 
that  are  not  connected  with  shell  theory* 
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the  three-dimensional  problem  of  the  elasticity  theory  to  a  two-dimensional 
problem,  under  the  assumption  that  the  shell  is  an  elastic  body.  Let  us  select 
on  the  base  surface  of  an  undeformed  shell  an  arbitrary  coo^inate  system  xi  Ci= 
=12),  The  coordinate  vector  ^  in  the  undeformed  shell  will  be_^taken,  ac¬ 
cording  to  (I,  Sect, 3)  as  equal  to  the  unit  vector  of  the  normal  n  to  the  base 
area.  The  vectors  ej (1  =1,  2,  3)  form  the  local  coordinate  base.  We  agree 
that  the  mutual  orientation  of  these  vectors  corresponds  to  a  right-hand  coor-. 
dinate  system. 

The  general  program  of  reduction  of  the  three-dimensional  problem  of  the 
theory  of  elasticity  to  a  two-dimensional  problem  consists  in  constructing  ana¬ 
lytic  expressions  for  the  quantities  characteiuzing  the  stressed  and  strained 
state  of  the  shell  in  terms  of  new  quantities  determined  in  the  coordinates 
xi  (i  =  1,  2)  of  its  base  area,  and  in  setting  up  the  equations  that  these  quan¬ 
tities  must  satisfy  in  the  region  of  variation  of  the  variables  x‘  and  on  their 
boundaries# 

The  equations  of  shell  theory  might  be  said  to  describe  the  stressed  and 
strained  state  of  the  base  area.  Obviously,  these  equations  must  not  contain 
derivatives  with  respect  to  the  coordinate  x? , 

As  we  shall  show  later,  the  “reduction  problem**  has  no  unique  solution?'. 

But  the  solution,  on  the  other  hand,  cannot  be  completely  arbitrary.  It  is  re¬ 
stricted  by  the  requirements  of  optimiam  approximate  representation  of  the  equa¬ 
tions  of  elasticity  theory  by  the  equations  of  shell  theory.  It  is  well  known 
from  the  theory  of  approximation  functions  that  the  concept  *’optimum  approxima¬ 
tion*'  is  not  entirely  definite.  For  exan^jle,  there  exist  optimum  approx:^- 
tions  at  a  given  point  of  a  manifold  to  which  an  approximation  function  is  as¬ 
signed,  optimum  approximations  in  the  mean  in  a  certain  region  of  variation  of 
its  arguments,  etc,.  To  different  methods  of  approximation  functions  there  cor¬ 
respond  different  methods  of  approximate  reduction  of  the  three-dimensional 
problems  of  elasticity  theory  to  two-dimensional  problems. 

The  solution  of  the  reduction  problem  depends  largely  on  the  choice  of  the 
approximation  method  for  the  components  of  the  stress  tensor  or  Djs  of  the 
strain  tensor,  considered  as  ftuictions  of  the  coordinate  xr , 

Section  2,  Remarks  on  the  Methods  of  Reduction  given  by  Poisson. 

Cauchy#  Kirchhoff,  and  Love 

General  methods  for  the  reduction  of  a  three-dimensional  static  problem  of 
the  elasticity  theory  to  a  two-dimensional  problem  were  developed  by  Poisson^ 
and  Cauchy,  in  considering  the  equilibrium  of  a  plate.  These  great  mathemati¬ 
cians  applied  the  expansion  of  the  stress  tensor  components  in  ascending  powers 
of  the  coordinate  z,  measured  along  a  normal  to  the  undeformed  middle  plane  of 
the  plate.  Using  the  equations  of  equilibritun  of  an  element  of  a  continuous 
medium,  and  assuming  that  the  boundary  planes  of  the  plate  were  free  of  loads, 
Cauchy  and  Poisson  obtained  a  fvindamental  system  of  equations  and  boimdary  con¬ 
ditions  of  the  boundary  problem  for  the  equilibrium  of  a  plate.  The  Cauchy- 

Here  and  hereafter,  for  brevity,  vre  will  use  the  term  '‘reduction  problem**. 
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Poisson  method  was  subjected  to  a  critical  analysis  by  Saint-Venant,  Kirchhoff, 
and  several  other  investigators.  Saint-Venant  noted  that  it  was  not  fully  jus- 
tified  to  expand  stress  tensor  components  not  known  in  advance  into  series  in 
powers  of  even  the  relatively  small  coordinate  z.  These  series,  in  his  opinion, 
might  converge  in  a  sufficiently  small  neighborhood  of  an  interior  point  of  the 
plate,  but  their  convergence  over  the  entire  range  of  variation  of  the  coordi¬ 
nate  z  might  not  take  place.  He  referred  in  this  connection  to  the  inaccurate 
results  obtained  by  the  Cauchy  and  Poisson  methods  in  the  theory  of  the  torsion 
of  prisms.  For  this  reason,  he  preferred  different  methods  of  setting  up  the 
fundamental  system  of  equations  of  the  theory  of  plates,  including  the  Kirch- 
hoff  method,  based  on  well-known  simplifying  hypotheses"-. 

We  shall  not  dwell  here  on  a  discussion  of  the  boundary  conditions  in  the 
theory  of  plates,  since  we  will  revert  to  this  subject  later.  Saint-Venant ’s 
objections  to  the  Cauchy  and  Poisson  methods,  to  a  considerable  degree,  re¬ 
flected  the  state  of  the  theory  of  elasticity  in  the  third  quarter  of  the  last 
Century.  It  is  known  that,  at  that  time,  only  the  foundations  of  the  general 
solution  methods  for  boundary  problems  of  elasticity  theories  were  being  pre¬ 
pared,  permitting  conclusions  from  the  analytical  properties  of  these  solutions. 

In  the  last  quarter  of  the  19th  Century,  the  work  done  by  Somigliano,  Vol- 
berra,  and  Lauricella  led  to  the  conclusion  that,  in  the  absence  of  body  forces, 
the  solution  of  the  problems  of  the  statics  of  an  elastic  body  are  analytic  /86 
functions  of  the  coordinates  of  internal  points  of  the  body,  i.e.,  these  solu¬ 
tions  can  be  expanded  in  series  in  positive  powers  of  the  coordinates'---.  But 
the  convergence  of  these  expansions  on  the  surface  of  the  body  requires  a  sep¬ 
arate  investigation  for  specific  problems.  Moreover,  the  conclusions  on  the 
analytic  properties  of  a  solution  of  static  problems  can  be  extended  to  the  dy¬ 
namics  of  elastic  bodies  only  after  additional  analysis. 

We  shall  now  present  facts  confirming  the  significance  of  the  method  under 
discussion.  We  recall  that  the  method  of  the  preliminary  introduction  of  ex¬ 
pansions  in  series,  used  by  Poisson  and  Cauchy  in  the  theory  of  plates,  is  en¬ 
countered  even  today  in  various  fields  of  the  elasticity  theory,  for  example  in 
the  static  plane  problem.  Here,  on  the  basis  of  the  analytic  properties  of  so¬ 
lutions  of  the  plane  problem,  expansions  in  power  series  are  introduced,  and 
then  their  convergence  over  the  entire  region  of  determination  of  the  required 
functions,  including  their  boundaiy,  is  confirmed  in  special  cases'-”---.  The 
method  of  expansion  of  the  required  functions  in  series  in  positive  powers  of 
the  coordinate  x? ,  as  could  have  been  predicted,  was  found  to  be  an  effective 
means  of  constructing  the  theory  of  thick  plates  (Bibl.9b,  25b). 


Saint-Venant^ s  criticism  of  the  work  of  Poisson  and  Cauchy  is  given  by 
Clebsch  in  the  book  ”Theoiy  of  Elasticity  of  Solid  Bodies”,  Paris,  1883, 
pp.722  -  725. 

Cf.,  for  example,  E.Trefftz,  Mathematical  Theory  of  Elasticity,  ONTI,  1934, 
p.135. 

Cf,  N,I,Muskhelishvili,  Some  Fundamental  Problems  of  the  Mathematical 
Theory  of  Slasticity,  USSR  Academy  of  Sciences,  1949* 
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All  the  above  permits  us  to  assert  that  Saint-Venant» s  criticism  of  the 
Poisson  and  Cauchy  methods  is  not  sufficient  reason  for  abstaining  from  a  fur¬ 
ther  development  of  these  methods  with  respect  to  the  theory  of  shells#  Proper 
caution  must,  however,  be  exerted  in  the  special  cases  noted  below# 

The  Kirchhoff  theory  was  subsequently  extended  by  A#Love  to  include  the 
theory  of  shells#  The  Kirchhoff-Love  theory  is  based  on  the  well-known  postu¬ 
late  that  the  normal  to  the  undeformed  middle  surface  of  a  shell  remains  normal 
to  it  even  after  deformation#  This  hypothesis  is  supplemented  by  one  of  two 
hypotheses  about  the  variation  in  its  length# 

According  to  the  first  of  these  hypotheses,  a  segment  of  a  normal  to  the 
middle  surface  enclosed,  within  a  shell  does  not  vary  its  length  under  deforma¬ 
tion  of  the  shell#  In  this  case,  the  Kirchhoff-Love  hypothesis  is  appropri¬ 
ately  called  the  ’’hypothesis  of  straight  constant  normals”# 

According  to  the  second  version  it  is  assumed  that  the  normal  stresses  a^s 
are  small  by  comparison  with  ^  =  1,2)  and  can  be  neglected-^'-#  We  /87 

note  that  the  first  hypothesis  is  not  equivalent  to  the  second,  a  fact  which  is 
not  made  sufficiently  clear  in  certain  well-known  monographs# 

The  ’'hypothesis  of  an  invariant  normal”  naturally  leads  to  a  replacement  of 
the  vectors  of  stresses  acting  at  the  boundary  of  a  shell  element  with  genera¬ 
trices  normal  to  the  middle  surface  by  the  statically  equivalent  system  of 
forces  ,  applied  to  the  contour  of  an  element  of  the  middle  surface#  We  empha¬ 
size  that  this  substitution  of  the  actual  system  of  stresses  by  a  system  of 
forces  and  moments  statically  equivalent  to  it  is  internally  in  harmony  with 
the  ’’hypothesis  of  straight  and  invariant  normals’^--''"# 

In  the  remaining  cases  this  agreement  does  not  appear#  The  Kirchhoff-Love 
hypotheses  introduce  an  unremovable  error  into  the  equations  of  shell  theory, 
and  this  error  must  be  taken  into  account  in  evaluating  the  possibility  of  var¬ 
ious  simplifications  of  the  equations  of  shell  theory# 

Section  3.  Preliminary  Classification  of  Shells  Connected  with  the 
Kirchhoff-Love  Hypotheses#  Linear  and  Nonlinear  Problems 

The  work  by  V#Novozhilov  and  R#Finkel^ shteyn  (Bibl#28)  gives  an  estimate 
of  the  error  introduced  by  the  Kirchhoff-Love  hypothesis  into  the  equations  of 
shell  theory#  It  was  shown  that  this  error  is  of  the  order  of  max(2hki  ),  where 
kj  is  one  of  the  principal  curvatures  of  the  shell#  This  estimate  permits  us 
to  distinguish  the  class  of  shells  for  which  the  equations  of  classical  shell 
theory  based  on  the  Kirchhoff-Love  hypothesis  are  still  sufficiently  accurate, 
permitting,  for  example,  a  determination  of  their  stress  fields  with  a  relative 
error  not  exceeding  5^*  These  shells  are  called  thin,#  All  other  shells  will 

Here  are  the  ’’physical  components”  of  the  stress  tensor#  Cf#(l, 

Sect#5)  and  (I,  Sect#?)* 

Here  and  hereafter  we  assume  the  reader  to  be  familiar  with  the  theory  of 
shells,  for  example  to  the  extent  given  in  (Bibl#lla)#  For  this  reason,  we  use 
certain  terms  without  first  giving  their  definition# 
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here  be  called  thick  shells  or  shells  of  medium  thickness--*  Let  us  define 
these  ideas  using  the  definitions  given  in  several  modem  studies*  We  intro¬ 
duce  the  notation  (Bibl*l): 


max  {2hk^  =  e; 


max 


(3.1) 


where  a  is  one  of  the  parameters  determining  the  dimensions  of  the  basic  sur¬ 
face  of  the  shell. 

The  classification  of  shells  into  thin  and  thick  is  related  primarily  to 
the  quantity  e.  Most  often,  because  of  the  fact  that  the  relative  error  of  the 
solution  of  approximate  equations  considered  in  shell  theory  is  restricted  to 
5^,  a  shell  is  called  thin  if  the  condition  (Bibl.l,  11a)  788 


(3.2) 


is  satisfied* 

If  the  condition  (3.2)  is  not  satisfied,  the  shell  is  called  thick*  Of 
course,  the  condition  (3«2)  is  somewhat  arbitrary,  since  a  rigorous  estimate  of 
the  error  of  solutions  of  the  equations  of  shell  theory,  constructed  on  the 
basis  of  simplifying  assumptions  with  various  boundary  conditions,  is  very  dif¬ 
ficult* 

The  upper  limit  of  values  of  T]  has  been  insufficiently  studied*  S*A*Ambar- 
tsumyan  (Bibl*l)  assumes  in  his  book  that  T1  ^  0*1,  while  A*S*Vol^mir  in  his 
book  (Bibl*/,.)  states  that  T]  <  0*2*  The  quantity  T|  can  obviously  not  be  deter¬ 
mined  without  a  delimitation  of  the  class  of  the  boundary  problems  of  shell 
theory* 

K*Z*Galimov  and  Kh*M*Mushtary  in  their  monograph  (Bibl.lO)  have  pointed 
out  a  different  approach  to  the  classification  of  shells,  obviously  based  on 
physical  considerations*  A  shell,  according  to  these  authors  (Bibl*10),  is 
called  thin  if  it  satisfies  the  condition 

(3.3) 

Whereas,  if  it  satisfies  the  condition 

^  ^  ]/i; 


^  The  method  of  evaluating  the  error  introduced  by  the  Kirchhoff-Love  hypothe¬ 
sis,  advanced  by  Novozhilov  and  Finkel^ shteyn,  has  evoked  critical  remarks  by 
V*M*Darevskiy  (Bibl*22)* 
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a  shell  is  of  medium  thickness.  Here  L  is  a  linear  dimension,  characteristic 
for  a  shell  or  a  plate,  for  example  one  of  the  principal  radii  of  curvature  of 
the  basic  surface  or  its  smallest  diameter.  The  quantity  Sj,  is  the  relative 
elongation  corresponding  to  the  proportional  limit  of  the  material  of  the  shell, 

A  n\amber  of  investigators  suggest  that  no  preliminary  restrictions  be  im¬ 
posed  on  the  thickness  of  the  shell.  V/e  shall  return  later  to  this  question, 
when  we  base  our  own  classification  of  shells,  as  a  function  of  their  thick¬ 
ness,  on  the  theory  of  propagation  of  dynamic  wave  processes  in  such  shells. 

It  is  well  knovjn  that  plates  and  shells  are  elastic  bodies  in  which  the 
displacements,  deformations,  and  angles  of  rotation  of  the  elements  may  be  so 
great  that  an  application  of  the  linear  equations  of  the  classical  theory  of 
elasticity  would  lead  to  substantial  errors.  In  such  cases,  nonlinear  equa¬ 
tions  must  be  used. 

In  determining  the  boundaries  of  applicability  of  the  linear  theory,  one 
usually  starts  out  from  the  ratio  of  the  displacements  of  the  points  of  the 
basic  surface  of  the  shell  to  its  thickness.  This  method  of  classification, 
however,  is  arbitrary,  since  here  too  the  decisive  influence  is  that  of  the  pre¬ 
assigned  error  limits  in  the  solution  of  the  boundary  conditions  of  the  theory 
of  shells.  It  may  be  considered,  according  to  A.S.Vol’mir,  that  the  linear  /82 
theory  is  applicable  if  !u|  :  2h  ^  1/5,  and  is  entirely  inapplicable  if  [u]  : 

:  2h  s  5  (Bibl,4)  where  u  is  the  displacement  vector  of  the  basic  surface  of 
the  shell, 

K.Z.Galimov  and  Kh.M.Mushtary  give  a  different  approach  to  the  criteria  of 
applicability  of  the  linear  theory.  They  distinguish  weak,  medium,  and  strong 
flexures  of  the  shell. 

A  weak  flexure  takes  place  if  the  following  condition  is  satisfied  in  the 
shell : 


inax|a)|  <  1, 


(3.5) 


where  jiuj  is  the  modulus  of  the  vector  of  rotation  of  an  arbitrary  linear  ele¬ 
ment  under  flexure  of  the  shell.  It  is  found  here  that,  for  some  classes  of 
boundary  problems,  the  condition  (3.5)  is  satisfied  if 

max  I «) I  2A;  (3.6a) 

for  other  types  of  boundary  problems,  the  condition  (3.5)  leads  to  the  inequa¬ 
tion 


max\u\^2hY^p-  (3.6b) 

For  a  moderate  flexure,  the  displacement  of  points  of  the  basic  surface,  by 
modulus,  equals  or  exceeds  2h  but  is  considerably  smaller  than  the  other  linear 
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max|(i)|*<C  1. 


(3.7) 


dimensions  of  the  shell.  Here, 


The  relation  (3.7)  gives  us  the  right  to  neglect  quantities  of  the  order  of 
|u)|^  bj  comparison  with  unity. 

In  a  strong  flexure,  the  displacements,  directed  along  the  normal  to  the 
basic  surface-,  are  great  relative  to  2h  and  are  of  the  order  L.  In  this  case, 
likewise,  the  quantities  [(«j^  will  be  great. 

The  problems  related  to  a  weak  flexure  are  described  by  linear  systems  of 
equations,  while  those  of  moderate  and  strong  flexure  belong  to  the  nonlinear 
theory  of  shells.  If  we  confine  ourselves  to  the  study  of  elastic  deformations, 
then  we  must  impose  on  the  problems  of  moderate  and  strong  flexure  additional 
restrictions  that  ensure  the  absence  of  zones  of  plasticity.  Finally,  these 
restrictions  must  be  connected  with  methods  for  the  reduction  of  a  three- 
dimensional  problem  of  the  theory  of  elasticity  to  a  two-dimensional  problem 
and  with  specific  boundary  conditions.  It  is  difficilLt  to  indicate  these  re¬ 
strictions  in  the  general  form  for  extensive  classes  of  problems. 

Section  4.  Application  of  Tensor  Series.  Reduction  of  the  Three-  /90 

Dimensional  Problem  to  the  Determination  of  an  Infinite 
Sequence  of  Functions  of  a  Point  of  the  Base  Area  of 
the  Shell 


Let  us  extend  the  methods  applied  by  Cauchy  and  Poisson  in  the  statics  of 
plates  to  the  elastodynamic  problems  of  shell  theory.  To  bring  out  the  fixnda- 
mental  ideas  of  the  method,  let  us  first  consider  the  linear  equations  of  shell 
theory,  holding  to  the  exposition  adopted  by  us  in  other  work  (Bibl.23a,  b).  We 
will  use  expansions  in  tensor  series,  which  are  generalized  Poisson  and  Cauchy 
series.  We  emphasize  that,  instead  of  tensor  series,  expansions  in  ordinary 
power  series  can  also  be  used  (Bibl.23a,  b  and  26).  Expansions  in  tensor  se¬ 
ries,  in  our  opinion,  have  the  following  advantages: 

a)  Such  expansions  lead  to  equations  valid  in  an  arbitrary  curvilinear  sys¬ 
tem  of  coordinates,  which  is  particularly  convenient  in  solving  nonlinear  prob¬ 
lems; 


b)  Each  term  in  the  approximation  formulas  is  a  quantity  with  a  definite 
geometrical  meaning.  The  latter  permits  a  clearer  and  more  pictorial  presenta¬ 
tion  of  the  meaning  of  various  simplifications  of  the  equations  than  the  use  of 
conventional  expansions  in  powers  of  the  coordinate  x? . 

Hereafter,  we  will  consider  several  versions  of  the  generalized  expansions 
in  power  series.  Let  us  make  use  of  eq.  (l,  12.3).  Assiime,  neglecting  the 
strains  in  the  shell,  that 

These  displacements  are  ordinarily  called  flexural. 
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The  sign  =  ,  here  and  hereafter,  denotes  an  equality  that  is  tiue  only  in  one 
definite  coordinate  system  (a  non-invariant  equality).  The  expressions  of  the 
vector  components  Ar  in  the  deformed  shell  mil  be  given  below  when  we  discuss 
the  nonlinear  theory-'-. 

Following  the  general  program  of  solution  of  the  reduction  problem  (Sec¬ 
tion  l),  let  us  consider  the  expansions  of  the  strain  tensor  components  into 
tensor  series,  remembering  eq.  (4..l)j 


D^k  ^  A*  "I"  -TT  +  •  • 


(A»2) 


where  D,(?)  are  the  components  of  the  strain  tensor  at  the  point  with  the  coor 
dinate  ^  =  z,  while  are  the  strain  tensor  components  on  the  basic  surface 

of  the  shell. 

\{e  note  that,  according  to  eq. (l,  12.3),  an  expression  of  the  form 


•  •  •  V3  Dj 

^  - ^  ^ 

til  times 


is  to  be  regarded  as  a  component  of  a  covariant  tensor  of  second  rank,  and  an/^l 
expression  of  the  form 

z"  V3...V,«t 

nt  times 


as  a  component  of  a,  co variant  vector* 

Let  us  assume  that  the  tensor  of  curvature  vanishes  in  the  Lagrangian  sys¬ 
tem  of  coordinates  xi  associated  with  the  undeformed  or  deformed  shell.  Then, 
according  to  eq.(l,  10.9),  we  have  the  right  to  change,  in  the  nultiple  covari¬ 
ant  derivatives,  the  sequence  of  operations  of  differentiation.^  To  simplify 
the  calculations,  let  us  assume  that  the  system  of  coordinate  lines  x  (.1  1.  ^ 

on  the  basic  surface  coincides  vri.th  its  lines  of  curvature.  Using  eqs.(I,3.6a; 
-  (3«6b),  (9.5)  and  (9.6),  we  find  the  nonzero  Christoffel  symbols  of  index  3. 


Vie  have 


rl3=  - 


(4.3) 


See  also  (Bibl.23b,  Part  II,  Sect.!). 


or,  for  z  =  0, 


r,'3  =  —  A-,.;  rl  =  {g..}^ki  (/  =  1 ,  2). 


Hereafter,  to  shorten  the  formulas,  we  shall  denote  the  components  of  the 
metric  tensor  on  the  basic  surface  by  and  at  an.  arbitrary  point  by  g/j'  . 

One  more  remark:  The  functions  z“  are  components  of  the  tensor 
{Ar)p{Ar)‘>... .  From  eqs.(/|,,l)  and  (4.3)  it  follows  that 

V,(Ar>^0  (i  =  l,  2). 

But 

ViiAry¥=0  at  y=l,  2, 


in  spite  ox  tne  xirst  two  relations  of  eqs,(4.l).  For  this  reason,  in  covari— 
ant  differentiation,  the  quantities  z  cannot  be  regaiiled  as  constants. 

Bearing  in  mind  all  that  has  been  said,  we  find,  in  expanded  form,  the  ex¬ 
pansions  of  the  tensor  components  of  small  deformation  .in  tensor  series  in 
powers  of  z.  lie  have 


—  r{,«i  -  —  g,,kiUs  +  z ldiV3«i  +  — 

Til  2 

—  TiiVa"!  —  F11V3M2  —  gitkiVs^z]  +  •  •  •  ; 

2sl2  =  (3,u,  -f-  —  2r}2K,  —  2ri;K,  -f  ^  [djVjMj  -|-  d,V3«i  + 

+  *iVi«s  +  —  2r}2?3«,  -  21I2V3H2]  +  . . .  ; 


(4.5a) 

(4.5b) 


d.u,  -  +  Z  {d,v3K,  +  ^ 

+  /qVjWa — —  ri'Vs^i  —  g'22^2V3«3H'  •  •  •  ;  (4.5c) 


2^13 —^4^3  +  VsWi  +  zldiVjMj-l-*,  (V,W3  +  VjHi)  4- VjVa^il  +  •  •  ■  ; 


(4.5d) 


where 


2£2;i  —  Vi«3  +  V3//3  4-  z  4-  k.  4-  4-  VaVaWj]  4-  . . . ; 

S33' =  V3M3  4"  •^3VjV3«3  4"  •  •  •  . 

V3«y  =  ^3"y  +  (/=J.  2);  V^Ui^d^u^. 


(4.5e) 

(4.5f) 

(4.6) 


88 


Substituting  eqs»(/L*5a*)  -  into  eqs#(ll,  4*1^)  into  eqs#  (ll^4»5a') 

■“  (ll^  4# 5b)  and  rejecting  the  nonlinear  terms,  we  obtain  expansions  of  the 
stress  tensor  components  in  powers  of  z# 

In  spite  of  the  fact  that  all  the  coefficients  of  the  z®  in  the  resultant 
expansion  are  functions  of  the  coordinates  x^ ,  these  expansions  do  not ^ yet ^ 
solve  the  reduction  problem,  since  they  contain  an  infinite  set  of  derivatives 
of  the  form  or  of  covariant  derivatives  Vg  ...VgUj  .  These  derivatives 

may  be  regarded  as  new  unknown  functions  subject  to  determination.  The  reduc¬ 
tion  problem  ^d.11  be  solved  after  eliminating  the  derivatives  Vg  ,, .VgUj  from 
the  system  of  equations  of  shell  dynamics. 

Section  5.  Reduction  of  the  Three-Dimensional  Problem  to  the 
Determination  of  Six  Functions  of  a  Point  of  the 
Base  Area  of  the  Shell 

We  shall  show  that  the  reduction  problem  has  a  definite  analytic  meaning, 
i.e.,  that  it  can  be  formulated  as  a  problem  of  mathematical  physics.  Indeed, 
the  Lame  equations  (ll,  5*5b)  permit  us,  as  was  first  shown  elsewhere  (Bibl,23a 
and  b),  to  express  on  the  basic  surface  the  derivatives  V3V3,,.Uj,  beginning 
vri_th  the  derivative  of  second  order,  in  terms  of  the  derivatives  VgUj  ,  of  flec¬ 
tions  of  Uj,  and  of  the  "tangential”  derivatives  .  ..V^Uj  ,  i.e.,  derivatives 
i^rith  respect  to  the  coordinates  x^  and  x^  of  the  basic  surface.  From  eq.(II, 
5*5h)  we  find: 


X  -J"  ji 


P  n-  ,  P 

—  r  i-\  , 

J1  \i  or 


(5.1a) 


VaVs^s 


1  +  2(1 


X  +  2ii  l  +  2ii 


X-f  2(1  dt* 


[i,  s  =  l,  2;>=1,  2,  3). 


Further,  differentiating  eqs, (5.1a)  -  (5. lb)  we  obtain 


VsVsVa'i/ 


+  V;V3V3«3)  - 


--v,F,+-  — v,«i; 

^  |A  or 


^  W.«,-  V. V. 

{i,  s=  1,  2). 


(5.1b) 

Z22. 


(5.2a) 


(5.2b) 
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Substituting  into  the  resiiltant  expression  the  values  of  the  second  deriv¬ 
atives  V3V3U1  from  eqs,(5«la)  -  (5.1b),  we  find  the  final  expressions  for  the 
derivatives : 


VsVaVs^/ 


—  S  X_|-2}i  ViVsVi^s)  1 4" 

■  J>:  +  (^)p  p  9  p  +  V. 

ti(X4-2(i)  ‘  ®  ji  ^  ‘  (j,(X-}-2n) 


V/  ,  9  d* 


V,V,V  Ai  =-±-S  S"«"V,V,VA  4  -  6"v,v,v,«,  +  X 

9.  (A  + 

X  g"Vr^r  -  '  V3^3 - X 

X  +  2[j.  t»(^  +  2nJ 

d*  a 

X  g" - Vr^r  -1 - - - V3U. 

dt*  "  1  +  29  dt*  * 

{r,  5-1,  2). 


(5.3a) 


(5.3b) 


Differentiating  eqs.(5.3a)  -  (5.3b)  and  repeating  the  process  of  elimina¬ 
ting  the  derivatives  V3,,.  VgUj  ,  beginning  with  the  derivatives  of  second  order, 
we  can  find  expressions  for  the  derivatives  V3...V3UJ  of  arbitrary  multiplicity 
in  terms  of  derivatives  containing  the  operator  V3  in  an  order  not  higher  than 
the  first.  By  means  of  the  resultant  expressions  for  the  derivatives  of  V3... 
V3UJ,  all  quantities  characterizing  the  stressed  and  strained  state  of  the 
shell  will  be  determined  by  expansions  of  the  form  of  eqs.(l.5a)  -  (4.5f),  as 
functions  of  the  coordinates  of  the  basic  surface  x* (i  =1,  2)  and  explicit 
functions  of  the  coordinate  x?  =  z,  if  we  know  the  six  functions  x*  ;  Xj  and 
V3Uj .  We  shall  consider  below  certain  methods  of  determining  these  func-  /9k 
tions,  which  will  be  called  fundamental.  We  draw  the  reader^s  attention  to  the 
increase  in  the  order  of  the  time  derivatives  entering  into  the  equations,  if 
terms  containing  z^  are  introduced  into  the  expansions. 

Section  6,  Application  of  the  Symbolic  Method 

The  reader  has  probably  noticed  that  the  determination  of  the  derivatives 
V3o..V3Uj  in  the  preceding  Section,  beginning  with  derivatives  of  the  second 
order,  in  terms  of  quantities  determined  in  the  internal  system  of  coordinates 
of  the  basic  surface  and  the  derivatives  of  ^sUj  is  essentially  an  algebraic 
operation.,  This  operation  is  simplified  in  connection  with  the  Ricci  theorem 
and  the  vanishing  of  the  curvature  tensor.  We  recall  that  the  Ricci  theorem  (l. 
Sect, 9)  permits  us  to  operate  with  components  of  the  metric  tensor  as  with  con¬ 
stant  quantities  in  covariant  differentiation,  while  the  vanishing  of  the  curva¬ 
ture  tensor  permits  us  to  vary  the  sequence  of  differentiation  in  multiple  de¬ 
rivatives,  These  properties  of  the  operations  employed  by  us  permit  the  use. 
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in  determining  the  derivatives  V3...V3UJ,  of  -one  symbolic  metnoas  developea  by 
A.I.Lur^ye^!-.  Let  us  introduce  the  notation: 


«  tiroes 

Fj"'*  =  V3 . .  •  V3  Fj', 

'*  times 

The  Lame  equations  in  the  form  of  eqs«(5*l3‘)  “■  (5*lt))  lead  to  the  follow¬ 
ing  relations: 


uf'^  =  uj. 


Ff  =  Fj. 


(6.1a) 

(6.1b) 


*  J1  P* 

p.  dP  p,  ^  ’  (6.2a) 


<) 


X  +  2p 


X  2p 


X  +  2p 


X 


X 


p(ft— 2) 

tz 


dP  X  +  2p 
(i.  5=1,  2;  «  =  2,  3,...). 


(6.2b) 


Equations  (6.2a)  -  (6,2b),  in  a  more  easily  visualized  form  than  rela- 
tions  (5,1a)  -  (5,1b),  shov/  the  recurrence  of  the  relations  between  the  suc¬ 
cessive  covariant  derivatives  with  respect  to  x?  that  result  from  the  Lame  equa- 
tions. 

We  shall  now  introduce  abbreviated  symbols  for  the  differential  operators. 

Let 


X4-  a 

=  lif 


X4-  p 


yW  =  -g«v,V,  +  -^^; 

p  dP 


(6.3a) 


*  From  the  works  of  A.I.Lur’ye  we  here  cite  the  monograph  (Bibl.9b)  in  which 
this  method  was  applied  to  the  theory  of  equilibrium  of  an  elastic  layer.  The 
Lurtye  method  was  also  applied  by  I.T.Selezov  in  his  dissertation  "Study  of  the 
Propagation  of  Elastic  Vlaves  in  Plates  and  Shells"  (Institute  of  Mechanics  Ukr 
SSR  Academy  of  Sciences,  I96I)  in  setting  up  the  generalized  equations  for  the 
transverse  vibrations  of  plates,  by  the  method  developed  in  our  owi  work 
(Bibl.23a,  b). 
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(6.3b) 


M,-= 

N3  = 


X  4-2ix 
X-|-P' 


X  +  2,i 


g'^VsVs  -f 


X+2jt 


dt^ 


X  +  2^ 


M; 


The  operator  M  is  known  to  us  from  the  theory’'  of  propagation  of  waves. 
Equations  (6.2a)  -  (6.2b)  take  the  following  form: 


a<")  =  +  L  f.  a'"-''  +  y  f  1"-*', 


(6.4a) 


«3 


X-[-  2{a 


(4  s=  1,  2;  /i  =  2,  3,. . .). 


(6.4b) 


The  system  of  eqs.(6.4a)  ~  (6.4b)  may  be  regarded  as  a  system  of  algebraic 
equations  permitting  us  to  express  successively  all  the  functions  of  and 

U3<®^  in  terms  of  Uj(^)  and  u/^^  (j  =1,  2,  3).  We  shall  not  here  perform  this 
operation  of  successive  elimination.  The  initial  step  of  this  operation  had 
been  pointed  out  in  the  preceding  Section.  We  note,  in  conclusion,  the  tensor 
properties  of  the  quantities  introduced  by  us,  and  of  eqs.(6.4a)  -  (6.4b). 


If  we  consider  point  transformations  of  coordinates  on  the  basic  surface 
of  a  shell,  then  with  respect  to  these  transformations  the  quantities  u/“)  (i  = 

=  1,  2)  are  vector  components  while  the  quantities  U3W  are  scalars.  The  proof 
of  this  assertion  is  obvious.  The  operators  introduced  by  us  can  also  be  re¬ 
garded  as  symbolic  tensors  of  various  ranks  and  stinictures  on  a  set  of  coordi¬ 
nates  x^  (i  =  1,  2). 

Section  7.  Expressions  for  the  ^^Normal*^  Part  of  the  Stress  Tensor. 

The  Equations  Determining  the  Fundamental  Functions 

V/e  shall  call  the  set  of  components  the  normal  part  of  the  stress  ten¬ 
sor.  The  other  components  of  the  stress  tensor  form  its  tangential  part.  It 
is  easy  to  convince  ourselves  that  the  components  (i  =  1,  2)  are  796 

vector  components  on  the  set  of  internal  coordinates  of  the  points  of  the  basic 
surface,  and  that  the  component  is  a  scalar  on  this  set. 

Making  use  of  the  expansions  (4* 5b)  -  (4.5f)  extended  to  include  terms  in 
z^,  of  the  notations  of  eqs.(6.1a)  and  (6.1b),  and  of  Hookers  law  (ll,  4* 5b), 
we  find: 

|v,"3  +  ^  +  A/  +  aj")  +  ap]  + 

+  b2r*[v,«W  +  Kf)]_|.  .  .  (7.1a) 
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(7.1b) 


°33  =  +  •  •  •  I  + 

+  (>.  +  2p)  j«y)  +  z«'^)+  i  z^uf^+. . . j 

{i,  s=l,  2). 


Equations  (?.la)  and  (7.1b)  deteiinine  the  stress  tensor  coaiponents  dis¬ 
placed  to  the  basic  surface  (cf.I.  Sect. 12).  According  to  the  Ricci  theorem, 
(I,  Sect. 9),  under  this  parallel  displacement,  the  m.etric  tensor  is  trans¬ 
formed  into  the  metric  tensor  on  the  basic  surface.  For  this  reason,  the  quan¬ 
tities  g®‘  entering  into  eq. (7.1b)  are  contravariant  components  of  the  metric 
tensor  on  the  basic  surface. 

To  avoid  misunderstandings,  let  us  note  the  properties  of  the  covariant 
derivatives  of  Vju/"'  (i  =  1,  2;  j  =  1,  2,  3).  These  derivatives,  as  before, 
are  determined  in  three-dimensional  space.  In  three-dimensional  space,  the 
functions  of  u^^"^  are  components  of  a  tensor  of  rank  n  +  1.  This,  according  to 
eq. (I,  9.12),  defines  the* meaning  of  the  covariant  derivatives  V, Uj  . 

To  determine  the  fundamental  functions,  we  make  use  of  the  conditions  on 
the  boundary  surfaces  of  the  shell  (Bibl.23b).  On  the  boundary  surfaces  the 
components  of  the  external  forces  are  usually  assigned. 

To  set  forth  the  essence  of  the  method,  let  us  confine  ourselves  to  the 
case  of  a  shell  of  constant  thickness  and  let  us  assume  that  the  basic  surface 
coincides  vri.th  the  middle  surface  of  the  shell.  Consider  the  boundary-  condi¬ 
tions  (II,  8.2b).  Under  the  simplifying  hypotheses  adopted,  these  conditions 
will  be  of  the  folloi,o.ng  form: 


<5^3  Lft  =£=  A’(+)r,  3,3  i  —  X(_)/. 


(7.2) 


All  the  quantities  entering  into  eqs.(7.2)  are  assumed  to  be  displaced  parallel 
to  themselves  on  the  basic  surface,  according  to  previous  statements  (l.  Sect. 11 
and  12). 

The  series  representing  the  components  of  the  displacement  and  stresses  /97 
are  assumed  to  converge  within  the  shell  and  on  its  surface--'-.  Making  use  of 
eqs.(7.1a)  -  (7.1b),  we  obtain  the  following  six  equations: 


F  |vi«3  +  «/"  +  (Vi«3  +  “I")  +  + 


( continued ) 


This  hj’pothesis  is,  as  will  be  clear  from  the  contents  of  Section  2,  the  most 
vulnerable  point  of  the  reduction  method  under  consideration. 
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(7.3a) 


^  jv,«3  +  «;.»  -  h  [d.,u^)  +  k,  (v,«3  +  «<")  +  «f >)  + 

jv.«3  +  Av.«i’  ’  +  ^  +  •  •  ■  j  + 

+  (X  +  2tt)  +  A«(^)  + 1 + . . .  j  -  X,+,3; 

j Av.«i'’+  -  •  •  •  j  +  (^  +  2|i)  X 

X  j«ii)-A«f+lA*«fi-  ...j  =  -XH,3 
(s  =  l,  2). 

This  system  may  be  replaced  by  its  eq-uivalent; 

m*»0 

^ - - h}’^  +  A,  [v<4*'"'  +  «f '"+*>]  +  «f '"+=*'}  = 

m«0 

2Aii 


(7.3b) 


(7.3c) 


(7.3d) 


(7.4a) 


(7.4b) 


S  +  (>^  +  2ti)  . ^  ; 

in«»0 


(7.4c; 


«• 

^  ~(2ct  +1)!  +  (>^  +  2ii)  m<2"+2)} 

m-0 

(i,  5=1,  2). 


•^l  +  )3~t~-^<-13 

2A 


(7.4d) 


To  these  equations  we  mast  associate  the  relations  (6.4a)  -  (6.4b).  798 

Eliminating  from  eqs.(7.4a)  -  (7.4b)  on  the  basis  of  eqs.(6.4a)  -  (6.4b) 
the  quantities  Uj^'^  (f  =  1,  2,  3;  n  =  2,  3...)>  we  obtain  a  sj^stem  of  six  equa¬ 
tions  in  six  unlcnown  fimctions  of  Uj  and  u/^^  y  =1,  2,  3).  This  system  will 
be  of  an  order  depending  on  the  number  of  terms  in  the  expansions.  In  turn, 
the  number  of  terms  in  the  expansions  will  depend  on  the  prescribed  error  of 
the  wanted  result.  Consequently,  the  order  of  the  system  of  equations  set  up 
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by  us  may  be  very  high-", 

Le-b  us  re-bum  bo  eqs,(7»l3-)  ~  (7»lb)),  Making  use  of  eqs,(7»/4.a)  —  (7»4*i)» 
we  find 


X|+)/  — ^(-)l  I  +  , 

2  2  h 

2 


X^  +  )3—X{-)3  ,  ^X’(+|3-|--^l-)3  ^  I 

"  2  ^  2  A 

+  -1  (z*  -  A')  lXg"v,«f  +  +  r  ^  • 

{t  =  l,  2). 


Equabions  (7.5a)  -  (7.5b)  esbablish  bhe  law  of  disbribubion  of  bhe  normal 
parb  of  bhe  sbress  bensor  over  bhe  bhickness  of  bhe  shell.  These  equabions 
hold  for  bhe  linear  problems  of  bhe  sbabics  and  dynamics  of  shells^:-"-, 

Secbion  8.  Furbher  Developmenb  of  bhe  Classificabion  of  Shells  wibh 
Respecb  bo  Dynamic  Problems  ~ 

Leb  us  rebum  bo  bhe  classificabion  of  shells  inbo  "bhin"  and  "non-bhin” , 
As  -will  be  clear  from  Secb.3»  in  bhe  shell  bheory  bhe  quanbiby  2h  is  usually 
considered  a  small  quanbiby  if  bhe  nabural  unib  of  lengbh  is  baken  as  one  of 
bhe  characberisbic  dimensions  of  bhe  shell.  In  bhe  problems  of  dynamics,  such 
an  approach  bo  bhe  classificabion  of  shells  is  inadequabely  mobivabed. 

An  analysis  of  bhe  quesbion  of  bhe  applicabiliby  limibs  of  bhe  equabions 
of  bhe  classical  bheory  of  flexure  of  plabes  bo  bhe  solubion  of  bhe  dynamic 
problems  was  performed  by  G.I.Pebrashen  (Bibl,30)"-"-''-.  Albhough  bhis  work  re- 
labes  bo  a  special  kind  of  shell,  ibs  resulbs  permib  general  conclusions  bhab 


(7.5a) 


(7.5b) 


-)s-  This  is  also  clear  from  a  sbudy  of  bhe  sbabically  sbressed  and  s-brained 
sbabes  of  an  elasbic  medium  by  bhe  mebhoQ.  -under  considerabion  (cf,  Bibl,96), 

Equabions  analogous  bo  eqs.(7.5a)  -  (7.5b)  are  presenbed  by  us  elsewhere 
(Bibl,23b).  Analogous  relabions  were  given  subsequenbly  by  (Bibl.lo,  Bibl.26), 
and  obhers, 

smh;-  The  furbher  developm^enb  of  bhe  invesbigabion  oy  Pebrashen  is  conbained  in 
bhe  paper  by  L.A.Molobkov  "Engineering  Funcbions  for  bhe  Vibrabions  of  Plabes 
wibh  Layered  Sbrucbure",  Leningrad  Lecb.  Insb.Mab.  USSR  Acadeir^  of  Sciences, 
Coll.  V:  "Quesbions  of  Dynamic  Theory  of  bhe  Propagabion  of  Seismic  Waves", 
1961. 
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are  valid  for  more  general  problems  of  the  d^rnatnics  of  shells.  We  shall  there¬ 
fore  briefly  en-umerate  his  conclusions  (Bibl.3C). 

This  study  v/as  based  on  a  solution,  exact  within  the  limits  of  the  linear 
theory  of  elasticity,  of  the  problem  of  the  vibrations  of  an  unbounded  elastic 
layer  under  the  action  of  a  plane  and  axisymmetric  surface  load,  and  also  that 
of  a  normal  load  \miformly  distributed  over  a  cross  section  of  the  surface 
layer.  On  the  basis  of  an  analysis  of  the  solutions  obtained,  Petrashen  came 
to  the  conclusion  tha.t  the  thickness  of  a  plate  for  which  the  application  of 
the  theory  of  thin  plates  was  still  possible,  depends  substantially  on  the  pro¬ 
perties  of  the  force  influencing  the  plate. 

In  the  first  place,  the  \>ridth  of  the  application  zone  of  the  load  and  the 
zone  of  its  appreciable  variation  must  considerably  exceed  the  thickness  of  the 
plate,  and  in  the  second  place  the  load  must  vary  slowly.  The  latter  require¬ 
ment  may  be  represented  by  the  inequality 

(8.1) 

I'^here  T  is  the  duration  of  appreciable  variation  of  the  surface  load,  N  is  a 
large  number,  and 


T  =  2hb, 


(8.2) 


vrhere  b  is  the  velocity  of  propagation  of  transverse  elastic  waves^  Conse¬ 
quently,  T  is  the  duration  of  the  passage  of  the  elastic  transverse  wave  through 
the  section  of  the  layer. 

We  may  also  note  the  relation  pointed  out  by  Petrashen  between  the  regions 
of  the  low-frequency  spectrum  v  and  the  thiclmess  of  the  shell.  This  relation 
is  of  the  form: 


vM<l.  (8,3) 

Thus,  by  increasing  the  thicluiess  of  the  shell  we  decrease  the  region  of  fre¬ 
quencies  V  in  which  the  apprcxiinate  theory  of  plates  does  not  lead  to  consider¬ 
able  errors.  It  follows  from  Petrashen* s  study  (Bibl,30)  in  parti ciilar,  that 
the  natural  unit  of  length  that  can  be  adopted  is  the  quantity  as  will 

be  clear  from  eq.(£.3). 

The  corresponding  length  of  the  sine  v/ave,  as  is  generally  known,  is  ex¬ 
pressed  by  the  equation 


(8. 4) 


From  this  follows  the  possibility  of  ch.oosing  t.„_,  in  solving  certain  problems 
of  the  elastodjmamics  of  shells,  as  a  natural  unit  of  length.  These  facts.  /1 00 
established  by  means  of  analyses  of  rigorous  but  partial  solutions  of  boundary 
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dynamic  problems  of  the  theory  of  elasticity,  can  undoubtedly  be  extended  mth 
only  minor  changes  to  the  shell  theon^^*  V/e  do  not,  however,  know  of  any  gen¬ 
eral  investigations  that  would  permit  introducing  additional  terns  into  the 
equations  of  the  classical  theory  of  plates  and  shells  so  as  to  make  the  solu¬ 
tions  of  the  generalized  equations  represent,  with  sufficient  accuracy,  the  so¬ 
lutions  of  the  corresponding  boundary  conditions  of  elasticity'- • 

Apparently,  the  solution  of  the  approximation  equations  can  with  suffi¬ 
cient  accuracy  describe  only  some  part  of  the  elastodynamic  process  studied, 
for  example,  some  definite  segment  of  the  frequency  spectrum,  the  phase^or 
group  velocity  of  waves  with  dispersion,  etc,  •  For  this  reason,  the  division 
of  shells  into  the  classes  ”thin»^  and  »non-thin”  must  be  subordinated  from  the 
beginning  to  the  problem  of  studying  certain  characteristics  of  the ^dynamic  pro¬ 
cess,  From  this  point  of  view,  the  conditions  (8»l)  -  (8,3)  determine  the 
class  of  thin  shells,  depending  on  the  desired  accuracy  of  the  study  of  the  re¬ 
sults  of  perturbing  forces  applied  to  them.  In  this  connection  we  note  that  it 
is  also  possible  in  the  problems  of  dynamics  to  introduce  various  natural  units 
of  length,  subordinating  them  to  the  fundamental  purpose  of  the  subsequent  in¬ 
vestigation* 

For  instance,  let  us  propose  to  study  the  propagation  of  elastic  waves  of 
lengths  not  less  than  4^  in  an  imbounded  shell,  i,e,,  in  a  shell  homeomorphous 
with  an  abounded  layer^  Let  us  put,  according  to  eqs.(3.l)  and  (8*4), 


Let  N  be  the  number  of  first  terms  retained  in  the  above-discussed  expan¬ 
sions  and  €  the  prescribed  relative  deviation  of  some  characteristic  quantity 
(for  example,  of  the  phase  or  group  velocity  of  waves  with  dispersion),  deter¬ 
mined  -  on  the  basis  of  the  approximate  theory  of  shells  -  from  the  value  of 
this  quantity  derived  from  the  equations  of  the  three-dimensional  problem.  Then, 
it  is  possible  to  find 


=  e).  (8*6) 

where  the  condition  (8»5)  will  define  the  class  of  thin  shells. 

For  all  types  of  waves  of  length  satisfying  the  inequality 

W.7) 

the  shell  will  likewise  be  thin.  For  other  waves,  the  shell  will  not  be  thin, 
i.e.,  the  nurriber  of  terms  retained  will  not  ensure  the  necessary  accuracy  of 


The  equation  obtained  by  Petrashen  (Bibl.30)  on  the  basis  of  the  solutions  of 
the  above-mentioned  partial  problems  of  the  elasticity  theory  give  no  general 
answer  to  the  question  posed. 
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solution 


We  recall  that  the  study  of  another  report  (Bibl*30)  was  based  on  an  analy¬ 
sis  of  rigorous  solutions  for  an  ’unbo-unded  elastic  layer.  Consequently,  the  /1 01 
definition  of  thin  shells  indicated  here  may  require  substantial  additions,  or 
even  be  unsuitable  for  solving  dynamic  boundary  problems  in  the  case  of  bounded 
shells. 

The  above  statements  and  those  in  Sect, 3  lead  to  the  conclusion  that  there 
exists  no  general  criterion  that  would  permit  a  classification  of  shells  into 
these  classes.  There  is  also  no  general  natural  unit  of  length  resulting  from 
the  properties  of  the  dynamic  processes  in  shells.  In  concrete  problems,  how¬ 
ever,  the  introduction  of  a  suitably  chosen  natural  unit  of  length  may  prove 
useful.  We  shall  assume  below  that  such  a  physical  or  geometrical  unit  has 
been  selected  and  that  the  quantity  2h  is  sufficiently  small,  i,e,,  that  the 
conditions  (3.1)  are  satisfied,  with  the  possible  replacement  of  the  second  con¬ 
dition  by  the  relation  (8,3)  or  (8,4),  The  use  of  the  conditions  (3*3)  and 
(3.4)  is  likewise  possible. 

Section  9*  Method  of  Successive  Approximations 

Although  the  system  of  equations  (7#4a)  -  (7*4^)  constitutes  the  founda¬ 
tion  of  one  of  the  possible  analytic  statements  of  the  problem  of  reduction, the 
complexity  of  this  system  and  the  absence  of  a  criterion  allowing  preliminary 
conclusions  as  to  convergence  of  the  series  on  the  left-hand  side  of  these  equa¬ 
tions  forces  us  to  turn  to  methods  that  permit  solution  of  the  problem  of  re¬ 
duction  without  integrating  eqs,  (7#4a)  -  (7#4d)*  Such  a  method  has  been  given 
by  us.  elsewhere  (Bibl,23a,  b).  It  is  the  method  of  successive  approximations, 
based  on  the  hypothesis  that  2h  is  relatively  small. 

To  develop  the  process  of  successive  approximations,  let  us  make  use  of 
eqs,(7»4aL)  B.nd  (7«4c)#  Equations  (7«4h)  and  (7*4^)  will  not  as  yet  be  applied. 
Subsequently,  eqs,(7.4h)  and  will  permit  us  to  develop  one  of  the  alter¬ 

native  versions  of  the  solution  of  the  reduction  problem.  If  we  do  not  use 
these  equations,  then  auxiliary  equations  predetermining  the  statement  of  the 
problem  must  be  set  up. 

To  find  the  first  (initial)  approximation,  let  us  reject  from  eqs,(7#4a) 
and  (7#4c)  all  terms  containing  h.  Then, 


^  Atli — 

2fi 


(9.1) 


-^(  +  >3  —  )3 _ ^ 

2(X  +  2|i)  X+2ii 

(/.  s=l.  2). 


(9.2) 


To  find  the  next  approximation,  let  us  mal-ce  use  of  eqs, (6.4a)  -  (6.4b )»  /1C2 
putting  n  =  2  and  n  =  3.  Determining  the  first  approximation  for  [u/“']^,  and 
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[•□3^®)  ^  we  return  to  eqs*(7*/f9')  and  (7*4<^)*  From  these  equations,  retaining 

in  them  all  terms  with  the  factor  h^,  we  will  find  the  second  approximation  of 
the  basic  quantities: 


2[i 


—  Vi“j  -  ^  {Vi  K’li  + 


(«<•)],  JL  - - —  ^  A*  X 

2{X  +  2[i)  X  +  2(i  ^  2 

x  +  (».  ^=1.  2). 


(9.3) 


(9.4) 


The  process  can  be  continued  further.  Applying  this  method  let  us  find 
tne  n-th  approximation  for  the  components  .  These  quantities  -will  here¬ 
after  be  called  [ej3]n(i  =  1,  2,  3).  have: 


2re..,l„  =  V,«,  +  K>]„ 

(f  =  l,  2); 

(9.5a) 

(9.5b) 

“  2  Vi“3 

(/  =  1.  2): 

(9.6a) 

(9.6b) 

Equations  (9.6a)  -  (9.6b)  permit  us  to  derive  formulas  reflecting,  in  ex¬ 
plicit  form,  the  deviation  of  the  proposed  shell  theory  from  the  classical  the¬ 
ory's-.  Equations  (9.1)  -  (9.6b)  vdll  hereafter  be  called  the  reduction  formulas: 

Let  us  make  a  preliminary  analysis  of  the  relations  obtained, 

1.  If  there  is  no  load  on  the  borindary  surfaces  of  the  shell,  then  from 
eqs.(9,l)  -  (9.2)  follovr  the  relations: 

(«<»>],  (9.7) 


These  equations  express  the  condition  of  invariance  of  an  element  of  the 
basic  surface  normal  to  the  middle  surface.  Thus  the  first  approximation  is 
close  to  the  Kirchhoff-Love  hypothesis,  -which  is  still  less  restrictive  for  the 


Here  we  have  somewhat  modified  the  notation  ado-pted  by  us  elsewhere (Bibl, 23b ), 
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strains  than  this  h;^^othesis 


2.  The  method  of  successive  approximation  given  here  requires  the  differ¬ 
entiability  of  the  functions  • 

3#  We  note  the  rules  for  covariant  differentiation  of  the  functions 
Although  these  functions  are  essentially  components  of  a  contravariant  vector, 
they  nevertheless  express,  according  to  the  reduction  formulas,  the  cornpon-  /I 03 
ents  of  a  covariant  tensor  of  second  rank.  This  determines  the  rules  for  their 
covariant  differentiation, 

A,  We  have  not  been  able  to  establish  a  general  proof  of  the  convergence 
of  the  process  of  successive  approximation  suggested  by  us.  Elsewhere 
(Bibl.23b)  we  have  indicated  methods  for  the  preliminary  approach  to  such  a 
proof  in  the  case  of  static  problems.  As  for  the  problems  of  dynamics,  the 
difficulties  here  are  still  considerable.  The  question  of  the  convergence  of 
the  process  of  successive  approximations  may  be  approached  in  the  problems  of 
statics  based  on  general  analytic  properties  of  the  solutions  of  the  boundary 
problems  of  the  elasticity  theory  mentioned  in  Sect, 2,  It  can  be  asserted  that, 
for  the  cases  of  the  action  of  forces  determined  by  functions  of  a  point  ivith- 
out  analytic  singularities,  the  series  constructed  by  us  will  in  fact  converge. 
But  these  series  ^^dll  apparently  diverge  in  the  neighborhood  of  the  points  of 
application  of  concentrated  forces.  Of  course,  concentrated  forces  are  one  of 
the  forms  of  limiting  abstractions.  It  is  clear  that  even  here  we  can  obtain  a 
solution  that  is  satisfactory^  from  the  physical  viet\rpoint  by  substituting  the 
concentrated  force  by  its  equivalent  load,  distributed  over  a  small  but  finite 
region  of  the  body. 

The  analytic  properties  of  the  solutions  of  dynamic  problems  of  the  elas¬ 
ticity  theoryr  as  investigated  to  date,  do  not  peimiit  a  definite  ansv;er  to  the 
question  whether  the  successive  approximations  developed  by  our  method  actually 
converge-".  For  this  reason,  v/e  must  consider  the  proposed  method  as  merely  an 
algorithm  for  obtaining  approximate  equations  of  the  dynamics  of  elastic  shells. 
These  equations  are  subject  to  further  experimental  and  theoretical  verifica¬ 
tion. 


There  are  indirect  confirmations  of  our  methods.  For  example,  in  the  work 
by  M,P •Petrenko  and  that  by  I,T,Selezov-~-  it  is  shown  that  the  method  under 
discussion  permits  obtaining  equations  for  the  longitudinal  and  transverse  vi¬ 
brations  of  rods  and  the  transverse  vibrations  of  plates  which  yield,  as  spe¬ 
cial  cases,  the  equations  found  by  other  methods  and  by  other  authors.  In  this 
manner,  it  is  possible  to  obtain  a  generalization  of  the  differential  equation 


The  state  of  the  general  theory  of  solution  of  the  problems  of  elastody- 
namics  is  indicated  in  V,D,Kupradze» s  book  ^^oundary  Problems  of  the  Theory  of 
Vibrations  and  Integral  Equations^^  Gostekhizdat,  1950, 

-----  Cf,  the  dissertation  by  M.P, Petrenko  "Longitudinal  and  Transverse  Vibrations 
Arising  in  Short  Rods  of  Constant  and  Variable  Thickness  under  the  Action  of  an 
Impact"  Institute  of  Mechanics,  Ukr  SSR  Academy  of  Sciences,  1961,  and  the 
above-cited  dissertation  by  I,T,Selezov, 


100 


of  the  longitudinal  vibrations  of  rods  found  by  S,P. Timoshenko,  as  well  as  var¬ 
ious  generalizations  of  known  equations  for  transverse  vibrations  of  plates, 
for  example  the  equations  given  by  Ya.S.Uflyand,  et  al.  These  results  appar-/104 
ently  confirm  the  expedience  of  the  method  proposed  here. 

Returning  to  the  question  of  the  convergence  of  the  above-suggested  method 
of  successive  approximations,  it  is  useful  to  cite  the  concepts  by  A. N .Krylov 
on  the  convergence  in  purely  analytical  and  applied  research'^".  Obviously, 

” convergence”  is  important  here  in  view  of  the  fact  that,  after  a  finitely 
small  number  of  approximations,  it  will  yield  sufficiently  exact  eqi:.ations,i»e*, 
equations  whose  solutions  will  satisfy  the  equations  of  the  mathematical  theory 
of  elasticity  and  the  boundary  conditions,  vjith  an  error  sufficiently  small 
from  the  vievjpoint  of  practical  requirements* 

The  study  (Bibl.30)  on  the  classical  theory  of  plates  shows  that  the 
above-mentioned  ^practical  convergence”  will  take  place  whenever  the  restric¬ 
tions  indicated  in  Sect. 8  are  imposed  on  the  acting  farces.  The  question  of 
the  applicability  limits  of  the  equations  obtained  by  this  method  requires  fur¬ 
ther  investigation. 

Section  10#  Expansion  of  the  Strain  Tensor  into  a  Tangential  Part 
and  a  Normal  Part 

Let  us  return  to  the  expansions  (A# 53-)  ~  (A* 5c)  of  the  components  of  the 
strain  tensor  (i,  k  =  1,  2).  These  components  were  not  used  by  us  in  solv¬ 
ing  the  reduction  problems.  As  we  shall  show,  for  z  =  0  they  describe  the  de¬ 
formation  of  the  basic  surface,  i.e.,  they  determine,  with  an  accuracy  to  quan¬ 
tities  of  the  second  order  of  smallness,  the  variations  of  the  metric  tensor 
components  of  the  basic  surface.  They  also  contain  terms  depending  on  the  var¬ 
iation  of  the  curvature  of  the  basic  surface. 

'j^e  will  denote  the  set  of  terms  of  determining  the  variation  of  the 
metric  tensor  components  of  the  basic  surface,  as  the  tangential  part  of  the 
strain  tensor,  vfe  shall  call  the  set  of  quantities  belonging  to  and  de¬ 
pending  on  the  curvature  variation  of  the  basic  surface,  the  normal  part  of  the 
strain  tensor.  Let  us  represent  eqs.(/r*53')  “  (A#5c)  in  the  following  form: 

^2?  “  *12  ^^22  •  •  • 


(10.1a) 

(10.1b) 

(10.1c) 


The  quantities  form  the  tangential  part  of  the  strain  tensor.  These  /105 
quantities  are  determined  by  the  formulas: 

6,1  =  d,a,  -  +  -h-  (10.2a) 

_  ^Sii  ^Sn 

Cf.  "Collection  of  Works  of  Academician  A.K.Krylov",  Vol.X,  USSR  Academy  of 
Sciences,  19/a8,  pp. 205-206. 
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®22  -  ^2^3 


2^1, 


^  ^2^2^12 

(10.2‘>> 

(10.2b) 

S72 

(10.2C) 

(10.2c) 

The  quantities  are  the  components  of  the  ^Tinmetric  covariant  tensor  of 
second  rari<  on  the  basic  surface.  This  is  known  as  the  tensor  of  variations  of 
curvature.  The  connection  between  the  quantities  and  the  variations  of  cur¬ 
vature  will  be  clear  from  eq.(/i,2),  bearing  in  mind  that  the  derivatives  V3  are 
absolute  derivatives  in  the  direction  of  a  normal  to  the  basic  surface  and  mak¬ 
ing  use  of  eqs.(l,  3.6a)  -  (l,  3.6b).  The  quantities  corresponding  to  the 

n-th  approximation,  are  determined  on  the  basis  of  eqs,(4.5a)  -  (4.5c)  and  the 
reduction  formulas  (9.6a)  -  (9.6b); 


(5iK3+  *l«l)  —  —  ^1^11  (^l“3  +  *l“l)  + 

2^„ 

+  — - ^2^11  (52«3  +  ^2“i)  ~  2d,  [SisUH - ^\Su  [®isln 

2g-2,  Sn 

—  —  dign  [e23l»  +  g’ll*l  I®33l«. 

Stt 


(10.3a) 


I’'22ln  =  ^2  (^2“3  +  ^2«l)  —  *2«22  +  (5l«3  +  *I«l)  “ 

2gll 

*^25^22  (^2^3  “f"  ^2^2)  2^2  [Sasln  ^22  l^lsln 

gil 

H  ^25"23  I®23l/»  “H  g"2a^2  t®3s]n>  /  _  , 

gii  (10.3b ) 


2  [’'l2ln  =  (^2^3  “f*  ^2^2)  "H  ^2  (^l“3  "I"  ^l“l) 

- d,g„  (d,a3  -\-  kiUf) - ^)S'22  (^2“3  "h  ^2^2) 

g'n  Sit 

2  2 

—  2di  [Sjaln  —  2d,  [e^ln  -| - d,gn  [eja],  H - 5,^,,  [e2,)„. 

gv.  652 


(10.3c) 


The  terms  containing  are  absent  from  the  equations  of  the  classical 

theory.  They  obviously  characterize  the  influence  of  the  local  loads  on  the 
curvature  of  the  shell. 

The  relations  (10.2a)  -  (I0.3c)  constitute  the  first  (kinematic)  group  /106_ 
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of  equations  of  the  shell  theory  set  up  on  the  classical  plane.  The  terms  of 
the  expansions  of  containing  zn ,  where  n  s  2,  have  no  special  names  and 

their  geometrical  meaning  is  more  complicated  than  that  of  and  ,  The^ 
scope  of  the  present  study  does  not  permit  us  to  go  more  deeply  into  these  kin¬ 
ematic  investigations. 

Section  11.  Two  Methods  of  Setting  up  the  Equations  of^the  Theory  of 
Shells,  both  Connected  with  the  Method  of  Successive  Ap¬ 
proximations.  First  Version  of  Establishment  of  the 
KLastodynamic  Systems  of  Equations 

The  method  of  successive  approximations  requires  the  use  of  three  equa¬ 
tions  derived  from  the  ^stem  of  six  equations  (7.Aa)  -  (7./4)«  In  essence, 

"biM  s  method  is  one  of  the  methods  of  eliminating  the  three  unknown  functions 
Uj®  (i  =  1,  2,  3)  from  the  six  unknowns  in  the  system  of  equations  (7»/i.a-)  - 
(7,4d),  To  obtain  a  complete  system  of  equations  of  the  shell  theory,  three 
more  equations  must  be  set  up  with  unknown  functions  Uj (i  =  1,  2,  3)»  This  may 
be  done  by  two  methods. 

The  first  method  is  based  on  the  use  of  the  three  equations  of  the  system 
(7.4a)  -  (7.^)  that  had  not  been  used  by  us  in  deriving  the  reduction  formulas. 
By  eliminating  the  quantities  from  these  equations  on  the  basis  of  the  re¬ 
duction  formulas,  we  obtain  a  system  of  three  equations  with  unknown  functions 
Uj  (i  =  1,  2,  3). 

The  second  method  consists  in  setting  up  the  conditions  of  equilibrium  of 
an  element  of  the  shell  as  a  whole,  followed  by  the  application  of  relations  re¬ 
sulting  from  Hookers  law,  and  is  the  most  widely  used  in  modem  shell  theory, 
and  essentially  corresponds  to  the  construction  of  the  classical  theory. 

Consider  the  elastodynamic  system  of  equations  of  the  theory  of  shells, 
derived  from  eqs,(7»43’)  ~  (7«4‘I)  from  the  reduction  formulas,  and  let  us 
retain  the  first  version.  First  we  must  establish  the  relative  accuracy  of  the 
required  system  of  equations.  We  shall  conditionally  define  this  accuracy  by 
the  highest  power  of  h  in  the  terms  retained  in  the  equations. 

The  equations  of  the  classical  theory  of  shells  were  usually  confined  to 
terms  containing  hP ,  but  introduced  only  some  of  these  terms-"-.  During  the  last 
10  or  12  years,  a  number  of  studies  on  the  dynamics  of  plates  and  cylindrical 
shells  have  been  published,  containing  terms  in  hP  but  also  omitting  a  number 
of  terms  of  this  order,  without  giving  sufficient  reasons  for  the  legitimacy  of 
neglecting  them.  Below,  we  also  confine  ourselves  to  setting  up  the  equa-  /ipZ 
tions  of  shell  dynamics,  containing  all  terms  up  to  and  including  the  factor  m 
However,  the  method  employed  by  us  makes  it  possible  to  set  up  equations  con¬ 
taining  all  terms  to  an  arbitrary  power  of  h“-^'% 

We  have  given  elsewhere  (Bibl,23b)  a  detailed  analysis  of  the  completeness 
of  the  classical  system  of  equations  of  the  statics  of  shells. 

In  the  above-cited  dissertation  by  I.T.Selezov,  the  equations  of  the  vibra¬ 
tions  of  plates,  containing  terms  up  and  including  ,  were  set  up  by  this 
method  in  the  expanded  form. 
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To  obtain  the  required  degree  of  accuracy,  the  two  first  terms  and  the  se¬ 
ries  must  be  retained  in  the  left-hand  sides  of  eq3,(7,Zib)  -  (T.Ad).  Then  we 
obtain  the  following  approximation  formulas; 


6  2h^ 

Xr^V/4'’  +  (^  +  2p>  4"’  + 1  ft*  +  (X  +  2ji)  = 

6 

(11,1a) 

(11.1b) 

Let  US  make  use  of  the  recurrent  relations  (6,/ta}  -  (6.4h)  and  the  reduc¬ 
tion  formulas,  and  let  us  nov/  make  all  the  calculations  vri_th  the  required  de¬ 
gree  of  detail.  On  the  basis  of  eqs*(6.4a)  -  (6./y2-)  vre  find  successively 

u\  ^  ^  -j"  L/f  -|-  Mui  —  ” 

M- 

(11.2a) 

=  Nt H - ^  Mu^  -  P 

x-f  2fi  ^  X-1-2J1  * 

(11.2b) 

uf  =  L,u?  + 1/^4*' +yw4''  -  ^  4”  =  Lf.)  4"  + 

(11.3a) 

—  ±  _  P  c(i). 

^  X  +  2fi  ’ 

(11.3b) 

4-^’  =  1,4’)  +  f  4^‘  +  Mrt?'  -  ^  4^'  - 

-(z,,A^x+/.in,+^;|;2[;  4^)4‘>+ 

+  IN3%s"L,  +  (M'i,  +  2L;:)  Ai  +  Li^Ls']  u,  4-  M*u,  - 

-  f  U^Ml  +  Lin  4  +  m  +  4'’}  ^ L/a"; 

— N 

t 

L  |V^ 

^  h-f 

g 

10/. 


(11. /;a) 


••y  J3) 


Mu^i 


(2) 


(2)_ 


P3\ 


A>  “4“  ^V‘'  ^  2ji 

=  + N^’L/.  +  iW  A^3:j  ai'’  + 

+ xfaf  "("*.+ xTs;:  i  - 


X  +  2()t‘’V‘®  X  +  2ji 

(t.r.s  =  1,2). 


/4=' 


(11.4b) 


Now,  applying  the  reduction  formulas,  we  can  exclude  the  quantities  Uj^^ 
from  the  resultant  equation.  Here,  in  view  of  the  prescribed  arbitrary  accur¬ 
acy  of  the  equations,  we  will  introduce  the  first  approximations  in  the  expres¬ 
sions  Ujf^^  and  uj^^,  while  the  remaining  quantities  entering  into  eqs.(ll.la)  - 
(ll.lb)  can  be  determined  by  the  second  approximations. 


In  order  to  execute  this  program,  we  must  return  to  eqs.(9.l)  -  (9.2)  and 
introduce  there  our  newly  adopted  notation,  and  then  find  the  first  approxima¬ 
tion  of  the  quantities  u/^^,  u/^\  u/^^  Then  we  will  be  able  to  vjrite  eqs.(9.3) 
-  (9.4)  in  the  expanded  form  and  complete  setting  up  the  system  of  equations 
(11. la)  -  (ll.lb).  From  eqs.(6.3a)  -  (6.3b),  we  find 


Vie  put 


g"v^  =  - 


X-|~2ii. 

X  +  JA 


is 


X{+)t  —  X[-)  I 

2,i 


Y 


33 


X{+)3 - ^(-1 

2(X  +  2ii) 


3 


(11.5) 


(11.6) 


We  have  here  considered  the  remarks  in  Sect. 9  on  the  meaning  of  the  functions 
Equations  (9.1)  -  (9.2)  then  take  the  follovdng  form: 


(«l”],  =  V/3  + 


(l)l  * 


X-f-lA 
X 


i-i«3. 


33 


X-f-}t 


(11.7a) 

(11.7b) 


Further  elementary  but  umdeldy  calculations  lead  to  the  following  gen-  /1 09 
eral  expressions  of  the  wanted  quantities: 


+ f/?r'  Xu, + [(?r'i 


)(2«) 


(2rt) 


(11.8a) 
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WiX  =  [sfXu,  +  iQr\-, 

(/.5=1.2). 


(11.8b) 

(11.9a) 

(11.9b) 


The  expressions  [S3^^”^]d  >  [S/^” 

differential  operators  depending  on  the  order  of  approximation.  We  shall  indi¬ 
cate  below  the  form  of  these  operators  of  the  approximations  introduced  by  us. 
The  quantities  [Q/’'^],  are  "force  terms”  containing  the  differential  operations 
on  the  body  forces  and  surface  forces. 

To  start  with,  we  indicate  the  values  of  the  operators  in  eqs. (11.8a)  - 
(11.9b)  for  the  first  approximation.  We  have 


f  L^N■l  +  Lf^ 

X  +  p, 

(11,10a) 

(11.10b) 

ISPl.-,!*  \{L,N£+Lf.)L,  +  2MLi, 

X  +  (1 

(11.11a) 

1 = r^-  i^rN-iNt  + 

X  -f*  P-  “h  l^)  +  2^t) 

(11.11b) 

=  A13;  [/?'/>  \=  -4-  ( +  Lf.LM  + 

X  +  (i  V 

+  44^  +  Nar%,  +  {.Na>  +  2Lt)  M  +  Li'LrU 

>^+2|x  / 

(11.12a) 

X  +  jx 

+  (x+V)"'’ 

(11.12b) 

The  "force"  operators  have  the  following  meaning: 
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X  — 2u 


-F 


3) 


(11.13a) 

(11,13b) 
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Qf\ = + L")  Ysz - ^ fi'’; 

w?').  -  K+rr^  ")  >'..  -  f  «•''<  -  '’•’•■ 


[Qr>l.  =  (L,4yV3f +  L,Li!  y,3- 

- ^ [(L, A^jf  +  i-iO Fs  +  MF,  +  f f ']  - 


(ll.l/.a 


(ll.Ub) 


(ll.l/,.c) 


(Qs'^Ji  =  ( Lr^'M^.  +  Na/.  +  M  nA  y,3  -  ^  m^.F^^> 


X  +  211 


^N3%,  + 


X  +  2ti 


M\F 


X  +  2JI 


^—Ff\ 


(ll.Ud) 


Equations  (11. 10a)  -  (I1.14d),  together  with  the  relations  (ll,8a)  - 
(11.9b),  determine  the  first  approximation. 

Let  us  now  consider  the  second  approximation.  To  set  up  eqs.(ll.la)  - 
(11. lb)  vd.th  the  necessary  accuracy,  it  is  sufficient  to  consider  the  second 
approximations  of  the  quantities  u^^  ^  and  Uj^^^  (j  =1,  2,  3).  Again  starting 
from  eqs. (11.8a)  -  (ll.9b),  we  shall  give  the  values  of  the  differential  and 
"force”  operators  contained  in  the  expressions  for  [u/’-'  jg  and  [u/^^  ]g .  We 
have 


IS}”]*  =  — 5^—  Li - \ XL,A,M!  +  L,LA  +  ml]  ; 

X  +  (x  ‘  2(X-f-pL)[  '  "  -r  ^  -r  /j. 


X4-2ii 


(11.15a) 


X+,-  2 "I 

^X  +  2ji  J 


X  +  p. 


{L,N3'M'^.  +  L-Am'.)  + 


(11.15b) 


IP%  =  M;  \R?^  %  =  Lf.  +  — —  - 

X  +  iJ. 


■1  A> \-^  (L^LMNz.  +  L,L/.  N^:  +  ML,nA  ; 

2  X  +  t>.  X  +  2ti.  J 


X  +  2ti. 


(11.16a) 
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(SS?>J,  =  M  +  L^Nt - ^ 

).  +  2jv  2(X-f-ji) 


-J‘)l 


X  +  2}1  J 


Further,  we  find  the  "force’*  operators: 


(/,  r,  5=1,2). 


(11.16b) 

/m 


\-:-^L,NAysz-\-MY,, 
X  +  H  } 


Xp 


X  +  2,1 


lih- 


1«S\- 


X+p 


X  +  2i^ 


X-f-  fi 


?>i  —1  An*K _ P 

S3 


X  +  2ii 


T  +2fi  ‘  '  J’ 

f3  _  1 ^  K,3  + 


+  /WM!K,3  -  L,A’3^F3  -  ^ 

X-f-2p  .  !*• 

(t,  r,  s=  1,  2). 


X  -f-  p 

] 


(11.17a) 


(11.17b) 


(11.18a) 


(11.18b) 


Let  us  return  to  eqs.(ll.la)  -  (11. lb).  Making  use  of  the  notation  (11.5) 
we  represent  these  equations  in  the  follovdng  form: 


where 


*l3  ~  XT^^  *l2+  I'i  =‘^«; 

I«3 ’]*  -  WPh  +  ^  A*  ([«3 ’],  -  ^  111  =  2„ 

x+p  6  I  X+p  j 

(t,  5=1,2). 

7  ■*  -^(+)<'4~-^(  -)/.  7  *  A"(+)3-f-X(-)3 

2Ap  ’  ’’  2A(X  +  2p)  ' 


(11.19a) 

(11.19b) 

(11.20) 


1C8 


Applying  eqs, (11.8a)  -  (11. 9b),  we  find 


+ 1  A3  [/?L''  M.]} «.  +  [Qf\  - 


X  +  li 


(11.21a) 


{[SS’I.  -  ~  m-  Is,'  I. + ^  *’  [  Is?'l.  -  tsS*'J,]j  a,+ 

+ [gr’i.- («f’i.}-z„-o 


(/.  s=  1.  2) 


(11.21b) 


We  shall  now  make  several  preliminary  remarks  on  the  system  of  equations 
(11.21a)  -  (11.21b). 

1.  The  system  of  equations  (11. 21a)  -  (ll.2lb)  is  of  the  twelfth  order.  We 
recall  that  the  oixier  of  the  system  of  equations  in  the  classical  theory  is 
eight.  The  increase  in  the  order  of  the  system  is  due  to  the  introduction  of 
all  terras  with  factors  h“  up  to  h®  inclusive.  The  order  of  the  system  of  equa¬ 
tions  Ul»21a)  -  (11.21b)  is  lower  than  the  order  of  the  initial  system  (ll.la) 
_  (11. lb).  The  order  of  the  initial  system,  as  is  obvious,  is  21.  Here  the 
higher  derivatives  in  eqs. (ll.la)  and  (ll.lb)  will  be  mixed  derivatives  with 
respect  to  t  and  the  coordinates  x* (i  =  1,  2).  The  system  of  equations  (ll.la) 
-  (ll.lb)  will  be  of  the  fifteenth  order  in  the  derivatives  with  respect  to  the 
coordinates  x^ .  The  lowering  of  the  order  of  the  system  as  a  result  of  the  ap¬ 
plication  of  the  method  of  successive  approximations  is  due  to  elimination  of 
the  terms  containing  factors  of  h"  where  n  ^  2|.,  in  introducing  the  formulas  of 
reduction  in  eqs. (ll.la)  -  (ll.lb). 

2.  The  system  of  equations  (ll.2la)  -  (11.21b)  approximately  describes  the 
dynamic  process  in  elastic  shells  of  arbitrary  form.  As  we  have  already  noted, 
these  equations  contain  all  terms  with  factors  where  n  ^  3.  Neglecting  the 
remaining  terms  naturally  limits  the  significance  of  the  derived  equations. 

This  fact  will  become  obvious  when  considering  the  boundary  and  initial  condi¬ 
tions. 


3.  The  system  of  equations  (11. 21a)  -  (ll.2lb)  •’symbolically”  is  resolved 
into  a  system  of  two  equations  containing  the  tangential  components  of  the  dis¬ 
placement  vector  and  an  equation  with  the  normal  component.  This  resolution, 
however,  is  illusory  since  the  covariant  derivatives,  forming  the  basis  of  the 
operators  introduced  by  us  to  shorten  the  notation,  are  sets  containing  all  com— 
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ponents  of  the  vector  u.  Only  in  the  plane  problem  is  this  resolution  actually 
accomplished. 

L\.m  The  system  of  equations  (ll.2la)  -  (11. 21b)  contains  the  wave  opera¬ 
tors  M.  However,  the  question  of  the  existence  of  the  actual  characteristics 
of  eqs.(ll.2la)  -  (ll.2lb)  requires  separate  analysis. 

5*  The  system  of  equations  (ll.2la)  -  (ll.2lb)  obtained  by  our  analytic 
methods  is  very  complex  and  permits  only  approximate  integration,  neglecting  a 
number  of  terms.  It  seems  useful,  however,  to  introduce  such  a  system  into  the 
arsenal  of  descriptive  means  of  the  theory  of  shells  as  a  peculiar  ”stage”,  /113 
permitting  us  to  judge  the  accuracy  of  the  equations  obtained  by  other,  more 
pictorial  methods-"-. 

Equations  (ll.2la)  -  (ll.2lb)  do  not  define  the  statement  of  the  dynamic 
boundary  conditions  of  the  shell  theory.  The  boundary  and  initial  conditions 
must  be  considered.  In  order  to  do  this,  we  must  first  find  approximation  ex¬ 
pressions  for  the  stress  tensor  components. 

Section  12.  Approximate  Expressions  for  the  Components  of  the  Displacement 
Vector  and  the  Components  Stress 

In  considering  the  expansions  of  the  displacement  vector  components,  the 
question  arises  as  to  the  number  of  terms  that  must  be  retained  in  these  expan¬ 
sions. 

Based  on  the  relative  accuracy  of  eqs.(ll.21a)  -  (ll.21b),  we  will  retain 
in  the  expansions  of  the  displacement  vector  components  all  terms  including  com¬ 
ponents  with  factors  ,  Here,  however,  we  have  a  certain  inconsistency,  since 
eqs,(ll.2la)  -  (ll,2lb)  contain  terms  depending  on  coefficients  of  in  the 
expansions  of  the  displacement  vector  components.  This 'inconsistency,  however, 
is  apparently  one  of  several  contradictions  of  the  theory  under  consideration. 
Below,  we  will  discuss  the  contradictions  in  the  approximate  theory  of  shells  in 
more  detail.  In  the  notation  adopted  by  us  we  find 


_  «,  +  Z  +  1  Z"  [„?').  +  1  z-  M»l.  +  .  .  . 

0 

(/=1.2,3). 


(12.1) 


Making  use  of  the  relations  (11.8a)  -  (ll.9b),  we  obtain 


*  The  desirability  of  investigations  to  obtain  arbitrarily  ^'exact'*  equations  of 
the  shell  theory,  permitting  a  judgment  from  the  properties  of  the  rejected 
terms,  was  discussed  at  the  Conference  on  Shell  Theory  held  in  October  i960  at 
Kazan* . 
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(12.2a) 


+  u,  +  +^z’  |[SP'|, «.  +  W”),!  + 

b 

“It’  =  «3  +  2^  {  [^3  ’  %U-s-\-  [Qs ’Js)  +‘^  ^*  { [-^3 ’ll  “3  + 

+  i  [M"'  1i  a.  +  [Qa  >]i}  +  . . . 

b 

(t,5==l,2).  (12.2b) 

Consider  the  expansions  of  the  stress  tensor  components.  Introducing  /YLU 
the  notation  of  eq. (ll.5)»  we  find 

=  Hik  [«3 ’]j  -  gikNz.u,  -  (Li«*  -f  + 

+ ^  {I'S,.  [«f  J,  -  ^  (t,  + 

+  4  [«!"].)) 14*],  -  g,.Mf  - 

—  14”li  +  4  [«ni)j +■!  2^  [“S”Ji  — 

"  ~  + '■*  ■““'’■’I + ■  ■  ■ 

(/.  ft,  s=  1,  2). 


om  =(^  +  2p)  |[«3*’]»  —  +  (^“l"2ti)2:  |[a3*’]2 

+  ;^  (>•  +  2(i)z’  |[a3^’]i  —  Nt  [a?’],|  +  . . . 

(i.5  =  1.2). 


(12.3b) 


(12.30) 
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Equations  (ll,8a)  -  (ll*9b),  together  with  the  values  of  their  operators 
expressed  by  eqs.(ll.lOa)  -  (ll.lSb),  permit  the  approximate  representation  of 
the  stress  tensor  components  in  a  form  analogous  to  eqs,(l2,2a)  -  (12. 2b)*  V7e 
shall  not  write  out  these  expressions  in  view  of  their  great  length.  With  re¬ 
spect  to  the  expressions  found  by  us  for  the  components  of  the  displacement  vec¬ 
tor  and  of  the  stress  tensor,  we  may  remark  that  they  contain  terms  depending 
on  the  acceleration  of  an  element  of  the  shell.  These  terms  will  hereafter  be 
designated  ^'inertial’*. 

The  presence  of  inertial  terms  distinguishes  our  approximation  expressions 
for  the  displacement  vector  components  and  the  stress  tensor  from  the  expres¬ 
sions  known  from  the  classical  theory.  It  is  obvious  that  these  expressions  /lx 5 
contain  a  number  of  non-inertial  terms,  which  are  also  absent  from  the  rela¬ 
tions  of  the  classical  theoiy. 

Section  13*  Boundary  Conditions 

The  equations  of  motion  of  an  element  of  the  shell  were  obtained  by  us 
from  the  equations  of  motion  of  a  three-dimensional  body.  It  was  natural  at  t 
first  sight  to  turn  to  the  boundary  conditions  of  the  three-dimensional  problem 
of  the  theory  of  elasticity  to  obtain  the  boundary  conditions  of  the  theory  of 
shells.  This  is  exactly  what  we  did.  Consider  two  fundamental  boundary  prob¬ 
lems.  In  the  first  problem  the  displacements  on  the  contour  surface  are  pre¬ 
scribed  and,  in  the  second  problem,  the  stresses  (ll.  Sect. 8),  The  contour 
surface  will  be  analytically  determined  by  the  following  conditions  imposed  on 
the  unit  vector  n  of  the  external  normal: 


/I3  =  =  0. 


(13.1) 


1#  The  First  Boundary  Condition 

On  the  contour  surface  C,  let  the  displacements 

=  z.  t)  (1  =  1,  2.  3;  y  =  1,  2).  (13.2) 

be  prescribed.  Expanding  the  prescribed  displacements  in  tensor  series  in 
powers  of  z,  we  find 


(uW  =  (p,.  {x>,  0,  t)  4-  Z<p!'’  {x>,  0.  0  +  ^  ixl,  0,  t)  + 

O 


(13.3) 


Equating  the  first  four  terms  of  the  expansion  (13»3)  to  the  first  four  terns 
of  the  expansions  (l2,2a)  -  (l2,3b),  we  find 


(13.4a) 


in  «.+  [Q'^’JOc  =  0.  ty 

([5f>].«3+OT.)c=<pf(x4  0.0: 

(«3)c  =  «P,  {xf,  0,t);  ( a,  +  [Q<3%)c  =  9^''  (x4  u,  t). 

(m^3+[Q%)c=<p'^’(x^,0J), 

«.+  [Qi1.)c  =  <pf  0.  t)  (13.4b ) 

(f,y.s=i,2). 


where  C  is  an  arc  of  the  contour  of  the  basic  surface  of  the  shell.  The  condi¬ 
tions  (l3.Z.a)  -  U3.4b)  were  obtained  by  us  as  a  result  of  a  formal  operation. 

The  total  number  of  these  conditions  is  twelve. 

We  have  two  remarks  to  make  on  the  conditions  (l3*4a')  (13*4t>)*  /13-6 

1,  The  compatibility  of  the  conditions  (l3#/ta)  -  (l3»4b)  v;ith  eqs,(ll,2la) 

~  (ll,22b)  is  not  obvious.  Apparently  some  of  these  conditions  (13#4sl)  “ 

(13. Ab)  cannot  be  satisfied  by  solutions  of  the  system  of  eqtiations  (ll,2la)  - 
(11,21b).  In  fact,  the  order  of  the  system  of  equations  (ll,2la)  -  (ll,2lb)  is 
twelve.  If  we  recall  that  the  solution  of  a  partial  differential  equation  of 
second  order  permits  satisfaction  of  one  boundary  condition-",  while  the  solu¬ 
tion  of  a  biharmonic  equation  satisfies  two  boundary  conditions,  then  the  solu¬ 
tions  of  the  system  of  equations  (11, 21a)  -  (11. 21b)  must  satisfy  six  boundary 
conditions.  In  other  words,  we  shall  have  to  confine  ourselves  to  two  terns  in 
the  expansions  (13.3)  and  accordingly  to  two  terms  in  the  expansions  (I2,2a)  - 
(12.2b). 

Obviously,  the  arguments  presented  here  are  not  rigorous.  The  mentioned 
questions  require  special  investigation.  We  shall  return  to  them  later, 

2,  In  problems  of  the  shell  theory,  the  functions  cp(xJ  ,  z,  t)  are  usually 
not  prescribed  but  it  is  required  to  satisfy,  by  conditions  imposed  on  the 
wanted  functions,  weaker  restrictions  on  the  contour  of  the  basic  surface.  Thus, 
the  above-mentioned  difficulties  do  not  arise  in  practice. 

2.  Second  Boundary  Problem 

Let  us  assume  that,  on  the  contour  surface,  the  stress  vector 

(/  =  1.2,3).  (13.5) 

is  prescribed.  Expanding  this  vector  in  a  tensor  Taylor'^ieries  in  powers  of  z, 

^5-  The  Dirichlet  and  Neumann  problems  are  examples, 

■jh:-  Ne  recall  that  an  expansion  in  a  tensor  power  series  brings  about  the  opera¬ 
tion  of  parallel  displacement  in  the  Levi-Civita  sense. 
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we  find 


fi  (x^,  t)  =  h  {x>,  0,  t)  +  2/?'  {x\  0,  ^)  +  1  z^ff)  ixi,  0,  t)  + 

Zd 

+  lz^ff>(x/,0,0+...  .  (a) 

Let  us  now  make  use  of  eq.  (II,  8,2b): 

=  ^=1,2,3). 

where  and  rf__^are,  respectively,  the  components  of  the  vstress  tensor  and  of 
the  unit  vector  n  of  the  exterior  normal  to  the  contour  surface,  displaced  par¬ 
allel  to  themselves  on  the  basic  surface  of  the  shell  along  the  normal  to  this 
surface,  /117 

The  parallel  displacement  of  the  stress  tensor  is  accomplished  by  expand-^^ 
ing  its  components  in  tensor  series.  The  parallel  displacement  of  the  vector  n 
is  performed  on  the  basis  of  previous  statements  j(^I,  Sect, 11),  The  possibility 
of  a  separate  displacement  of  the  stress  tensor  and  the  vector  n  results 
from  the  fundamental  properties  of  the  operation  of  parallel  displacement  in 
the  Levi-Civita  sense  (l.  Sect, 10), 

It  follows  from  (l,  11,13)  that  the  relations  (13.1 )  remain  valid  for  the 
displaced  vector  n.  The  remaining  components  of  the  displaced  vector  n  are  de¬ 
termined  by  equations  resulting  from  (l,  11,13)  and  (l,  11.18): 

(1  —  A/z);  =:  /Zg  =  0  (13.6 ) 


(i  =  1,  2;  do  not  sum  over  il), 

Here,  are  the  components  of  the  unit  vector  n  to  the  contour  surface  at  the 
point  of  the  shell  with  the  coordinate  x?  =  z. 

Let  us  expand  n^^^^  in  a  Taylor  series  in  powers  of  z.  Then  eqs,(l3,6)  lead 
to  the  following  expressions: 

/l^  =  /ZJqj  -|-  Z  *4“  •  •  •  • 

To  set  up  the  boimdary  conditions  we  must  bear  in  mind  eqs,(a) 
pansions  (l2,3a)  -  (12. 3c),  eq. (13,5),  and  formula  (13.7).  We  have 


(13.7) 
and  the  ex- 

(13.8) 


In  the  expanded  form,  these  equations  after  equating  the  coefficients  of 
equal  powers  of  z  on  the  left  and  right-hand  sides  lead  to  the  following  system 
of  boundary  conditions: 
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X-j-  |A 


,  ^  iL,  (,<?>L + 4  l«S''Wl  -  ff'  W.  0,  t), 
i+i*  ) 


S  IWr^X  -  ^  /tU,  =  /Sf'  (X^,  0.  0 


X  +  ll  ^  J  ' 

(p  =  0,  1,2,  3;  i,y.  r,s=l,2). 


(13.9a) 

(13.9b) 


The  selection  of  the  approximation  m  is  so  performed  that,  in  the  condi¬ 
tions  (13.8),  no  terms  of  the  »‘order"  will  enter The  orders  of  h  and  z  are 
taken  to  be  the  same-.  Vie  assume  that  =  u,.  The  summation  over  r  is  de-/^8 
noted  by  the  usual  convention. 

The  system  of  relations  (13. 9a)  -  (13. 9b)  contains  twelve  conditions.  The 
above  remark  1,  on  the  nimiber  of  conditions  of  the  boundary  problems  of  shell 
theory  in  our  formulation,  also  applies  here. 

The  question  as  to  the  number  and  meaning  of  the  boundary  conditions  in 
shell  theorjr  is  not  new.  Over  a  hundred  years  ago  there  was  a  discussion  be¬ 
tween  the  followers  of  Poisson^s  theory,  according  to  whom  five  force  condi¬ 
tions  had  to  be  satisfied  on  the  contour  of  the  central  plane  or  middle  surface 
of  a  plate,  and ' adherents  of  the  theory  of  Kirchhoff,  who  asserted  that  the 
number  of  these  conditions  did  not  exceed  four.  The  Kirchhoff  theory,  using 
the  well-known  simplifying  static-geometrical  hypotheses,  is  generally  recog¬ 
nized  at  the  present  time.  The  impossibility  of  satisfying  all  the  boundary 
conditions  of  the  first  or  second  boundary  problems  of  shell  theory  naturally 
leads  to  the  idea  that  there  must  be  some  internal  contradiction  in  the  theory 
developed  by  us  as  a  whole. 

Indeed,  the  accuracy  of  the  boTindary  condition  that  can  be  satisfied  will 
be  lower  than  the  accuracy  of  the  ^stem  of  equations  (11,21a)  -  (ll, 21b ), which 
naturally  raises  the  question  whether  these  equations  are  not  excessively  ac¬ 
curate  and  unjustifiably  complex. 

It  is,  however,  easy  to  prove  that  the  theory  developed  here  contains  no 
logical  contradictions.  Vie  shall  return  later  to  its  evaluation.  However, 
these  and  similar  questions  encourage  the  study  of  other  analyiical  approaches 
to  the  mathematical  description  of  the  stressed  and  strained  state  of  shells. 

One  of  them  is  based  on  the  use  of  the  variational  principles  of  the  mechanics 
of  elastic  bodies---.  We  shall  make  use  of  this  method  later,  and  shall  then 

---  In  other  words,  terms  with  factors  h*  z“ ,  ivhere  m  +  n  >  3,  must  not  enter  in¬ 
to  the  equations. 

-----  V.V. Bolotin  has  called  our  attention  to  the  advantage  of  making  extensive 
use  of  variational  methods  in  the  general  theory  of  shells. 


return  to  the  general  analysis  of  the  forntulation  of  the  boxmdary  problems  of 
the  dynamics  of  shells. 

Section  I4..  Initial  Conditions.  General  Remarks  on  the  First 

Version  of  the  Solution  of  the  Problem  of  Reduction 

To  complete  our  brief  outline  of  the  general  formulation  of  the  dynamic 
boundary  problems  of  the  theory  of  shells  in  the  first  version,  let  us  consider 
the  initial  conditions.  We  shall  start  out  from  the  initial  conditions  of  the 
dynamics  of  a  three-dimensional  elastic  body  (ll,  8.1a-b).  Let 

“io  (x‘)  =  '{'i  (x^,  Z) :  z). 

Expanding  these  vectors  in  tensor  series  in  powers  01  z,  we  find 

{x^,  z)  =  4.,  (X^,  0)  +  0)  +  i  )  ixf.  0)  + 

o 

0,  (y,  z)  =  6,  (jc4  0)  -1-  20r>  {xi,  0)  +  -J-  {xi,  0)  + 

o 

Making  use  of  the  expansions  (l2.2a)  -  (l2.2b),  we  find  the  following  ini¬ 
tial  conditions: 


(U.l) 
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(U.2a) 


(14.2b) 


=  'I'/  (.x>,  0);  [Sj’’] j  Kg  +  \t-t^  =  41I’’  (x4  0); 

0);  “f"  [Qi^*]2  |/=/o  0); 

1^“].  +  [R?  1. «.  +  [«“’),  l-,.  -  sp  U',  0); 

I-.. -«P'W,0). 


^3  l<-t  —  'I’s  (-*^1  0);  [/?3  *  ^]2  [Qs  *]2  |/=4  =  'j'3  *  (x4  0); 

[SS?’],  «3  -}■  1/“/,  =  4*3^  (x4  0); 


(14.3a) 


(14.3b) 


(14.3c) 
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(U.3(i) 


IS^"].«3 +  [<?"'].  U  =  03^x/.O); 

(L  /,  s  ==  1 , 2). 

In  all,  twenty- four  initial  conditions  (I4»3a)  -  (l4.»3d)  must  be  sauis- 
lied.  From  the  expressions  for  the  operators  (ll.lOa)  -  (11.18b),  it  is  clear 
that  the  system  of  equations  (11, 21a)  -  (ll»21b)  is  of  the  order  twelve  with 
respect  to  the  time  t.  Each  of  the  equations  (ll.2la)  -  (11.2Ib)  is  of  the 
fourth  order  in  t,  containing  the  wave  operator  K" .  It  is  clear  from  this  that 
the  solutions  of  the  system  of  equations  (ll.2la)  -  (11.21b)  can  satisfy  only 
twelve  initial  conditions.  The  remaining  twelve  conditions  will  not  be  satis- 
fied.  Consequently,  the  solutions  of  the  system  (ll.2la)  -  (ll.2lb)  cannot, 
with  the  accuracy  prescribed  by  us,  i.e,,  with  an  accuracy  to  terms  of  the  •or¬ 
der"  h®,  describe  the  initial  distribution  of  the  displacements  and  veloci-  /l^ 
ties  in  the  shell-"-.  Obviously,  even  in  future  motion,  the  solutions  of  the 
system  of  equations  (11,21a)  -  (11.21b)  will  not  describe  the  fields  of  dis¬ 
placements  and  velocities  with  the  required  accuracy. 

All  this  forces  us  to  conclude  that  satisfaction  of  the  boundary  and  ini¬ 
tial  conditions  with  an  accuracy  to  terms  of  the  ’‘order"  h^  is  possible  only  if 
the  order  of  this  system  of  equations  (ll,2la)  -  (11. 21b)  is  increased,  which 
can  be  accomplished  by  introducing  into  these  equations  terms  with  factors  h  , 
h^,  h®  ,  and  h'^' ,  The  system  of  equations  (11,21a)  -  (ll.21b)  with  terms  to  the 
"oitler"  h®  inclusive  may  be  useful  in  the  study  of  dynamic  processes  that  do 
not  require  rigorous  satisfaction  of  the  initial  and  boundary  conditions.  These 
problems  include  the  problem  of  the  propagation  of  perturbations  in  xmbounded 
rods,  plates  and  shells,  the  problem  of  local  and  very  brief  influences  caused 
by  impact,  etc. 

This  method  permits  obtaining  eqj,(ll,21a)  -  (ll,21b)  that  contain  terms 
which  can  be  interpreted  to  be  a  result  of  the  influence  of  shear  stresses  Ojl 
and  of  the  inertia  of  rotation  of  an  element  of  the  shell-'^s-.  The  appearance  of 
these  terms  in  eqs.(ll.2la)  -  (ll.21b)  involves  none  of  the  kinetic-geometrical 
hypotheses  that  have  been  introduced  in  a  number  of  modem  works,  but  is  in¬ 
stead  the  result  of  the  analytic  construction  of  eqs.(ll.2la)  -  (11. 21b), 

To  simimarize,  it  may  be  said  that  the  above  method  of  expansion  in  series 
corresponding  to  the  best  approximation  of  the  required  functions  •  at  a  point 
permits  us  to  construct-''-"''"-"-  a  logically  non— contradictory  technique  for  reducing 
the  three-dimensional  problems  of  the  theory  of  elasticity  to  two-dimensional 

In  the  absence  of  surface  forces,  eqs,(ll.21a)  -  (11. 21b)  will  contain 
terms  with  the  factors  h°  and  h^ 

See,  for  instance,  the  above-  cited  dissertations  by  M.P. Petrenko  and 
I.T.Selezov, 

The  optimum  representation  of  "in-the-mean"  function"''’  "nd  its  applicati.on 
to  shell  theory  will  be  discussed  later. 
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problems 


We  note  two  shortcomings  of  the  method. 

1.  The  satisfaction  of  boundary  and  initial  conditions  with  a  prescribed 
accuracy  by  convention  requires  a  relatively  high  accuracy  of  eqs.(ll,2la)  -- 
(ll.2lb).  jbor  example,  to  satisfy  the  boundary  and  initial  conditions  with  an 
accuracy  to  terms  containing  factors  of  the  order  of  requires  us  to  retain 
terms  with^  factors  up  to  h*^  inclusive,  in  eqs.(ll.2la)  ~  (ll.2lb).  This  short¬ 
coming  is  in  part  due  to  the  iteration  process  employed  by  us,  I'Mch  lovrers  the 
order  of  the  system  of  equations  (7#/ta)  -  However,  as  villl  be  clear 

from  the  concluding  remarks  to  Section  11,  the  order  of  the  system  of  equation 
(7* 4a)  -  (7.4d)  is  also  insufficient  to  satisfy  the  boundar^^  and  initial  con-/12l 
ditions  vath  an  arbitrary  accuracy  equal  to  the  arbitrary  accuracy  of  these 
equations. 

Consequently,  relatively  slight  errors  in  the  preliminary  determination  of 
the  stress  tensor  components  0^3  lead  to  greater  errors  in  the  subsequent  de¬ 
termination  of  the  fields  of  displacement,  the  velocity  of  displacement,  and 
the  stress  tensor  as  a  whole. 

The  index  of  variability  is  of  considerable  significance  in  the  problem  of 
setting  up  approximation  formulas  that  describe  kinetic  phenomena  in  shells 
with  sufficient  accuracy  (Bibl.5,  27,  29).  According  to  another  author(Bibl.27) 
we  may  assume  that  neglecting  the  terms  that  contain  the  factor  h»  will  intro- 

I*  hf* 

cluce  an  error  of  the  order  of  — ,  where  r  is  the  index  of  variability,  and  a 

is  a  dimension  characteristic  for  the  basic  surface  of  the  shell.  But  the  ques¬ 
tion  of  evaluating  the  error  may  become  more  complicated  when  we  consider  the 
solutions  of  refined  equations.  This  is  confirmed  by  the  e:cistence  of  boundary 
effects  of  new  types,  discovered  on  an  analysis  of  the  solution  of  the  refined 
statical  equations  given  by  E.Reissner  (Bibl.20a). 

Questions  connected  vjith  the  characterization  of  the  accuracy  of  aoprox— 
imate  dynamic  equations  by  means  of  the  index  of  variability  are  still  in  the 
stage  of  study,  and  we  shall  not  consider  them  here-". 

2.  The  system  of  equations  (ll.2la)  -  (ll.2lb)  is  very  complicated.  It  is 
entirely  possible  that  there  exist  simplifications  of  this  system,  which  have 
only  a  negligible  effect  on  the  fields  of  displacement  and  stress.  The  method 
employed  gives  no  answer  to  this  question. 

Let  us  pass  now  to  other  methods  of  solving  the  reduction  problem  and  of 
formulating  the  dynamic  boundary  problems  of  shell  theory. 


The  status  of  the  problem  at  the  present  time  is  given  by  another  author 
(Bibl.20b).  The  complexity  of  the  problem  is  increased  by  the  introduction  of 
inertial  terms  into  the  boundary  conditions,  when  certain  methods  of  reduction 
are  used. 
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Section  15,  Application  of  the  General  Equation  of  D},Tiamics  to  the 
Solution  of  the  Iroblem  ol  Reduction 

Let  us  make  use  of  the  general  equation  of  dynamics,  set  up  mth  respect 
to  the  motion  of  an  elastic  bodjr;;-: 


j  hu>dV  +  J  ’  X^liddS  -  8^1  =  0. 


(15.1) 


where  are  the  forces  acting  on  the  surface  3  on  the  bod^,  and  5A^is  the  ele- 
jiientar^f  v/ork  of  deformation  defined  by  (II,  11*1  )•  The  other  notations  are  fa— 
railiar. 

VJe  recall  tliat  eq.(l5.l)  includes  all  the  forms  of  the  equation  of  mo-^  /122 
tion  of  an  elastic  body.  Equation  (l5*l)  yields  the  solution  of  the  reduction 
problem  and  makes  it  possible  to  formulate  the  d^mamic  boundap^  problems  of  the 
theory  of  shells.  The  fundamental  method  of  reduction  resulting  from  eq.(l5#l) 
is  an  approximation  of  the  components  of  the  displacement  vector  and  the  stress 
tensor  by  finite  sums  of  functions  of  the  coordinate  z,  selected  in  a  definite 
v/ay  and  having  coefficients  depending  on  the  interior  coordinates  x^  of  the 
basic  surface  of  the  shell. 

This  scheme  includes  most  of  the  methods  knoi*jn  today  for  solving  the  prob¬ 
lem  of  reduction  of  a  three-dimensional  problem  of  the  theor;^^  of  elasticity  to 
a  tv;o -dimensional  problem.  An  exception  is  the  method  considered  in  the  last 
few  Sections,  since  it  does  not  involve  an  integration  of  approximation  fimc- 
tions  over  the  coordinate  z. 

The  possibility  of  applying  the  general  equation  of  d;^/Tiamics  to  the  solu¬ 
tion  of  the  problem  of  reducing  the  three-dimensional  static  problem  of  the 
theory  of  elasticity  to  a  two-dimensional  problem  of  the  theor^^  of  ^shells  has 
been  noted  by  V.Z .Vlasov  in  his  monograph  (Bibl.3a).  Kh.M.Mushtari  and  I.G.Te- 
regulov  discuss  this  problem  in  the  nonlinear  formulation  in  great  detail 
(Bibl.27)* 

The  method  of  reduction  indicated  in  a  monograph  (Bibl.3a)  differs  from 
the  method  used  in  another  paper  (Bibl.27)  as  well  as  from  the  method  developed 
by  us  below,  in  that  it  is  less  general.  We  compare  these  methods  in  more  de- 
bail  in  Section  30. 

Consider  in  succession  the  quantities  entering  into  eq, (l5.l).  The  ele¬ 
ment  of  volume  dV  and  the  element  of  area  dS^^^of  the  boundary  surfaces  of  the 
shell  are  expressed  by  the  following  equations: 

dV  ^\/' g  dx^dx^dz  =  —  k2z)dx^dx^dz,  (15.2) 


Gf.,  for  example,  L.S.Leybenzon,  Collection  of  Works,  Vol.l,  pp, 193-194-.  USSR 
Academy  of  Sciences,  1951. 
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=  +  M)(i  +  hh)dx^dx*. 


(15.3) 


We  confine  ourselves  here  to  the  consideration  of  shells  of  constant  thick¬ 
ness  2h.  The  relations  (l,  2,6b)  and  (l,  3.6a-  3.6b)  are  used  here  (Bibl,13). 
The  element  of  area  dS^  of  the  contour  surface  C  is  defined  by  the  equation 


where 


dSc  =  Kg,,  (1  -  k,zf'  {xj  -f  (1  -  k^zf  (x-^f  dadz. 


(15.4) 


are  the  parametric  equations  of  the  contour  of  the  basic  surface  of  the  shell. 
Since  we  will  make  use  of  segments  of  tensor  power  series,  which  approximately 
determine  the  vector  Uj ,  the  variations  6ui  ,  and  the  stress  tensor  on  the 
basic  surface,  we  shall  displace  the  vectors  pFj  and  Xj  to  the  basic  surface, 
using  the  operators  of  parallel  displacement  (l,  11#20)#  To  avoid  complicating 
the  formulas,  we  shall  retain  the  previous  notation  for  the  displaced  pFj  and/123 
X|  .  ¥e  put  further 


„(-)  =  + 1 + 1  zzaf  +  . . . 

2  3! 


(15.5) 


The  quantity  3 s  u/^^,  u/^^,  are  the  generalized  coordinates  of  the 

shell. 

We  shall  hereafter  confine  ourselves  to  the  same  conditional  accuracy 
adopted  by  us  in  considering  the  first  version  of  the  solution  of  the  reduction 
problem.  In  view  of  the  fact  that  eq,  (15*5)  determiines  the  vector  u/*^,  dis¬ 
placed  to  the  basic  surface,  we  find 


S«'  =  =  gi‘  +  z5up  4-  -  z^tuf)  +  -  z^Mf>  +  . .  •  I 

2  3l  I 


(do  not  sum  over  i  l)# 
Consider  now  6A,  By  (ll,  11,1)  we  have-"- 


(15.6) 


o^D.^V. 


(15.7) 


Let  us  now  take  up  the  transformation  of  the  sum 

5r'"'  =  af*,6Djl 

Cf,  also  the  above-cited  work  by  L.S.Leybenzon, 


(15.8) 
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Bearing  in  mind  the  commutativity  of  the  operations  of  variations  and  covariant 
differentiation. 


(15*9 ) 

we  obtain 

==  -  +  V*5«i^')  =  o'*  (15.10) 

2 

¥e  find,  further, 

=  sr + 25ft7''>  -f  1  + , . .  = 

2  3! 

=  o'*Vj5«ft  +  o'*  (vjSKj  +  Sa<’')  +  a”5ay>  + 

+  2!  [oj*  VflU^  -f  o'?)  (ViSMs  +  8m1”)  +  o”  Sm^"  + 

o‘*V/5zf*'  +  (V/5«3  ’  +  + 

-j-  2*  [s|*)yi5K;)  +  oj?)  (ViSiij  +  8a* ')  -\r  ®(2)8a3  -1" 

+  2o{*  ViSa'*”  +  2a{?)  (Vi5«3  ’  +  +  2®w5a3  *  + 

/12it 

'  +  o'*V,8;4"+  o'-'  (V..5af  +  5af' )  +  o^^Sa^®’]  + 

4' “  [oj*,  v,8a^. 4- ojs) (VjSaj 8a/'*)  +o^)  Sas’-j- 

+  3o;i’,V/8a',!’  +  3o;?)  (ViSa^'*  +  Sap’)  +  3o??,8aP>  + 

+  3o;f,A/Sap’  +  3o;?,  (V/Sap*  f  5af>)  +  3o??)6aP>  + 

+  o'*T/8aP*  +  o‘-3  (v,5aP*  +  SaP')  +  o^aSaP'j  +  . . . 

(/. /fe=l,2).  (15.11) 


The  coefficients  of  the  expansions  of  the  stress  tensor  in  powers  of  z 
■have  the  following  meaning: 


4n)  =  +  >-g"‘'a^'’  ■ "  +  (V/aP”  +  v*al'”);  ( 1 5 . 12a ) 

°:«i  =  l^r  (V/ai"’  +  al'’+");  (15 .12b ) 

4o  =  +  (>^  +  2j0  a^'’+"  (15.12c ) 

(a  =  0,  1,  2,  3-  i,  k,  r—  1,  2;  do  not  sum  over  i  and  kl ). 


Here, 


0(0)  — 


(a,p=l,2,  3) 


(15.13) 
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are  the  components  of  the  stress  tensor  on  the  basic  siirface 


To  prepare  all  the  STJunmands  entering  into  the  variational  equation  (15*1) 

for  the  forthcoming  transfonriation,  let  us  consider  the  sum  - — ^  6u^ ,  retaining 

in  it  all  terms  up  to  terms  vri.th  the  factor  inclusive.  Making  use  of 
eqs.(l5.5)  -  (15.6),  we  find 

+  -  +  iufou^P  +  ii^uf))  4- 

+  -}-  SKf’Swf’  -}-  ^uf'‘hu^p  WjSaf’)  +  . . . 

o! 

(/=  1,2,3). 


(15.U) 


Differentiation  with  respect  to  time  is  denoted  here  and  hereafter  by  tremas. 

Now  let  us  substitute  the  expressions  (15*3),  (15.A.),  (15.6),  (15.11),  and 
(15.14)  into  the  variational  equation  (15.1 ).  Let  us  integrate  over  z,  under 
the  assumption  that  the  basic  surface  coincides  i^dth  the  central  plane  of  the/125 
shell,  and  confining  ourselves  to  summands  with  the  factors  h,  h^,  and  h^ ,  We 
introduce  the  notation 


-h 

+  X(+,  ,•  (1  -  k,h){\  -  k^h)  )«  jV(_,  .  (1  4.  k^h)  (i  +k^h)  hA  ; 

(15.15a) 


m)  /  ^ 

(/=1.2,3). 


(15.15b) 


Here  we  made  use  of  eq. (15.4).  The  components  of  the  stress  vector  Xi  can 
be  expressed,  if  convenient,  in  terms  of  the  stress  tensor  by  eqs.(l3.8). 

We  recall  again  that  when  we  apply  the  general  equation  of  djaiamics,  all 
vectors  of  forces  are  first  displaced  to  the  basic  surface  by  means  of  the  op¬ 
erators  of  parallel  displacement  (I,  11.22).  The  quantities  ‘  and  S^-®'  ‘ 
are  the  respective  generalized  forces  on  the  basic  and  contour  surfaces  corre- 
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sponding  to  the  generalized  coordinates  • 

After  several  transformations  and  application  of  the  Ostrogradskiy-Gauss 
theorem,  the  general  equation  of  d^mamics  (l5*l)  takes  the  following  approxi¬ 
mate  fomr''": 


1 1  { t  ~  t 

(to) 

+  ^  (2A  + 1  j  4. 1  p^3  4.  _ 

-  I  j  B«,  +  Q<®'  ^  +  V/  (SA  + 1  AiA,A3  j  - 

1  A3y _  p  ^2A  + 1  A.A^A’ j  «3  + 

] 


^  V/  (^i  +  Aj)  aji)  -[- 


+  ~  P  (Ai  +  Aj)  tta  ’  — -  h^piiT  I  Bag  + 

O  O 


2A.+  ^A,A2A3)oM4 


+  —  (Ai  +  Aj)  3*^ - ^  V/  (^Ai  -f  Aj)  o'*  —  A3  (afj^  —  2v;of*)  + 


+ 


+  y  (Ai  +  Aj)  a*  -  y  ’ J  Bu!^*  + 

Qi')  3  _  ^2A  + 1  k,k,h^  o33  +  (A,  +  A,)  o,f, 


-  Vi  (Ai  +  Ag)  o'3  _  1  /i3  (cfl)  _  2V,o|?,)  + 
3  3 


,  2A3  I  1.  \  ••  2A3  ••(1) 

+  y  P  (Ai  +  A2)  W3 ^  P“3 


S/4'>  + 


Q‘^'*  +  |A3(AyA2)o*3 


- 1  A3  (2of,^  -  ViO'*)  -  I  A3pg-**«*  j  5m'*’)  + 

+  [q"’  '  + 1  A’  (Ai  +  Ag)  o33  _  1  A3  (2af?)- v,o'3)  _  1  A3pH3j  Baf  + 


^  I  Q(3)  *  _  1 
3 


Ba<*^)  + 


Q(3)3__|_^3<,33l5„Wj^O)  — 
3 
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-5!-  Vie  wite  out  this  equation,  retaining  terms  up  to  the  "order”  h'^  inclusye, 
in  the  semi— developed  form,  to  make  the  boort  easier  to  read.  Oj.  course,  it  is 
quite  simple  to  shorten  the  notation  here. 
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(C) 

+ 


Jl  f  ~  ■|(^i+*s)  W*)+  >S‘°’*j5ajj  + 

^^2/i+  |-  <:«_  I  {k, +Aj)  li^o%+  i  A^ofi)  j  /i^-  5'®> Suj  + 

+  [(- 1  +  ^2)  + 1  «i  -  S^"  *]  Sai*’  + 

(  -  I  (Ai  +  k.)  + 1  A^^o) j  n,  -  S>’>  ’j  5«i"  + 

5«L^>  +  [  \  ~  ^  ""  ® 


+ 


ll^a‘'‘/ii  —  S 


(I,  A  =  1.  2). 


(15.16) 


where  uu  is  the  area,  of  the  basic  (middle)  surface,  and  C  is  the  contour  of  the 
middle  surface.  The  element  of  area  du;  and  the  element  of  arc  ds^  of  the  con¬ 
tour  of  the  middle  surface,  based  on  the  relation  (15./+),  are  expjressed  as  fol¬ 
lows: 


dui  =  V 

dsc  =  du. 


(15.17a) 

(15.17b) 


The  variational  equation  (I5#l6)  yields  a  system  of  approximation  equa¬ 
tions  for  the  vibrations  of  a  shell,  together  vd.th  the  boundary  conditions. 

Section  l6.  Differential  Equations  of  the  Oscillations  of  a  Shell  /127 

Assimie  that  the  only  constraints  imposed  on  the  shell  are  on  the  contour 
surface.  Then,  the  variations  6ui<®>  in  the  region  o)  are  arbitrary  independent 
quantities,  and  from  their  variational  equation  (l5*l6)  follows  the  vanishing 
of  the  coefficients  of  these  variations.  Equating  these  coefficients  to  zero, 
we  obtain  the  follo^d.ng  system  of  differential  equations: 


^2/z  +  ^ *2)  — 

-V;(2A  +  |AAA^)°'*  +  |A’V,(A,  +  A,)a;*)-lA3v^*,-Q'*’*=0;  ,  ,  , 

\  o  /  3  (16.1a; 

P  ^2A  + 1 kAh^^j  - 1  A  +  «3  ’  +  ^  - 

-  vl2A  +  I  A^A^A*]  V,-  (*i  +  h)  clf,  - 1  “  Q"”  =  0; 

\  3  /  3  3  (16.1b) 
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^  (*■  +  *•>  “*  +  (^*  + 1  “**  “ 

_  (s,  +  y  V,  (*,+*Jo“+  i  *•  (»g-  2M?,)-«"'*-0; 

3  o 

Y  p“”’  -  Y  p  I  *‘*’*’)  “  T 

+ — V,  {k,  +  4-  ^  -  2V,  <^1!,)  -  Q'‘'  =* = 0; 

3  ^ 

i  - 1  A*  {K  +  A,)  0*^  +  I  A3  (2a«  -  -  Q<’>*  =  0; 


3  -  -  3 

1  A3p^3  -  I  A3  +  A,)  a”  +  ^  A3  (2.^)  -  ^  =  0; 

3  ^ 


iA3o«  — (2(S)ft  =  0; 

3 


1aV»  — Q<®)®=0 
3 


(/,A=1.2). 


(l6.2a) 


(16,<cd) 


(l6,3a) 

(I6.3b) 

(16.4a) 

(16.4b) 


Thus,  from  the  variational  equation  (15.1 ),  vri.th  the  accuracy  of  approxi¬ 
mation  adopted  by  us,  we  obtained  a  system  of  twelve  equations  which,  taken  to¬ 
gether  with  the  relations  (I5.l2a)  -  (I5.l2c),  determine  twelve  unknown  func- 
tions  u/")  (m  =  0,  1,  2,  3;  i  =  1,  2,  3).  Let  us  make  a  brief  analysis  of  ZiSS 
this  system. 

1.  Equations  (l6.4a)  -  (l6.4b)  permit  a  direct  determination  of  the  ’’nor¬ 
mal  part”  of  the  stress  tensor.  We  know  from  the  first  version  of  the  solution 
of  the  reduction  problem  that  the  determination  of  ai®^(i  =  1,  2,  3)  is  suffi¬ 
cient  for  its  solution  if  we  have  recourse  to  the  Lame  equations. 

The  mechanical  meaning  of  eqs.  (l6.4a)  -  (l6.4b)  is  that  they  express^  one 
of  the  generalizations  of  the  Kirchhoff-Love  hypothesis.  In  fact,  if  Q 
_  q(3)3  =  0,  then  it  follows  from  eqs.(l6.4a)  -  (l6.4b)  that 

(A  =1.2).  (16.5) 


Of  course,  the  relations  (l6.5)  are  less  accurate  than  the  expressions 
(7.5a)  -  (7.5b).  Nevertheless,  the  fact  of  a  direct  connection  between  the  ^ 
Kirchhoff-Love  ’’hypothesis”  and  the  approximation  equations  of  motion  resulting 
from  the  variational  equation  (15.1 )  deserves  attention.  It  may  be  stated  that 
the  Kirchhoff-Love  ’’hypotheses”  are  a  simple  analytic  consequence  of  the  condi¬ 
tional  and  prescribed  accuracy  for  the  equations  of  the  two-dimensional  problem 
of  the  theory  of  elasticity  and  for  the  special  hypotheses  about  the  forces 
acting  on  the  shell. 
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2.  Bearing  in  mind  eqs*(l5.12a)  -  (I5#l2c),  we  can  find  the  order  of  the 
system  of  equations  set  up  by  us,  including  eqs#(l6,4a)  -  (l6.i4.b)  in  this  sys¬ 
tem,  Equations  (l6,la)  -  (l6.3b)  are  equations  of  the  second  order  in  deriva¬ 
tives  of  the  unkno™  functions  mth  respect  to  the  coordinates  (i  =  1,  2)  and 
to  the  time  t.  Equations  (l6.4a)  -  (l6,/.b)  are  equations  of  the  first  order  in 
derivatives  with  respect  to  the  coordinates.  Time  derivatives  do  not  enter  in¬ 
to  these  equations.  Consequently,  we  have  obtained  a  system  of  the  twelfth  or¬ 
der  in  derivatives  with  respect  to  the  coordinates,  and  of  the  eighteenth  order 
in  derivatives  vrith  respect  to  time, 

We  recall  that  the  system  of  equations  {7 •La)  -  (7#4d)  is  a  system  of  the 
twenty-first  order  and  the  system  of  equations  (ll,2la)  -  (11. 21b)  a  system  of 
the  twelfth  order.  The  ir±>:ed  derivatives  v/ith  respect  to  the  coordinates  and 
to  time  belong  to  the  highest  ord.er  with  respect  to  the  derivatives  entering 
into  eqs,(7./t.a)  -  (7*Ad).  Mixed  derivatives  of  this  type  do  not  enter  into 
eqs.(l6.1a)  —  (l6,i|b), 

3.  In  setting  up  eqs.(l6.1a)  -  (l6.1b),  the  operation  of  differentiation 
is  not  performed  on  the  components  of  the  force  vectors.  Equations  (7.4a)  - 
(7./i-d)  are  set  up  under  the  assumption  that  a  differentiation  of  the  components 
of  the  vectors  of  body  forces  is  permissible.  This  gives  a  certain  advantage 
to  eqs.(l6.1a)  -  (l6,4h)  over  the  equations  set  up  according  to  the  first  ver¬ 
sion  (Sect. 11). 

4.  The  difference  in  the  composition  of  eqs,(l6.1a)  -  (l6,4h)  and  that  of 
eqs.(7.4^)  -  (7*4^)  can  be  explained  by  the  theory, of  approximation  functions. 
Equations  (7.4a)  -  (7.4d)  are  set  up  according  to  one  of  the  methods  of  opti-/129 
mum  "at-a-point”  approximation  functions,  while  eqs,(l6.1a)  -  (l6,/-b)  correspond 
to  one  of  the  methods  of  optimum  representation  of  ”in-the-mean”  functions. 

Section  17.  Natural  Boundary  Conditions  Derived  from  the 
Variational  Equation  (I5.l6) 

Let  us  pass  nov/  to  the  consideration  of  the  integral  over  the  contour  of 
the  basic  surface  that  enters  into  eq. (15.16),  A  study  ox  this  integral  per¬ 
mits  us  to  establish  various  versions  of  the  boundary  conditions.  Here,  the 
integral  [  vanishes  if  all  the  components  under  the  sign  of  integration  like- 

tc) 

wise  vanish"-. 

For  these  summands  to  vanish,  one  of  two  conditions  must  be  satisfied: 

Either  the  corresponding  variation  6u/*)  must  vanish,  or  the  coefficient  of  that 
variation  must  vanish.  Terms  in  the  variations  6u^^  do  not  enter  into  the  ex¬ 
pression  under  the  integral  sign  over  the  contour  of  the  basic  surface.  Thus, 
the  variational  equation  (15.16)  yields  nine  boundary  conditions,  corresjjonding 
to  the  variations 

Since  the  or^er  of  the  system  of  equations  (l6,la)  -  (l6,4b)  relative  to 


The  necessity  of  this  condition  is  proved  in  courses  on  the  principles  of  ana¬ 
lytic  mechanics. 


126 


the  derivatives  with  respect  to  the  coordinates  is  tv/elve,  it  may  be  assiijned 
that  the  system  of  natural  boundary  conditions  resulting  from  the  variational 
equation  (15 *16)  is  compatible  with  these  equations.  Obviously  any  simplifica¬ 
tion  of  the  system  of  equations  (l6#la)  -  (l6«/|.b)  must  be  accompanied  by  a 
change  in  the  boundary  conditions.  Tlie  question  of  the  compatibility  of  the 
boundar^^  conditions  with  the  system  of  fundamental  equations  must  be  subjected 
to  a  special  analysis  in  specific  problems. 

Let  us  now  consider,  as  an  example,  several  versions  of  the  boundary  con¬ 
ditions. 

1.  With  Rigidly  Attached  Contour  Surface 
In  this  case,  we  obviously  have 

a,  =  «j’>  =  Kf>=:0  a  =  l,2,3).  (17.1) 


VJe  do  not  impose  conditions  on  since 

into  the  integral  J  and  the  conditions  imposed 
IC) 

2,  VJith  Free  Contour  Surface 


the  variations  5ui^^^  do  not  enter 
on  Uj^^^  will  not  be  natural. 
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In  this  case,  the  variations  6ui^®^  (i  =  2,  3)  are  arbitrar^^,  ^  We  obtain 

the  natural  conditions  by  equating  the  coefficients  of  these  variations  to  zero* 
On  the  basis  of  eq. (I5*l6),  we  find 


2h  +  I  - 1  (fe,  +  h)  A3a//;  +  i  A3o;|,|  n,  -  S'®'  *  =  0; 

U  4- 1  0-3  -  I  (A.  +  k,)  1  A3c;3 1  -  5'”>  ®  =  0; 


3  o 


n,  - 


5'"‘  =  0; 


(17.2a) 

(17.2b) 

(17.3a) 

(17.3b) 


3 

-  ®  =  0  ( i,  /fe  =  1 ,  2). 

3 


(17. /.-a) 


(17.4b) 


In  the  other  cases,  the  boundary  conditions  are  mixed.  Their  formulation 
depends  on  the  scope  of  the  specific  problems  of  the  mechanics  of  shells. 

Section  18,  Initial  Conditions 

The  question  of  the  initial  conditions  cannot  be  solved  bj?’  analog^'"  to  the 
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question  of  the  boundary  conditions  from  a  direct  study  of  the  variational  equa¬ 
tions  (15«16)*  If  we  start  from  considerations  similar  to  those  set  forth  in 
Sect.l/i,  we  will  again  obtain  twenty-four  initial  conditions  which  will  not  be 
satisfied  by  solution  of  the  system  (l6.1a)  -  (l6*i4.b),  since  the  order  of  this 
system  vath  respect  to  time  is  eighteen.  Obviously  some  of  the  generalized  co¬ 
ordinates  must  obey  the  initial  conditions,  for  example  only  the  generalized 
coordinates  Uj ,  (i  =  1,  2,  3)*  In  that  case,  the  number  of  initial 

conditions  will  be  eq\ial  to  the  order  of  the  system. 

The  limitation  imposed  on  the  number  of  initial  conditions  is  confirmed 
also  by  considerations  based  on  the  principles  of  analytical  mechanics  of  dis¬ 
crete  systems.  A  comparison  of  the  formulation  of  the  problems  under  study 
wath  the  formulation  of  the  classical  problems  of  analytical  mechanics  permits 
us  to  refine  the  meaning  of  the  initial  condition  sought. 

V/e  recall  that  the  set  of  quantities  determining  the  initial  conditions  in 
the  problems  of  the  motion  of  systems  of  material  points  enter  into  the  total 
time  derivatives  which  appear  on  the  left-hand  side  of  the  general  equation  /131 
of  dynamics*''-.  V/e  shall  perform  the  transformation  of  only  one  summand  in  the 
left-hand  side  of  the  general  equation  of  dynamics  (I5»l6).  This  will  permit 
us,  by  analogy,  to  write  out  the  required  expression  completely.  V/e  have 


+ 1  A,  j  -  1 (k, + k,)  + 

+ 1  j  =  I  j  pg**  + 1  u,  - 

■1- 


-  I  pA’  (Ai+ A,)  \ 

u  O 


2A  + 1  u,  -  I  pA3  (k,  +  k,)  + 

+  ^hpg’”‘uf]ha^. 


(a) 


Hence  we  conclude  that  the  function  determining  the  initial  conditions  is 
of  the  following  form: 


|pAMAi  +  A2)g*"«L'>+  ^h^pg’^^uT 
3  3 


These  quantities  subsequently  form  terms  outside  the  integral  sign,  which  ap¬ 
pear  in  the  proof  of  the  Ostrogradskiy-Hamilton  principle  and  vanish  when  the 
paths  of  comparison  are  properly  chosen. 


128 


"H  «3 


3  3 


5«3  + 


+  [-  y  Pg"*  (A,  +  A3)  «*  +  y  Pg^^wV 


,  r  2A3  .  2A3  -(if 

H - ^  P.(Ai  +  A2)a3  +  -— pMs' 

o  3 


8«i?’  + 

5«l'>  + 


+ 1  A3p^*‘a*5Mi^>  +  I  A3p;J,5Hf . 
3  3 


(18.1) 


The  composition  of  the  function  f  confirms  our  preliminarj’-  statement  that 
the  initial  conditions  in  problems  of  the  dynamics  of  shells,  under  the  condi¬ 
tional  accuracy  of  the  equations  here  adopted,  are  expressed  as  follows: 


(m  =  0,  1,2;  y=l,2;  A=l,2,3).  (lg.2) 

Consequently,  here  too,  the  conditional  accuracy  of  the  equations  per-  /132 
mits  us  to  find  the  displacements  only  with  an  accuracy  to  terms  containing  the 
factor  inclusive,  although  for  setting  up  tlie  fundamental  system  of  equa¬ 
tions  we  use  terms  of  the  formy^  snd  the  equations  contain  terms  with 

factors  h®  . 

In  spite  of  the  presence  of  terms  with  the  factor  h® ,  it  will  be  noted 
that  the  conditional  accuracy  of  eqs, (16,1a)  -  (16,4b)  in  certain  cases  is  de- 
fcexTuined  by  the  order  of  the  terms  containing  h”^.  In  fact,  if  the  surface 
forces  vanish,  then,  as  is  obvious  from  the  equations  of  generalized 

forces  (15.15  a),  the  generalized  forces  will  be  of  the  order  h.  After  term-by- 
term  division  of  the  equations  by  h,  vfe  obtain  equations  with  terms  containing 
h  in  a  power  not  higher  than  the  second. 

To  summarize  our  results,  vfe  may  note  that  the  application  of  the  general 
equation  of  dynamics  permits  us  to  obtain  better  compatibility  of  the  system  of 
equations  satisfied  by  the  wanted  functions  on  the  basic  surface  with  the  boun¬ 
dary  and  initial  conditions,  than  can  be  obtained  by  using  the  methods  indi¬ 
cated  in  Sect, 11. 

Section  19.  On  Concentrated  Forces 

We  mentioned  above  that  the  method  considered  in  Sect. 11  requires  a  multi¬ 
ple  differentiability  of  the  vector  components  of  the  active  forces  applied  to 
the  shell.  The  permissibility  of  this  method  in  the  case  of  the  action  of  con¬ 
centrated  surface  or  body  forces  on  the  shell  becomes  doubtful.  Of  course, 
these  doubts  are  connected  with  an  object  having  no  physical  existence,  namely, 
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the  concentrated  force.  All  the  same,  the  concept  of  concentrated  force,  for 
all  its  abstractness,  occupies  a  definite  position  among  the  concepts  of  the 
mathematical  theory  of  elasticity  and  appears  in  the  form  of  analytic  singular¬ 
ities  of  the  components  of  the  displacement  vector,  the  deformation  tensor,  and 
the  stress  tensor.  It  is  therefore  natural  to  strive  for  an  analytically  cor¬ 
rect  introduction  of  concentrated  forces  into  the  approximate  representations 
of  the  applied  theories  of  elasticity,  and  especially  into  the  shell  theory. 

The  theory  developed  in  Sects. 15  -  IS  imposes  fewer  restrictions  on  the 
properties  of  the  forces  applied  to  the  shell  than  the  first  version  of  the  so¬ 
lution  of  the  reduction  problem. 

The  construction  of  eqs.(l6.1a)  -  (l6.Ab)  does  not  require  that  the  com¬ 
ponents  of  body  and  surface  forces  be  differentiable.  These  equations  also  ap¬ 
ply  to  cases  of  the  action  of  concentrated  forces  if  the  components  of  the  con¬ 
centrated.  forces  are  expressed  in  terms  of  the  Dirac  delta  function.  Here¬ 
after,  in  solving  eqs.(l6.1a.)  -  (l6.4b)  v/e  must  make  use  of  operations  that  do 
not  include  the  differentiation  of  the  components  of  concentrated  forces.  It  is 
well  known  that  this  requirement  is  satisfied  in  a  number  of  special  prob-  /133 
lems.  The  application  of  the  theory  of  generalized  functions  considerably  ex¬ 
pands  the  class  of  these  probleitis. 

We  shall  also  indicate  a  method  that  does  not  require  an  explicit  applica¬ 
tion  of  the  theoi^^  of  generalized  functions.  Let  us  assume,  for  definiteness, 
that  the  concentrated  force  P  with  components  Pj  is  applied  to  the  boundainr 
surface  z  =  +h.  Then,  from  the  x^rell-known  definition  of  concentrated  forces, 
v/e  have 


llm^  JJ  = 


(19.1) 


vdiere  is  the  region  on  the  boundar^^  surface  to  v/hich  the  point  M  of  applica¬ 
tion  of  the  vector  V  belongs. 

Let  us  denote  by  L(®)  ^  (a7  u)  the  coefficients  of  6u/®^  in  the  double  inte¬ 
gral  entering  into  the  variational  equation  (l5#l6).  Obviously  L^®)  ^  is  the 
differential  operator  defining  a  certain  set  of  operations  to  be  performed  on 
the  components  of  the  stress  tensor  a  and  the  disp].aceme^"t  vector  u.  Let 

hui  ^  ^  alpj)  I  (p(  {x  •')  ’ 

(19.2) 


where  )  is  a  complete  system  of  linearly  independent  functions  of  two 

variables  xJ  on  the  basic  surface,  while  the  coefficients  ^  are  arbitrary* 

Then,  instead  of  the  system  of  equations  (l6.1a)  -  (l6.1b)  which  we  obtained  by 
equating  to  zero  the  coefficients  of  6u/®)  under  the  sign  of  integration 

m 
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in  eq, (15,16),  we  obtain  an  infinite  sjstem  of  integral  relations  of  the  follow¬ 
ing  form: 


X 


( o,a)  tpip,)  (xi)  du  +  X 

mi 


“  ?(/>«)  (1  —  (1  —  k^h)  h"'  =  0. 

Sii  \m 


(19.3) 


where  the  values  of  all  quantities  in  brackets  are  taken  at  the  point  M  of  ap¬ 
plication  of  the  concentrated  force  P. 

Further  determination  of  the  required  quantities  from  eqs.(l9.3)  usually 
leads  to  the  solution  of  infinite  systems  of  algebraic  equations.  The  modifi¬ 
cations  of  eqs, (19,3 )  the  case  of  the  action  ol  a  concentrated  body  force 

are  obvious. 

Let  us  consider  the  case  of  the  action  of  a  concentrated  force  on  the  /13,4, 
contour  surface  of  a  shell.  If  the  concentrated  force  P  is  applied  to  the  con¬ 
tour  surface  at  the  point  M(sg^  z’'”),  then  this  will  introduce  into  the  quanti¬ 
ties  1  the  following  additional  terms: 


gnm'.y  + 


\s,-s 


.X 


x5(5,-s;). 


(19.4) 


where  6(sc  -  s'"")  is  the  delta  fimction. 
Let  us  put,  on  the  contour  surface. 


^  b(p)  (Sj.), 

(/») 


(19,5) 


where  (sg  )  is  a  complete  system  of  linearly  independent  fimctions  of  the 
arc  So  of  the  contour,  while  the  coefficients  b  (p)  j  on  those  parts  of  the  con¬ 
tour  that  are  free  from  kinematic  constraints  are  arbitrary. 

Let  us  denote  the  coefficients  of  6ui(»)  in  the  integral  J  entering  into  the 

-  (c) 

variational  equation  (15,16)  by  ‘  i-?’ meaning  of  this  symbol  is 
analogous  to  that  of  the  symbol  L(“l  *  (a,  u)  »  Then,  the  system  of  boundary  con¬ 
ditions  will  lead  to  a  system  of  integral  relations  of  the  form 
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(19.6) 


r 

I  M''”> '  K  a)  (s,)  ds,  =  ASl™’ '  a  (5,  -  5;), 

0 

where  a(sc  -  3^*)  is  the  Heaviside  function#  The  integral  is  extended  to  seg¬ 
ments  of  arc  of  the  contour  that  are  free  from  kinematic  constraints#  If  the 
concentrated  force  is  applied  at  a  point  where,  because  of  kinematic  considera¬ 
tions,  we  must  put  6ui^®^  as  equal  to  zero,  then  the  corresponding  boundary  con¬ 
ditions  (19#6)  lose  their  meaning. 

Equations  (19*6)  supplement  the  system  of  conditions  of  the  form  of  equa¬ 
tion  (19#3)* 

Section  20#  Second  Version  of  the  Solution  of  the  Problem 
of  Reduction 


In  Sect.ll  we  pointed  out  that  there  exist  two  methods  of  solving  the  re¬ 
duction  problem  if  we  start  from  the  system  of  equations  (7»4a)  -  (7# Id)#  We 
did  not  discuss  the  second  method  and  confined  ourselves  to  the  statement  that 
this  method  was  close  to  the  classical  theory  of  shells#  Sections  15  -  19  do 
not  relate  to  the  second  version,  since  we  did  not  refer  to  eqs#(7.4a)  -  (7*4d)# 
Here,  likewise,  we  shall  not  make  use  of  these  equations  but  start  from  the 
general  equation  of  d^mamics  (l5#l)#  The  resultant  equations  v/ill  be  close  /135 
in  form  to  the  equations  of  the  classical  theory  of  shells#  We  will  therefore 
speak  here  of  ”the  second  version”,  although  we  are  really  going  beyond  the  lim¬ 
its  of  the  scheme  given  in  Sect.ll# 

Let  us  return  to  the  variational  equation  (15#1)  and  to  eq#(l5#10)#  V/e 
shall  also  make  use  of  eqs#(l5.5).  Let  us  expand  the  quantities  Vj  in  ten¬ 
sor  series  in  powers  of  z,  displacing  them  thus  to  the  basic  surface  of  the 
shell,  and  let  us  also  displace  the  stress  tensor  components  to  the  basic  sur¬ 
face  along  the  coordinate  lines  x^  =  const,  =  const,  without  expanding  them 
in  series,  but  using  instead  the  operators  of  parallel  displacement  given  pre¬ 
viously  (l,  Sect.ll).  These  components  of  the  displaced  stress  tensor  will  be 
denoted  by  .  From  eqs#(l,  10.1),  (l,  11.12)  -  (l,  11.14)  and  (l,  11.18),  we 
have 


or 


T«»  =  (l  ^33^333 

(i,  j  =1,  2;  do  not  sum  over  i  and  jO. 


(20.1a) 

(20.1b) 


As  a  result  we  obtain  from  eq. (15.10),  instead  of  eq, (15.11 ),  the  follow- 
ing  relation: 
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+  « [t«V,5«SJ’  +  +  8«r)  +  x335k^''1  + 

1.  gs  '  -}■  (V/8m3*’  +  4“  ’]  + 

2 

^  i  z3  [x'^ViSuf  +  x'3  (VjSmL®’  +  5ui^’)  +  xS3S«^‘'’]  -|-. . 
3! 

Let  us  introduce  the  notation 

+  h 

j[m)  V  _  J_  r  gm^//  (I  _  fi^z)  (1  —  kiZ)  dz 

m\  J 


(20.2) 


(20.3) 


or,  on  the  basis  of  eqs. (20.1a)  -  (20.1b), 


+  A 

J_  r  ^/no'V  ( 1  —  kiZ)  ( 1  —  kjZ)  {\  —k{z)[\  —  k^z)dz,  ( 20. i^a ) 

/n!  J 

— h 

+A 

i_  (*  2ma.-3(l  _;fe.g)(l  -kiZ){\—kiZ)dZ, 

/w!  J 


y,|m)  33  ^  J_  r  (J  _  _  ^^2;)  dz 

/7l!  J 

-A 

(/;i  =  0,  1,2,3...;  /,/=!,  2;  do  not  sura  over  i  and  jl). 

The  quantities  are  components  of  the  second-ramk  tensor  on  the 

die  surface,  i.e.,  in  the  set  of  coordinates  xJ (j  -  1,  2);  the  quantities  T'*'  ‘ 
are  vector  components  in  this  set,  and  the  quantity  is  a  scalar.  From 

the  analytic-functional  viewpoint,  these  quantities  are  generalized  f\inctional 
moments  about  z,  of  an  order  different  from  that  of  the  stress  tensor  compon¬ 
ents. 


(20.4b) 

/136 

(20.4c) 


i3  __ 


We  shall  now  return  again  to  the  general  equation  of  dynamics  (l5.l),  3J^d 
after  transformations  we  reduce  it  to  the  following  form: 

j  j  +  (2A  +  I  wj«*  + 

(w) 

+ 


-  p/i3  {k,  +  k,)  ^  6«,  + 

3  3 
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+ 


Q(0)  3  ^^^(0)  /3  _  p  ^  2A  +  ±  k.k^hZ 

3 


’]«3  +  |pAM^ 


J  +  ^2)  ^3  ^  — 


-  pg**//y»J  5k1!)  +  r(3">  ^ + v^r'”  ''^  -  r"”  + 


-*(2)  ik  '7^(1)  ^3 


+  "^  P  (^1  +  ^’2)  «3  —  P«3  ’  J  S/fs”  +  -f-  v,.7<^> '■*  _  T'l 

-  i/z3pgA.*;;^J  5«i^'+ v,T’"''-  7’'"''- 1  /z3p„3|  s4^>+ 

+  IQ"’  *  +  '■*  —  7'^'  S/4^>  +  fQ!3)  3  ^ ,  y-(3)  i3  _  7,(2)33j  g^(3)  _ 

(C) 

+  ir<^>'\-  -  5«3  +  -  sc>*jj4'>  + 

+ 1  -  5'"^]  s«”' + ( r'^'>  '■* 5«1^'  + 

+  —  ■S'-’  'j  8«f  +  awSf*  4- 

+  [7®%-5'^)3j54^)}rf.^  =  0 
^■.>^  =  1,2). 


(20.5) 


The  variational  equation  obtained  here,  like  eq, (15.16),  permits  3etting/137 
up  a  two-dimensional  system  of  differential  equations  of  motion  and  to  indicate 
the  natural  boxindary  conditions.  These  equations  in  themselves,  however,  do 
not  as  yet  solve  the  reduction  problem. 

Section  21.  First  Group  of  Elastodynamic  Equations  of  the 
Theory  of  Shells 

Equating  to  zero  the  variational  coefficients  of  the  generalized  coordi¬ 
nates  entering  into  the  expression  under  the  sign  of  integration  over  the  mid¬ 
dle  surface  u)  of  the  shell  in  eqs(20.5),  we  now  find  the  following  equations  of 
motion : 


1^2/1  + 1 4  -  I  pA3  (A,  +  k,)  + 

+  ~  h^pg^'=4k’  —  —  Q‘®'  *  =  0; 

o 

p  ^2A  ”1““  Kj  —  pA3  -j-  ^j)  4**  ~i~  h^puf^  — 


(21.1a) 
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(21.1b) 

—  - 

u 

_  pg**  (jfej  -1-  -  Q'*’*  =  0; 

3 

(21.2a) 

-p4' 

-  ^  P  (*1 + k2)  -  Q">  ^ = 0; 

o 

(21,2b) 

i  h^fgxxu^  -  4-  r<') «  _  q(2)  * = 0; 

(21.3a) 

-  +  r'”  ”  -  ^  =  0; 

3 

(21.3b) 

—  *  ==  0; 

_ ^ _ ()• 

_ _  Q.  y^(3)33 _ Q 

(21.4a) 

(21.4b) 

(21.5) 

—  Uj  / 

a.A=i,2). 


The  system  of  equations  (21.1a)  -  (21.5)  contains  fifteen  equations  vrith 
thirty-three  unknovm  functions.  The  unknovms  in  the  equation  are  the  twenty- 
four  moments  about  z  of  the  stress  tensor  components  and  the  nine  coefficients 
of  the  expansion  in  power  series  of  the  displacement  vector  components.  Thus, 
in  setting  up  eqs, (21.1a)  -  (21,5)  we  have  been  guilty  of  a  logical  incon-  /138 
sistency,  caused  by  the  selection  of  the  system  of  generalized  cooixiinates  and 
leading  to  equations  containing  both  moments  and  coefficients  of  an  eScpansion  in 
power  series.  This  inconsistency  can  be  eliminated  by  selecting  the  general¬ 
ized  coordinates  in  a  different  way.  However,  the  system  of  equations  (21,1a) 

-  (21,5)  obtained  by  the  mixed  method  permits  us  to  establish  a  direct  connec¬ 
tion  with  the  equations  of  the  classical  theory  of  shells  and  to  analjrze  that 
theory  from  the  position  of  analytical  mechanics. 

Equations  (21,4a)  -  (21.5)  do  not  contain  inertial  terms.  These  equations 
permit  finding  the  moments  of  the  third  and  second  order  of  the  components  of 
the  normal  part  of  the  stress  tensor.  The  meaning  of  equations  (21,4a)-(2l,5) 
is  analogous  to  that  of  the  Kirchhoff-Love  hypotheses,  since  they  make  it  pos¬ 
sible  to  solve  the  reduction  problem.  The  system  of  equations  (21,4a-)  -  (21,5) 
is  indeterminate  and  must  be  supplemented  by  equations  resulting  from  Hookers 
law. 

Section  22,  Second  Group  of  Elastodynamic  Equations  of 
the  Theory  of  Shells 


Let  us  express  the  moments  of  the  stress  tensor  components  in  terms  of  the 
coefficients  of  expansions  in  series  in  powers  of  z  of  the  displacement  vector, 
making  use  of  Hooke »s  law.  Following  the  ’•mixed”  method,  we  shall  make  use  of 
eqs,  (20,3),  expanding  the  stress  tensor  components  t**’  into  tensor  power  series, 
in  ascending  powers  of  z,  thus  accomplishing  the  parallel  displacement  of  the 
stress  tensor  to  the  basic  surface. 
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Making  use  of  eqs,(l5«12)  -  (l5.12c),  we  find 


N 

^  n\ 

n--=0 

N 

^'■^=i^y;  -,^r“(v,«r+«r ")+..., 

ti\ 

n-O 

S 

r-3  =  y  1"  [Igrr^y;^  +  (X  +  2{l)  «!,'’  +  '>]  4-  .  .  . 

^  tl\ 
n-0 


(22.1a) 

(22,1b) 


(22.1c) 


(i,  k  «  1,  2;  do  not  sum  over  i  and  kl ), 

The  choice  of  N  depends  on  the  conditional  accuracy  prescribed  for  the 
equations  to  be  set  up.  If  the  equations  must  not  contain  terms  with  factors  h 
to  a  power  higher  than  the  third,  then  N  ^  2,  The  number  of  generalized  coor¬ 
dinates  to  be  determined  in  this  case  is  twelve.  Substituting  the  expres-  /139 
sions  (22,1a)  -  (22,1c)  into  eqs, (20,3),  we  find  the  relations  between  the  mo¬ 
ments  of  the  components  of  the  stress  tensor  and  the  generalized  coordinates. 

We  have 


,(0)  tk  _  ^2/z  +  I  ’  + 

+  (V/K*  +  VftK/)l  —  ^  (*1  +  K)  lXg'*g"V,Kr’  + 

O 

+  (v<4’  4-  v*«l”)l + 1  + 

+  Xg'*MS?’  +  (V/«*’  +  +  •  •  • . 

yio)  /3  ^  j  + 1  g‘‘  {Vi«s  +  «/”)  — 

_  ^  (Xij  -|-  *,)  g“  (Vi  H3  ’  -}-  4- 1-  s“  (VfWa”  +  1 4-  •  •  •  * 

7'*“' =  (2A  4- 1  IXg"V,«,  4-  (^  +  2(1)  al"]  - 

-  ^  (k,  4-  k,)  [Xg"v,a<’>+ (X  4-  2^)  4”)  + 

4-  7  lxg'4.Kr + (X  -4  2(1)  1  +  . . . , 

u 

r<'> -  I  A3  (A^  +  A,)  [X|r.  VT,a,  +  X^'%i‘>  + 


(22.2a) 


(22.2b) 


(22.2c) 
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(22.3a) 


+  +  VftK/)]  +  —  ixg' + 

u 

-+  Xg'%‘3^’  +  (ViMl^"  +  VamI”)]  +  . . .  . 


’  (22.3b) 

+  1  +  (X  +  2^)  +  .  .  .  , 

0 

(22.3c) 

y-(j)  m  _  (ViM*  +  V*H,)]  +  . . .  , 

0 

(22.4a) 

0 

(22.4b) 

(22.4c) 

At  the  conditional  accuracy  adopted  here,  all  the  moments 
equated  to  zero: 

must  be/140 

j.[3)  fr3  _  Q.  y,(3)33  _  Q  (22.5) 


Equations  (22.5)  coincide  with  eqs.(21.5). 

The  systems  (22.2a)  -  (22.5)  form  the  second  group  of  elastodynamic  equa¬ 
tions  of  the  shell  theory  in  the  version  given  here  for  setting  up  this  system. 
It  includes  eighteen  equations  supplementing  the  first  group.  The  first  and 
second  groups  together  contain  thirty-three  equations.  Obviously,  under  the 
method  of  calculation  adopted  here,  the  system  of  equations  (21.1a)  -  (21.5) 
and  (22.2a)  -  (22.5)  is  equivalent  to  the  system  of  equations  (l6.1a)  -  (l6.i,b), 
supplemented  by  the  relations  (15. 12a)  -  (l5.12c).  Therefore,  we  need  not  dis¬ 
cuss  here  the  general  properties  of  the  systems  (21.1a)  —  (21.5)  and  (22.2a)  - 
(22.5),  since  we  intend  to  do  this  in  our  comparative  analysis  of  the  equations 
of  the  classical  theory. 

Section  23.  Boundary  and  Initial  Conditions 

Equating  to  zero  the  components  under  the  sign  of  integration  over  the 
contour  of  the  basic  surface  in  eq.(20.5),  we  obtain  a  system  of  natural  boun- 
daiy  conditions.  This  system  does  not  differ  basically  from  the  conditions 
considered  in  Sect. 17.  We  shall,  therefore,  give  here  only  the  conditions  on 
the  free  part  of  the  contour  surface  that  differ  in  analytic  form  from  the  con¬ 
ditions  (17.2a)  -  (17.4b).  The  conditions  on  the  attached  part  of  the  contour 
surface  remain  unchanged. 

Thus,  on  the  free  part  of  the  contour  surface,  the  following  conditions 
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are  satisfied: 


(/«  =  0.  1,2.  3;  /=1,2;  A=l,2,  3). 


(23.1) 


We  shall  not  analyze  the  conditions  (23.1).  The  main  stetements  in 
Sect. 17  naturally  apply  to  this  somewhat  modified  formulation  of  the  boundary 
problem.  Of  course,  the  initial  conditions  considered  in  Sect. 18  also  apply  to 
the  solutions  of  the  systems  of  equations  (21.1a)  -  (21.5),  (22.2a)  -  (22.4c). 

Section  24.  Generalized  Conclusions  and  Further  Development  of  the 
Analytic  Mechanics  of  Shells 

Analyzing  the  contents  of  Sect. 15  ~  23,  we  may  remark  that  the  discussed 
methods  are  based  on  selecting  the  generalized  coordinates  in  such  a  manner  as 
to  restrict  the  number  of  degrees  of  freedom  of  the  shell  in  the  direction  of  a 
normal  to  the  basic  surface.  The  reduction  of  the  three-dimensional  problem  of 
the  theory  of  elasticity  to  the  two-dimensional  problem  goes  back  to  this  same 
restriction.  Similarly,  the  method  of  expansion  in  tensor  series,  a  method  /141 
based  on  the  use  of  various  kinetic-geometrical  hypotheses  (for  example,  the 
hypotheses  of  straight  invariant  normals),  in  some  form  or  other  limits  the  num¬ 
ber  of  degrees  of  freedom  of  the  shell  in  the  direction  of  a  normal  to  its 
basic  surface. 

Evaluating  these  methods  of  solution  of  the  reduction  problem,  we  must 
recognize  that  the  most  logically  consistent  are  the  methods  of  reduction  based 
on  an  application  of  the  general  equation  of  dynamics  (15#1)«  These  methods 
permit  us  to  formulate  a  system  of  natural  boTindary  conditions  and  to  find  ini¬ 
tial  conditions  that  do  not  explicitly  contradict  the  properties  of  the  solu¬ 
tions  of  the  principal  system  of  equations. 

The  method  of  expansion  in  seiues  gives  even  less  distinct  grounds  for  es¬ 
tablishing  the  system  of  boundary  and  initial  conditions.  There  are  a  large 
number  of  methods  of  reducing  the  three-dimensional  problems  of  the  theory  of 
elasticity  to  the  two-dimensional  problems  of  the  theoiy  of  shells.  All  these 
methods  are  based  on  various  selections  of  the  system  of  generalized  coordi¬ 
nates.  We  shall  here  state  two  choices  which,  in  our  opinion,  are  of  ftinda- 
mental  interest. 

1.  Choice  of  Generalized  Coordinates  Corresponding  to  the 
Optimum  Quadratic  Appro-xiruations 

We  already  called  the  reader^s  attention  to  the  correlation  between  the 
reduction  problem  and  the  methods  of  approximate  representation  of  functions. 

The  method  of  expansion  in  series  is  one  of  the  methods  of  optimum  repre¬ 
sentation  of  in-point  functions.  In  the  case  of  the  presence  of  analytic  sin¬ 
gularities  near  the  approximation  fxxnctions,  however,  the  process  of  approxima¬ 
tion  by  segments  of  a  Taylor  series  may  prove  to  be  divergent.  This  is  partic- 
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ularly  important  for  us,  since  the  existence  of  concentrated  forces  acting  on 
an  elastic  body  cause  the  appearance  of  analytic  singularities  near  the  compon¬ 
ents  of  the  displacement  vector  and  the  stress  tensor.  For  this  reason,  we 
will  consider  a  choice  of  generalized  coordinates  leading  to  a  determination  of 
the  coefficients  of  the  expansion  of  the  required  functions  in  Fourier  series 
over  the  segment  (— h,  +h)  of  a  normal  to  the  basic  surface  of  the  shell,  and 
indicate  the  possibilities  for  further  development  of  this  method.  We  recall 
that  segments  of  a  Fourier  series  accomplish  optimum  quadratic  approximation  to 
the  fvinction  to  be  approximated*. 

Let  the  displacement  vector  u  xindergo  parallel  displacement  to  the  basic 
surface  along  a  normal  to  that  surface.  Let  us  denote  the  displaced  vector  /142 
by  V.  From  eqs.(l,  11.12)  -  (l,  11.14),  and  (l,  11.18),  we  have 

v'  =  ii'{\ — k^z)\  v^  —  u^  (24*1 ) 

(i  *  1,  2;  do  not  sum  over  il). 

Let  us  expand  the  components  v*  in  Fourier  series: 


I  “^(0)  ,  v-i  /  <•  I  i  ,  /nnz\ 


where 


+h 


+A 


i  If-  j  i  1  P  ;  ,  mnz  , 

Vim)  =  ""  4  )  ®  "  ~hr 

-ft  -A 


(24.2) 


(24.3) 


The  representation  of  v*  by  the  series  (24.2)  is  equivalent  to  abandoning 
a  determination  of  v^  on  the  boundary  surface  of  the  shell.  In  fact,  if  the 
series  (24,2)  is  convergent,  then,  at  the  boundary  surfaces  z  “  ±  h  this  series 

will  converge  to  the  value  ^  (v\+)  +  v‘(_)  ),  where  v*(+)  are  the  values  of  the  vec- 

tor  components  v  on  the  boundary  surfaces  of  the  shell* 

Within  the  interval  (-h,  +h)  the  series  >rill  converge  to  the  values  of  v*  • 
We  therefore  adopt  the  definition  of  v^  by  the  series  (24*2)  as  a  simplifica¬ 
tion  whose  meaning  will  be  given  below*  The  coefficients  v^^^j  and  w*^,j  will  be 
considered  as  generalized  coordinates*  Further,  we  have 


1  /  .  i  I  -  /  ,  mnz\ 

^  +  j.  (24*4) 

1 


*  Of,,  for  example,  V.L. Goncharov,  Theory  of  Interpolation  and  Approximation 
Functions,  ONTI,  1934. 
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Let  us  establish  the  connection  between  the  coefficient  wi(,j  and  the 

Fourier  coefficients  of  the  stress  tensor  components.  Using  Hookers  law,  we 
find  the  following  relations: 

t'*  =  Xg'^Ts'y'  -j-  H-  "f"  (24*  ) 

x'3  ■=  [X  4-  Vs'Z'O.  (24.5b) 

x”  =  +  (X  +  2[1.)  Vs'W®  (24.5c) 

(i,  k,  r  ■  1,  2;  do  not  sum  over  i  and  kl). 

The  validity  of  these  relations  for  Euclidean  space  within  a  shell  is  ob- 
vious«-. 

To  find  the  Fourier  coefficients  of  the  stress  tensor  components  we  must /I 43 
multiply  eqs. (24.5a)  -  (24* 5c)  term  by  term  by  cos— and  sin and  inte¬ 
grate  over  z  from  -h  to  +h.  Let  us  first  consider  the  result  of  this  operation 
performed  on  the  covariant  derivative  V3  v* ,  bearing  of  course  in  mind  that  all 
the  covariant  derivatives  in  eqs.(24.5a)  -  (24.5c)  are  determined  in  the  metric 
of  the  space  adjoining  the  basic  surface.  We  have 


;  1  Tii  <  *  do'  ,  I  / 

y  o'  =  —  TifVl  =  —  +  fa,  |,_o  o', 
dz  oz 


do’  .  „3  ,  »  do’ 


(i,  j  “  1,  2;  do  not  sum  over  il ). 
Further,  using  (l,  11.17)»  we  find 


(a) 

(b) 


1  r  „  ;  tn-KZ  ,  (vf+)  —  V(-))  COS  mn  .  i  , 

^(m)3  =  ^  J  V,v‘  cos -J-dz==  - + 


.  mu  /  u  i  I  t 

+  —  ®'(m)  ==  —  k^V^m)  4-  —  •Ze’(m); 
rl  tl 

,  If  ,  ,  mnz  ,  mn  I  ,  i 

®'(m)3  =  ^  Vst''  Sin  —  dz==-  —  0(„,  - 


(24.6a ) 


(24.6b) 


(i  ■  1,  2,  3;  do  not  sum  over  il). 


*  In  Euclidean  space,  an  aiuciliary  Cartesian  system  can  always  be  introduced  ir 
which  the  eqs.(24.5a)  -  (24.5c)  are  directly  confirmed.  But  the  tensor  equa¬ 
tions  are  invariant  [cf.  (l.  Sect. 6)  and  (Bibl.?)]. 


140 


In  these  equations  for  i  «  3,  we  must  set  kg  «  0#  Here  we  have  borne  in  mind 
the  above  remark  on  the  properties  of  the  series  (24#2)  at  z  *  ±hm  When  v*  is 
represented  by  the  series  (24*2),  the  difference  v^+  -  v*-  must  be  taken  as 
zero. 


The  covariant  differentiation  for  i  «  1,  2  and  integration  over  z  are 
commutative,  since  the  derivatives  Vj  are  determined  in  the  metric  of  a  space 
adjoining  the  basic  surface. 

Let  the  expansion  in  a  Fourier  series  of  the  stress  tensor  components  have 
the  following  fomt^ 


Ik 

2 


^(m)  COS 


rmzz 


h 


m‘Kz\ 


(24.7) 


Then,  from  eqs,(24,5a)  -  (24.5c)  and  bearing  eq3.(24.6a)  -  (24.6b)  in  /144 
mind,  we  find 


Ik 

fl 

(24.8a) 

n'*  _ 

ft 

(24.8b; 

Mm)  =  P-  —  k^vlm)  4^  —  j  > 

(24.9a) 

(24.9b) 

^(m)  =  +  (^  +  2p.)  W^rn)\ 

h 

(24.10a) 

h 

(24.1Cb) 

Equations  (24.8a)  -  (24.10b)  form  one  of  the  groups  of  elastodynamic  equa¬ 
tions  of  the  shell  theory.  To  set  up  the  second  group  (equations  of  motion), 
we  must  again  return  to  the  general  equation  of  dynamics.  Consider  first  the 
variation  6W(*)  of  the  specific  potential  energy  of  deformation.  On  the  basis 
of  eq. (15.10),  we  find 


{i,k  =  \,2). 


(24.11) 


*  Here,  too,  the  above  statement  on  the  series  (24.2)  is  valid. 
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Since  the  factor  (l  -  kiz)  (1  -  kgz)  which,  according  to  eq, (15.2),  enters 
into  the  expression  for  the  element  of  volume  dV,  complicates  the  direct  trans¬ 
formation  of  the  general  equation  of  dynamics  (15.1 ),  let  us  put 


V‘  =  {\  -k^z){\-k.^)v‘. 

(i  =  1.2,3). 


(24.12) 


Hence,  it  follows  that 


(1 -4,z)() -AjZ) 
,  d 


V3i'‘  = 


- - — Vs  “1“ 

(1  — /jjZ)(l  —k^z) 


+  K'  — (1 -M^'d -M)  (i  =  l,2,3;  y==l,2) 
dz 


(24.13) 


and 


Xjlv‘ 


(\-k,z){\-k,z) 


V,oK';  = 


(1  —  ftiZ)(l  —k^z) 


SV3V"‘+ 


..  d 


+  5 f  ( 1  -  4,z)-’  ( 1  -  4,z)-'  (/  =  1 ,  2,  3;  J=\.2). 
oz 


(24.14) 


Let  us  represent  V*  amd  the  variations  6Vi  by  Fourier  series: 

OO 

\/i  ^  I  V'  (  I  Wri  . 

='^  1^(0)+  2j  (  ^(m)COS  — +  U^,m)Sln 


m  =  l 


•o 


m)COS— - sin 


A 

ruTtzV 


Zli 

(24.15a) 

(24.15b) 


Of  course,  the  Fourier  coefficients  of  the  functions  and  v*  as  well  as 
6V*  and  6v*  are  interrelated.  We  shall  not  consider  these  relations,  but  note 
that  the  artsitrariness  and  independence  of  the  variations  6v*^,j  and  Sw*^,)  results 
in  the  aitsitrairiness  and  independence  of  the  variations  and  6W>^^,j. 

Let  us  expand  the  quantities  V3V1  in  a  Fourier  series.  We  have 


Vs  =  Sii 


—  V(0)3  +  Yj  ( 

m— 1 


mt:z  ,  ,„1  .  mnz\ 

— — htt^(m)3Sln— j 


Consequently, 


5V3V',  =  ^»[|5Wo)3+  ^  (5l/f„)3COS^4-SR^U)3Sln^j 


(24.16) 


(24.17) 
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Here,  from  eqs#(24#6a)  —  (24#6b),  after  an  obvious  change  of  notation,  we  find 


S  V^(m)  3  =  —  kpVlm)  H - — 

h 

h 

(i  =  l,2,3). 


We  recall  that  «  0. 

After  obvious  transformations  we  find,  from  the  relations  (24.11) 
(24,18b): 


+ji 

i  j  (1  -  k,z)  (1  -  k^z)dz  =  gjj  j|  V/  (x{^)5  Vio))  + 

m-l 


+  V  (V,  +  V,  (I  (  -  v,x[^,  -  kf(f,  + 

«e 

+  7'.^)  5  VU  +  S  [(-  -  V(-)  -  ~  0(-)  +  + 

+  ViSim)  +  x(m)  —  fe;0(m)  +  7?(m)  j  SU^fm)  |  ^ 

+  Tfo))  SV'fo)  +  ^  f  ~  - ^  0?m)  +  7tm)j  SKf^)  -|- 

m  — 1 

+  (-  v,6;i) + ^  ^(«) + /?^)]  ^wu]  a,  y  =  1 , 2). 


Here,  we  have  introduced  the  notation 


_JL  (*  ^1  ~l~  ^3  ^kikjZ 

h]  \-{k,-\-k,)z  +  k,\ 

-ft 


mitz  , 

cos  - - dz\ 


k,z^  h 


(24.18a) 

(24.18b) 


(24.19) 

(24.20a) 
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n/3  _  J_  r  ^13  ^2  ~  2k^k^Z 

A  J  1  — (Aj -}- A)  2 -j- AjAjZ* 

-h 


,  mr.z  , 

sin - dz 

h 


(i=l,2.3). 


(2A.2Cto) 


The  right-hand  sides  of  eqs, (24.20a)  -  (24,2Cb)  can  be  represented  hj  ser¬ 
ies  with  terms  expressed  by  and  •  For  sufficiently  thin  shells,  how¬ 
ever,  there  is  no  point  in  complicating  the  statement  of  the  problem  by  consi¬ 
dering  these  relations.  Indeed,  for  thin  shells  the  fxinction 


A I  “1^  A2  —  2A]A22 


(24.21) 


is  monotonous  for  fixed  values  of  x^ (j  ••  1,  2)  if  z  varies  over  the  interval 
(-h,  +h).  Then,  applying  the  theorem  on  the  integral  mean,  we  find 

=  Cii'lV*  (24.22a) 

(24.22b) 

(/=1,  2.  3), 


where  Ci  and  ai*e  certain  values  of  z  on  the  interval  (-h,  +h),  vdiich  in  gen¬ 
eral  depend  on  i  and  m.  For  sufficiently  thin  shells,  we  may  approximately  A47 
put 

/(x-',  g^Ai+A,.  (24.23) 

In  special  cases,  the  function  f (x5 ,  z)  is  simplified.  For  example,  for 
the  case  of  plates  this  function  vanishes. 

Let  us  continue  the  transformation  of  the  quantities  entering  into  the 
variational  equation  (15.1).  The  virtual  work  of  the  forces  of  inertia  is 
transformed  as  follows: 


+ft 


-A  -A 

00 

Y «(0)-SF(o)+  S 


m-1 


(24.24) 
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Let  us  introduce  the  following  notation  for  the  generalized  forces  on  the 
basic  surface; 


P(0)i  =  ^  j* 


h 

+h 


(m)i 


Q{m)i 


=  —  r  pFi  cos  ^  —  dz  ^  4“  COS 

A  J  A  A 


-h 

+h 


41 

-h 


^  niT^z  , 
pFi  sin - dz. 


(24.25a) 


(24.25b) 

(24.25c) 


The  generalized  forces  on  the  contour  surface  are  expressed  as  follows; 


+ft  +ft 

^,(p  (2)  dz;  L,„„-  =  4  J  A';.p  (;2)  cos  ^  d2; 

~h 

+  & 

Mm)/  =  y  j* 

-h 


(24.26a) 


(24.26b) 


where 

,  ,  1  / «„(i  -M™  (i')'"' + e.!  ( I  -  M"'  (•/■)"' 


(24.26c) 


Equations  (24,25a)  -  (24,26c)  are  analogous  in  meaning  to  expressions 
(15.15a)  -  (15.15b). 

We  shall  not  consider  the  substitution  of  the  resultant  e:q)ression  into  /IIS 
the  general  equation  of  dynamics  (l5.l)  nor  the  simple  transformations  connected 
with  such  substitution,  since  they  are  analogous  to  those  given  above  in  Sec¬ 
tions  15  -  23. 

We  shall  now  present  the  system  of  differential  equations  of  motion  and  of 
the  natural  boundary  conditions  resulting  from  the  variational  equation  (15.1) 
with  our  selection  of  generalized  coordinates.  The  equations  of  motion  have 
the  following  form; 


pt'ioi;  —  gjj  (V/'^w  +  —  T'm)  —  O'.  (24.2? ) 
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The  conditions  on  the  clamped  edge  will  not  be  written  out»  These  are  ob¬ 
vious*  Since  all  equations  derived  here  are  of  the  second  order  with  respect 
to  time  t,  the  system  of  initial  conditions  does  not  differ  from  those  known 
from  Courses  in  the  principles  of  mechanics* 

If  we  make  use  of  eqs*(2Z|.*22a)  -  (24*23),  then  the  systems  of  equation 
(24.8a)  -  (24*lCb)  and  (24*27)  -  (24*29),  taken  together  with  the  boundary  con¬ 
ditions  (24*30)  —  (24*32),  permit  us  to  formulate  autonomous  boundaiy  condi¬ 
tions  to  determine  the  Fourier  coefficients  of  the  wanted  quantities* 

These  problems  are  all  of  the  same  type*  For  m  0,  each  of  the  boundary 
problems  leads  to  solution  of  the  system  of  equations  of  the  twelfth  order  with 
unknown  Fourier  coefficients  of  the  displacement  vector  components*  The  solu¬ 
tions  must  satisfy  six  boundary  conditions*  For  m  =  0  the  system  of  equations 
will  be  of  the  sixth  order,  and  the  number  of  boundary  conditions  will  be  three* 

There  are  two  additional  remarks  to  be  made  on  the  application  of  Fourier 
series  expansions  to  solution  of  the  problem  of  reduction* 

1*  We  have  selected  the  segment  (-h,  h)  as  the  interval  of  expansion*  It 
follows  from  the  theory  of  Fourier  series  that  this  interval  can  be  extended  if 
we  indicate  the  analytic  prolongations  of  the  components  of  the  displacement  /149 
vector  beyond  the  segment  (-h,  h)*  Since  the  values  of  the  displacement  vector 
components  v*  beyond  the  segment  (-h,  h)  are  art)itrary,  they  can  be  chosen  such 
that  the  expansions  obtained  over  the  extended  interval  shall  not  contradict 
the  conditions  on  the  boundary  surface  of  the  shell* 

2*  The  above  selection  of  the  generalized  coordinates  can  be  so  modified 
that  the  operation  of  differentiation  with  respect  to  z  of  the  proposed  expan¬ 
sions  of  the  vector  components  v^  shall  not  be  explicitly  nor  implicitly  en- 
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countered.  For  this,  it  is  sufficient  to  start  from  the  expansions  of  the  com¬ 
ponents  V3V*,  and  then  to  use  the  system  of  linear  differential  equations  of 
the  first  order  for  finding  the  v* ,  In  this  case,  the  generalized  coordinates 
vfill  be  the  quantities  3  and  3 ,  A  similar  selection  of  generalized  co¬ 
ordinates  vdll  be  discussed  below  in  Sub sect, 2, 

2,  One  of  the  New  Versions  of  the  Choice  of  Generalized  Coordinates 


In  most  of  the  present  Chapter  we  have  been  considering  methods  of  reduc¬ 
tion  based  on  the  approximate  representation  of  the  displacement  vector  compon¬ 
ents  as  functions  of  the  coordinate  z.  To  determine  the  stress  tensor  compon¬ 
ents  as  functions  of  z  we  had  to  differentiate  the  expressions  of  the  displace¬ 
ments  with  respect  to  z.  Such  a  method  of  reduction  cannot  be  called  optimum. 
This  shortcoming  was  to  some  extent  compensated  by  the  use  of  Foirrier  expan¬ 
sions. 

We  shall  now  indicate  another  possible  approach  to  elimination  of  this 
drawback.  Let  us  approximately  represent  the  covariant  derivatives  V3U1  by  the 
equations ; 


„  «•  dui 


Ui  — In  kiZ]  =  fi  . , . , 

oz 


(24.33) 


where  is  a  function  approximately  representing  the  derivative  ,  while 

are  parameters  considered  to  be  generalized  coordinates.  They  are 
functions  of  the  coordinates  (j  »  1,  2)  and  of  the  time  t*  We  recall  that 
the  quantity  ks  must  be  put  equal  to  zero. 

Integrating  the  differential  equation  (24.33),  we  find 


(l  —  k^z)  (1 


z 

-  I 


;,(C; 


«<»)) 


dC 


(/=1,  2,  3). 


(2A.3A) 


Now  it  is  no  longer  necessary  to  differentiate  with  respect  to  z  in  calcu¬ 
lating  the  stress  tensor  components. 


Let  us  represent  the  function  fj  by  the  polynomial 

(/=1,  2,  3). 


/m 


(24.35) 


147 


Then,  we  obtain 


M,  S  ( 1  -  kiZ)  ^UlO)  +  zui/>  4-  y  +  J  z^u^j  ; 

S  (1  -  kiZ)  ^«5'>  +  z«W  +  ^z*af)j 

(t  =  l,  2,  3). 


(24.36a) 


(24.36b) 


Displacing  these  quantities  to  the  basic  surface,  we  find,  from  (I,  11.12) 
-  (I,  11.13)  and  (I,  11.20), 


V/  s  4*  ~uj'>  4-  —  4*  •” 

2  6 

2 

(/  =  1.  2.  3). 


(24.37a) 


(24.37b) 


We  then  set  up  the  differential  equations  of  motion  and  the  boundary  con¬ 
ditions  by  means  of  the  variational  equation  (15.1).  We  leave  this  task  to  the 
reader  as  an  exercise.  We  also  call  attention  to  the  coincidence  of  the  right- 
hcind  sides  of  eqs,  (24.37a)  -  (24.37b)  with  the  segments  of  the  tensor  series 
considered  by  us  at  the  beginning  of  this  Chapter.  This  again  confirms  the  in¬ 
terrelation  between  the  operations  of  expansion  of  tensor  functions  in  general¬ 
ized  Taylor  series  and  the  parallel  displacement  of  tensor  quantities  over  fin¬ 
ite  distances. 

Section  25.  Application  of  Analytic  Methods  to  the  Theory 
of  Oscillations  of  Layered  Shells 

Consider  a  shell  consisting  of  parallel  isotropic  layers  of  constant  non¬ 
identical  thickness.  The  basic  svirface  is  superposed  on  the  boundary  surface  of 
the  shell  having  a  unit  vector  of  the  normal  (l,  3.1)  directed  inwards  in  the 
material  of  the  shell.  This  choice  permits  us  to  obtain  several  partial  mathe¬ 
matical  sin^^lif ications ,  Of  course,  such  a  selection  of  the  basic  surface  is 
not  sufficiently  general,  nor  is  it  optimum.  Other  methods  of  choosing  the 
basic  surface  are  possible  and  have  various  advantages  (Bibl,15,  21,  24),  We 
shall  not  go  into  this  question  here. 

In  setting  up  the  equations  of  motion,  the  conditions  of  connectivity  /I 51 
of  the  layers  (ll,  8,14)  must  be  borne  in  mind.  Of  special  importance  here  is 
the  choice  of  the  generalized  coordinates  such  as  to  ensure  maximum  simplicity 
to  the  solution  of  the  problem.  We  note  that  the  conditions  (II,  8,14)  impose, 
upon  the  generalized  coordinates,  restrictions  that  do  not  depend  on  the  law  of 
motion,  and  must  be  considered  as  equations  of  constraint.  Of  the  various  above 
methods  of  introducing  the  generalized  coordinates,  let  us  discuss  the  method 


indicated  in  Sect. 2^.2  and  subject  this  method  to  a  certain  extension.  Instead 
of  eq.  (24.33),  let  us  set 


V3M, 


dut 

dz 


dz 


In  (1  —  kiZ]  =  fi  (z;  a'*), ....  «<">)  + 


+  (1  -  kiZ)  «><*>  (X^,  s.  (Z  —  Zft). 


(25.1) 


where  is  the  Heaviside  lonit  function,  w/k)  are  the  excess  generalized  coordi¬ 
nates  introduced  to  satisfy  the  conditions  of  connectivity  of  the  layers,  z^ 
are  the  z-coordinates  of  the  surfaces  of  contact,  and  m  is  the  number  of  these 
surfaces. 

Making  use  of  eqs. (24.34)  -  (24.36b),  we  find 


(I—  kiZ)  Uf°>  +  za<h  -|-  -1  z'uf^  +  z^uf  + 
z  m 

+  (1  —  kiZ)  j*  ^  [x>,  t)o^  (C  —  Zft)  dC, 

0  *-l 


V3«/=  (1  -  M 


„(.l)  4-  zuf)  +  —  z*Mf I  +  (1  -  kjZ)  X 
2 


X  — 2:*)  (i  =  l,  2,  3). 


A-l 


(25.2a) 


(25.2b) 


It  is  clear  from  eq. (25.2a)  that  the  displacement  vector  components  and 
the  dei*ivatives  VjUj  (i  *  1,  2)  are  continuous  functions  of  z.  The  quantities 
VsUj  have  finite  discontinuities  on  transition  across  the  interface  of  the 
layers.  The  magnitude  of  the  discontinuity  is  (l  -  kj  Z|j  )  ’^  v^j(*)(xl »  t).  We  can 
find  the  quantities  w^’^i  from  the  condition  of  continuity  of  the  stress  tensor 
components  CTjg,  which  we  will  demonstrate  J 

Let  the  z-coordinates  on  the  boundary  surfaces  of  the  k^h  layer  be  z^.^  and 
J  let  the  Lame  elastic  constants  of  the  k^b  layer  be  Xjj  and  ij^  .  Then  for  the 
(k  +  l)'6b  layer  we  have 


+  t^A+i  =  +  Aji*.  (25.3) 

According  to  Hookers  law,  the  stress  tensor  components  0,3  in  the  k^^h  33,(1 
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(k  +  l)t-h  layers  on  their  interface  are  expressed  by  the  following  equations; /I 52 


‘‘',3  +  V3«,)  |*~z4-o;  ( a  ) 

=  \g"'yi'ti  li -Zjj-O  +  +  2jit)  V3U3  li-z^-o;  (1,  J 

t~^*+o  =  (|J'*  +  Vfi*)  [(?<«3+  V3W,)  |z-z^-o  +  (1  — kiZ^) 

“^33  *  li  ’^;^  +  0  •  (^'*“1“^^*)  S''ViUi  |z»„z^_o  -f-  (Xj  -f-  2[).^  -|-  AXj^  -j- 

+  2a|x^)  [v3«3  Iz-z^-o+'ZC'f  ]  {i=l,  2).  (d) 


The  Conditions  of  continuity  of  the  stress  tensor  components  lead  to  the 
following  values  for  the  excess  coordinates  w/'')(  j  »  1,  2,  3); 


^[k)  „  - 

=  — 


V//^3  "f" 

T  "777  +  (Al*+2A[ij^j  VjKj]  |z_z^_o 


(^=  1,  2,. . ..  m\  i=\,  2). 


(25.4a) 


(25.4b) 


Equations  (25.4a)  -  (25.4b)  permit  us  to  express  the  excess  coordinates 
in  terns  of  the  independent  coordinates  Ui(*).  As  an  example  of  the  application 
of  the  analytic  methods  here  presented,  let  us  consider  the  equations  of  vibra¬ 
tion  of  a  two-layer  shell. 

Section  26.  Equations  of  Oscillation  of  the  Two-Layer  Shell 

Consider  a  shell  of  constant  thickness  2h,  consisting  of  two  layers  of  re¬ 
spective  thickness  hj  and  1^.  Using  eqs. (25,2a)  -  (25,2b)  and  performing  a 
parallel  displacement  to  the  basic  surface,  we  find,  by  analogy  to  eqs, (24,37a) 
-  (24,37b); 


+  +  +  (26,1a) 

0 

+  Ztlf  + 1  Z^uf)  +  {z  -  h,) 

(^=1.2,3).  (26,1b) 


Equations  (26«la)  -  (26#lb)  permit  us  to  obtain  the  analytic  expressions 
for  Vj  and  V3V1  in  the  first  and  the  second  layer.  We  have 


‘  ~  2  6 


A,); 


(26,2a) 
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V.t;,.  -  ^  (2  < 

V,  S  uf  +  zuf^  +  ^  Z'«f’  +  «'!"  -  -^l)  (^  >  ); 

V,u^  ~  „(i)4-  z^m  +  l  g^Mfi  4- <>  (3  >  Ai) 

2 

(/=1.  2,  3). 


im 

(26.2b) 


(26.3a) 

(26.3b) 


Let  us  now  eliminate  from  these  equations  the  excess  coordinates  mak¬ 

ing  use  of  eqs. (25.4a)  -  (25.4b).  We  have 


ojm  s  11,2 


„ii)  4.  v.mW  +  A,  («p)  +  Vi  '4”)  +  7  “3'’)  + 


+  1  A3v,«f 

D 


s  X,2g''v,  +  Ai  [X,2g'''V,. «»'  +  Yn"?’]  + 

+  -  A’  [Xi2g''V,  Mp  +  Yi2«^^’1  +  7  A3Xi2g‘''V,  ttP 
2  t) 


( 26  •  43. ) 


(26.4b) 


(i  =  l.  2). 


Here  we  have  introduced  the  notation 


ajaj 


AX) 


®o  (^  Ai); 


Xj  — p  2p-2 


Further,  we  find 

V,  ^  up  +  zap  +  —  z'af  +  j  ’  +  P12  (z  -  A,)  +  Vi  +• 

,2  ^ 

+  («p  +  V,  «P)  +  ^  A2  («P  +  V;  mP)  +  ^  AJVi  aP 


(26.5) 


(26.6a) 


t/j  ^  ap  +  zap  -\-  —  z^wp  +  —  z3«^3)  -j-  [2;  —  TiJ 
2  0 


Xl2^'‘Vl  “i"’  + 


151 


+  Ti2«i^>)  +  |A?>-.2rVi«r> 


(26.6b) 


V3  u,  ^  «1»  +  zaf^  +  j-  z=//i3.  +  („(»  4-  V,  +  A,  (up  +  V,«i*')  +  /15U 


+  1aJ(„(3,4.  „,2,)  +  l/,3  „,3,,. 

2  6 


(26.7a) 


73^3  =  hW  +  zup  + 1  z^up  +  +T,.tty’  +  '^1  (>^12^‘'V,m1‘>+ 


+  Y.2«i’')  +  i  A?  >  +  r,A^>)  +  Y  “f 

2  o 

(t  =  l.  2J. 


(26.7b) 


In  setting  up  these  expressions  we  retain  all  terms  containing  the  gener¬ 
alized  coordinates  Ui^  (j  «  2,  3;  m  =  0,  1,  2,  3)  regardless  of  the  conven¬ 

tional  order  of  smallness  in  these  terms  in  connection  with  the  presence  of  a 
factor  of  the  form  h*  z» . 

Let  us  now  put  eqs. (26.6a)  -  (26.6b)  into  the  following  form; 


m— 0 


m-0 


(26.8) 


where 


r  (0)  =  up  -  J u</>  +  V,  Uf  +  h,  (up  +  V, +  y  A?  (up  + 
+  V,  tip)  +  y  Afv,  up  I  =  up  -  hMP\ 


(26.9a) 


Vp^up-h, 


hig‘^Vi  up  +  Yi2'4‘’  +  up  +  TijUf )  -t- 


+  1  Ar(>-.2rv<«f>+ yu'4^’)  +  |, 


mW  —  h{wf'P. 

(26.9»)  (26.9b) 


Further, 
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T’i,'!  =  «;')  -t-  X,jg''v,-  uT  +  Ti2"3  ’  +  "1- ’  +  Yu«f )  + 

+  “  /'?(>U2r'V,Mf’  +  Yl2«3'^’)  +-^  /jjYl2rVi'f>  =  «^''  +  ™3’; 
2  o' 

Vf  =  H'2i;  FI3)  ^  uf  (/  =  1,  2;  y  =  1,  2,  3). 

Equations  (26.7a)  -  (26,7b)  can  be  represented  as  follows: 


(26.10a) 


(26.10b) 

(26.11) 


0^ 


m*=0  /n=0 


(26.12) 


Equations  (26,8),  together  with  eqs. (26.9a)  -  (26.1Cb)  do  not  formally  dif¬ 
fer  from  eqs. (15.5),  and  the  following  relation  obtained  by  expansion  of  the 
displacement  vector  components  is  a  tensor  series.  The  difference  is  that  the 
quantities  V,°  and  Vj^  are  piecewise-continuous  functions  of  z,  which  are  con¬ 
stant  on  the  segments  of  a  normal  to  the  basic  surface  enclosed  within  the 
layers. 

Let  us  now  find  the  stress  tensor  components,  noting  that  in  covari^t  dif¬ 
ferentiation  with  respect  to  xJ ( j  -  1,  2)  the  quantities  z  and  ao(z  -  hj  )  can 
be  considered  as  constants.  We  have 


t'*  =  2  ^  k^\,  2,  3).  ( 26.13 ) 


The  right-hand  side  of  eq. (26.13)  does  not  differ  in  fom  from  a  segment  of 
a  Taylor  tensor  series,  but  the  coefficients  ,  except  ,  are  piecewise- 
continuous  functions  of  z,  constant  on  the  segments  of  a  normal  to  the  basic 
surface  enclosed  between  the  boundary  surfaces  of  the  layer.  The  coefficients 
'’■(•f'  expressed  by  the  equations 


=  ^g-'*g''V/  vl’"^  +  Ag‘^  [Vi  +  Vft 

t(«)==i?r[Vin'"’  +  V''"-"”]; 


(26.Ua) 

(26.1Z,b) 
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+(A  +  2B]  Ff 

(i,  k,r—l,  2:  »«— 0,  1,  2,  3;  do  not  stun  over  i  and  kt ) 


(26. Uc) 


Here, 


4  =  Xj  -f-  AXja^  [z  --  Ai);  5  =  ti,  +  Alij^o  —  Aj). 


(26.15) 


Equations  (26.1il(.a)  -  (26.14c)  are  analogous  to  the  relations  (15. 12a)  - 
(15.12c),  found  for  a  single-layer  homogeneous  shell.  These  equations,  taken 
together  with  eqs. (26.9a)  -  (26.1Cb)  and  (26.12),  permit  us  to  express  the 
stress  tensor  components  in  the  first  and  second  layers  in  terms  of  the  gener¬ 
alized  coordinates  Uj<*)  and  their  derivatives. 

Consider  the  variations  6vi  ; 


so^^yJL^-nsFN) 

^  ^  ml 

m^O 

(j  =  l.  2,  3). 


(26.15a) 


From  eq. (26.12)  there  results,  by  analogy. 


^  rn\ 


{i=\,  2.  3). 


(26.15b) 


The  variations  6Vj^°^  and  are  piecewise-continuous  functions  of  z,  con¬ 

stant  on  the  segments  of  the  normal  to  the  basic  surface  included  within  the 
layers.  This  does  not  permit  the  use  of  the  quantities  as  new  generalized 
coordinates.  On  the  basis  of  eqs. (26.9a)  -  (26.9b)  and  (26.10a)  -  (26.10b),  we 
have 


SFi.O'  Swf)  —  AjSzoli);  5Ff  = 

5F<»  ==  S«<i)  +  5  =  5hI‘)  + 

(/  =  !.  2). 


(26.16a) 

(26.16b) 


where 


|ii2  -f-  _}_  1  /,?5„(3)  ^5,^(0)  4- 
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(26.17a) 


S-'a"  =  Tn  (s/4'>  +  1  /45'4^’)+  + 

+/;,S«n)+l  +  A35«;.3)j  (/,  ,=  l,  2). 


(26.17b) 


The  presence  of  covariant  derivatives  on  the  right-hand  sides  of  equations 
(26.17a)  -  (26.17b)  leads  to  fundamental  difficulties,  as  vd.ll  be  seen  from 
what  follows. 

Let  us  introduce  notation  analogous  to  eqs. (20.4a)  -  (20.4c): 


2ft 


'  r  2  (  1  -  k^z]  (1  —  k^z]  dz 

mlj 


[i,  4  =  1,  2,  3); 


2h 

=  ^  J  (1  —  *1^)  (1  —  k^z)dz; 

0 

2ft 

=  -1  j  (1  -  k,z)  (1  -  k,z]  dz; 

0 

2h 

_L  r  I  z’”x‘-'  (1  —  k^z)  (1  -  kiZ)  dz 
m\  J 
0 

(i=l,  2,  3;  /,  4  =  1,  2). 


(26.18a) 


(26.18b) 


(26.18c) 

im 

(26.18d) 


Further,  let  us  consider  the  quantities  connected  with  the  inertial  forces: 


2ft 

1  p  av 

^  ""  7«T  J  'W  { 1  ^ 

’  0 

2h 

....  If  d-v^ 

’  0 


(26.19a) 


(26.19b) 


155 


(26.19c) 


2A 


^(m)3 


1  r 


dV 

PYi2^"*  3/2  ()  ^2^/ 


2A 


¥ 


fj*(m)3 


a/* 

^2^3 

'W 


(1  — kiZ)  (1  —  k2Z)  dz 


(26.19ci) 


(/=1.  2.  3;y=l,  2). 


The  quantities  determined  by  eqs, (26,18a)  -  (26,19d)  are  expressed  in 
terms  of  the  generalized  coordinates  the  generalized  accelerations  Uj(*)  , 

and  their  derivatives  with  respect  to  the  coordinates  xJ  of  the  basic  surface  of 
the  shell  by  means  of  formulas  (26,8),  (26.14a)  -  (26.15), 

Let  us  now  introduce  the  generalized  forces.  We  put 


1h 

Q'"”'  =  ^  I  (1  -  k,z]  (1  -  k,z)  dz  +  X,'+,  (1  -  24,4)  X 
0 


x(l  -  2*24)  (270'"; 


(26.20a) 


2/; 


=  JpPfl  -4,2:)(1  -422)d2+X,''+)(l-24,4)(l-2/?2ft)+Xf_, 

0 

(7=1,  2,  3;  /n=l,  2,  3);  (26.20b) 


2ft 


X  (1  -  24,4)  (1  —  24,4)  (24)'”; 


ih 


^  /Ti  .f  n  -  ^2-)  + [T.2I  A:f+)  X 


X(l-  24,4)  (1  -24,4)  (24)'"; 


2ft 


0 

X(1 -24,4)  (1  -24,4)  (24)-”  (y  =  l,2;  ot  =  0,  1). 


(26.21a) 

(26.21b) 


(26.21c) 
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where  [^i^2  3,  [YxsI  and  [Xxg]  are  the  values  of  His,  Y12  and  at  z  =  2h 
On  the  contour  surface  we  determine  the  follovdng  quantities: 

2h 

_  J--  \  z'"X'(P  (z)  dz, 
ml  J 
0 

2ft 

=  l  dz, 

*  0 

7h 

l'""®  =  j*  (2:) 

0 

2/1 

^  I  XjjX’q)  (z)  dz, 

(i  =  l,  2.  3;y  =  l,  2). 

where  cp(z)  is  expressed  by  the  formula  (24,26c), 

Let  us  now  consider  again  the  general  equation  of  dynamics  (l5«l)»  Baking 
use  of  eq, (24,11)  in  its  transformation.  The  transformation  of  eq, (15.1;,  in 
this  case,  has  two  stages.  The  first  stage  leads  to  the  following  result: 


(26,22a) 

(26.22b) 

(26.22c) 

(26.22d) 


J* J*  V,-  f'®*'-'  —  {7'®’-']  Sm^?>  [Q'’*'' — ■  "1“ 

(w) 

j.  V, (ri'i'V— 4,//i0)'7 -[- //(')<■/)  _ T(0)/3  _  //i0)/3  _  6/(1);  _|-  AjcJW  —  X 

X  oa'P  +  _  //2p[0);  -f-  /qP.»7  v,-  ( —  Af/ytoxv  _|-  Aj//(')<7)  — 

_ j-vj3  _  4j//fo;'/3  —  (yb);  _|-  /ijcjio);  —  otd^ -f-  — L 43p(0)y_|_ 


_L  42pii/-^y^  ^7'(3)(;  _  X  43//(0)y_[.  J..42/y(i)/;j  _  pzi/s  _ 


_  J_  /,2/y(0);3  __  4- -1  //34>1“7  — J. 

2  '  2  '  2  ’ 


5ttl?>  +  [-4,P(0l*  + 
p(i)*4-  V,.  (-4, //(O)'*  +  //<>)'■*) U-ft,+ 


Zlii 
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where 


X  g"V,  (St;,)  I,  =,,j  da,  +  J  |[SW  -  T'W'V/t;]  o«W  +  [SW  _  A,LW/-f 


(C) 


_j.  £(i)/  _  (T-dl-V  —  Sh^)  +  [5(3)/-  /iJZ,(o)/  +  AjLOi 

_.  (fia)/;  _  A2//(0j»7  +  /Zj//(il<7)  kJ  S«w)  +  5(3)/'  -  —  AJL^-f 

2 

_j_  1  AjLdW  —  ~  A3/y(0)y ^  _1  ^s/yiD/y)  5„(3)  ^ 

+  [  -  +  ^'“"1  8  (7*^3)  Iz  -A,  +  I-  +/W">']  X 

Xr^S(v,'t;,)  |z../..jds,-0 

(i,  k,  r=l,  2;y  =  l,  2,3). 

3 

5uj  ..A,  =  ^  ^  (y  =  1 ,  2,  3). 


m^O 


(26.23) 


(26.24) 


The  presence,  on  the  left-hand  side  of  the  variational  equation  (26.23), 
of  terms  with  the  factors  (ev^  )|,,h^  and  (6V3  indicates  substan¬ 

tial  differences  between  the  cases  considered  earlier  and  this  problem.  These 
factors  can  be  eliminated  from  the  surface  integral  by  means  of  integration  by 
parts,  i.e.,  by  repeating  the  transformation  of  eq.(l5.1),  leading  to  equation 
(26.23).  This  is  the  second  stage  of  the  transformations  mentioned  above.  The 
use  of  term-by-term  integration  does  not  require  that  the  conditions  of  differ¬ 
entiability  of  the  surface  load  components  be  satisfied,  since  this  load  is 
elijninated  from  the  sums  -h,P^°^''  +  ■'  and  The  factors 

g''’’v,  (6v,  )|,,hi  (^■''s  )li. h,  will*  however,  likewise  enter  under  the  sign 

of  integration  over  the  contour  C  of  the  basic  surface.  Here,  these  terms  can¬ 
not  be  excluded.  Consequently,  there  is  a  substantial  addition  to  the  natural 
boundary  conditions. 

We  will  discuss  this  question  later  in  the  text,  but  first  let  us  set  up 
the  system  of  differential  equations  of  motion  of  the  two-layer  shell  which  re¬ 
sults  from  eq. (26.23)  after  the  second  stage  of  transformations. 

Section  27.  Differential  Equations  of  Motion  of  a  Two-Layer  Shell 

We  introduce  the  notation: 

y*  =r  —  AjyD(O)*  4-  plD*  -I-  (_  A ^yPyip)/*  //(l)  _  //(0)3ft  ^ 

-j-  Aj<5;o)*  _  0,(1)*; 


/I6O 


(27.1a) 
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(27.1b) 


Z  =  -  +  /?(‘)3  4-  Vi(-  + 

4-A,W(0)3_  iirma  (i.  fe  =  i,2). 

Performing  the  above  trainsfoniiation  on  the  variational  equation  (26»23)j 
we  find  by  the  usual  method  the  following  system  of  differential  equations  of 
motion : 


Dm  _  ^ jZ  -  Q  =  0;  (27.2a) 

i;'(0)3 y.7i0)<3  _|_  y.yi  _  Qio)3  _  0;  (27.2b) 


f/iD*  _  Aji)!!)*  _[_  ^(0)*  _  7-t0)*3  _|_ 

+  -  Q  >'*  +  AiA®)"  —  =  0; 


(27.3a) 


{;'ll)3  _  /Jj(ii(0)3  tp(l)3  _  (yiD/S  _  /ij/yi0);3  7'(0)33  4.  /y(0i33  _{_ 

4_  /2j^.y.-  _  q:i)3  4-  /2jP(0i3  _  p(i)3  ==  0; 

0  4-  —  Vi  ( 4-  4- + 

4_ /ij//i0,ft3  ^  J_  /i2g-*/-v2,Z  —  Q'-!*  4-  —  /z,Pi"*=0; 

2 


(27.3b) 


(27.4a) 


i)'  2’3  _  /,2(i)'0  3  4_  ^  j(i)a)3  _  y .  (  yi2U3  _  /,2/y(0)i3  _|_  4-  7033  4* 

4_/ij//i0)33  4_l  /22v.y''_(P'4-/^iA;°^'-/'t^''''0;  (27-4'’:)  (27.4b) 

2 

4/3*  _  A  /,3(i,;o*  I  A  /j2(i)'i)ft_vir'3i'*  —  —  awo)'*-}-— 

2*2'  '\  2  *  2  *  / 

4.  y(2)*3  A  /,2//;o,M  _j_  A  li\g>=’'X^Z  —  Q'^  *  4-  --  "  — 

2  3!  2 

-  —  =  0; 

2  (27.5a) 


V,  / yi3)/3  _  A  /23A/(0)/3  4_  A  /,,2//(l)<-3'j4- 


4y(3)3  _  A  ]Mm^  4-  A  /22(i4)3 

2  *  2  * 

4.  7,2)33  ^  A  /i2//(0)33  A  /i3^,y<-  _  Q;3)3  4.  A  /i3p(0)3  _ 

2  3!  2 
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ML 


/Z?P1')3=0 
2  ‘ 

(i,  k  “  1,  2;  do  not  sum  over  kX )  (27.5b) 

The  system  of  equations  (27#2a)  -  (27.5b)  consists  of  twelve  differential 
equations  of  the  third  order  in  twelve  unknown  functions  u/*)  .  The  derivatives 
entering  into  1’'  and  \  Z  are  of  the  highest  order.  The  general  order  of  the 
system  is  36.  Obviously,  the  order  of  the  system  is  so  high  because  all  the 
terms  containing  the  generalized  coordinates  introduced  by  us  were  retained  in 
the  equations,  regardless  of  their  conventional  value,  determined  by  the  expon¬ 
ent  m  in  the  factors  W . 

Of  course,  such  a  system  of  equations  is  unsuitable  for  practical  calcula¬ 
tions,  but  it  may  still  be  used  for  purposes  of  comparison  with  other  systems 
obtained  by  various  simplifications.  A  qualitative  analysis  of  eqs. (27.2a)  - 
(27.5b)  may  likewise  introduce  new  elements  into  the  representation  of  the  os¬ 
cillatory  processes  in  a  layered  shell. 

Section  28,  Natural  Boundary  Condition 

Two  basic  forms  of  boundary  conditions  result  fi*om  the  variational  equa¬ 
tion  (26,23), 

1,  With  Contour  Surface  Kinematically  not  Free 

On  the  unfree  contour  surface  the  quantities  u/*^  must  be  assigned.  This 
assignment  determines  their  derivatives  with  respect  to  the  arc  of  the  con¬ 
tour  C,  From  the  composition  of  the  integrand  expression  in  the  integral  over 
the  contour  C  in  eq, (26,23),  it  is  clear  that  on  the  unfree  part  of  a  contour 
surface  we  must  also  prescribe  the  derivative,  with  respect  to  the  normal  to 
the  contour,  of  V3  and  of  the  sum  v, .  By  this  assignment,  together  with  the 
assignment  of  the  functions  u^*^  ,  the  covariant  derivatives  V,  v,  liai,  ,  and 
VjtVaii.h,,  are  determined  on  the  contour  C,  The  total  number  of  boundary  condi¬ 
tions  here  is  not  single-valued. 

In  fact,  we  may  prescribe  all  the  derivatives  with  respect  to  the  normal 
to  the  contour  C  of  the  quantities  u/*)  ,  In  that  case,  we  will  obtain  twenty- 
four  boundary  conditions.  This  number  of  boundary  conditions  does  not  corre-/l62 
spond  to  the  order  of  the  system  (27,2a)  -  (27.5b), 

If  we  directly  prescribe  the  normal  derivatives  of  ^"^v;  1,.^  and  Vsl^.^, 
then  we  will  have  fourteen  boundary  conditions.  The  uniqueness  of  the  soluliion 
of  the  boundary  problem  in  this  case  requires  further  investigation, 

2,  With  the  Contour  Surface  Free 

If  the  boundary  surfaces  of  the  shell  are  free  from  kinematic  constraint, 
then  the  variational  field  of6uj^*)  is  entirely  aiisitrary  within  the  region  u)  and 
along  its  boundary.  An  aititrary  variational  field  of  may  also  be  repre- 
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sented  beyond  the  boundary  of  the  region  «).  This  shows  that  on  the  boundary 
the  variation  v,  1,,^^  must  be  regarded  as  an  ait)itrary,  independent  quan¬ 

tity. 

In  assigning  the  variations  6uj(*)  on  the  contour  surface,  the  derivatives 
6V.V,  will  be  bound  by  a  linear  relation  resulting  from  the  expression  ^  the 
deriWives  of  6V3  over  the  arc  of  the  contour  C.  For  this  reason,  fourteen 
boundary  conditions  can  be  obtained  from  eq. (26.23)5 

S(oift  _  =  0; 

Sio  3  _  (j\on  _  yi^  ,1- ^  A?(0i3  ==  0; 

5(iiA-  _  7,^/.  o,„.  ^  uDk  __  ( 7-^1)-*  _  hj-imk  -I-  //(!)«)  =  0; 

513  _  -f-  Z.(ii3  _  (7(1)<3  _  /i^//(0i,-3  Him  _  hji)  m  +  yV<')3  =  0; 

5  3u-  _  /, 27,(0, A  ^  fi^imk  _  (7(2);a  _  /i2//(0);A_^  /jj/7(i),A)  ^ 

+  1  /z2g-*-'-Z«,  =  0; 


S-3  —  /;3L(0)3-|-/;jL(l'3  —  |'7’i2)''3  _  /22/7(0)/3_^/jj/7(1)(3_A 

+  A'(2i3  =  0; 

S3  A  _  1  /,37,.0iA4.  j_  /,2/,,l!A  _  /  yi3)/A  i_  /z3/y.0);AI_L  /j2//(1)/aU._|_ 

2  ‘  ■  2  ‘  I  2  ‘  2  ‘  ; 

+  1  /i3g«Z/i*  +  0; 

O  I 

5  33  __  _L  hllOZ^  7,27_(I)3  _  / yi3);:i  _  J_  /i3//(0),'3  1  _L  /j2//{l)<-3  _ 

2  1  2  ‘  \  2  '  ^  2  ' 

/l*[-A,Ll«)*+L")*]=0; 

-A,M>o-3-|-7W(»3==0 

(i,  k  =  1,  2;  do  not  sum  over  kl). 


The  coefficients  are  functions  of  the  arc  of  the  conto3ir  C.  They  are/163, 
determined  after  elimination  of  one  of  the  derivatives  V^6v3l,=h  ^7  of 

the  expression  of  the  absolute  derivative  of  Svalj.h  ^^®  the  con¬ 

tour  s.  The  quantities  Nl*)  3  are  derived  from  the  term-by-term  integration  of 
the  summand  under  the  integration  sign  J  in  eq. (26.23),  containing  the  absolute 

(Q 

derivative  of  Cvgl^.h  over  the  arc  s.  This  summand  also  results  from  elimina¬ 
tion  of  one  of  the  derivatives  V^Cvg  as  already  mentioned.  We  will  not 

ffive  the  details  on  these  calculations,  but  rather  pass  to  brief  conclusions 
generalizing  the  various  methods  of  reduction  of  the  three-dimensional  problems 


(28.1a) 

(28.1b) 

(28.2a) 

(28.2b) 

(28.3a) 

(28.3b) 

(28.4a) 

(28.4b) 

(28.5) 

(28.6) 
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of  the  elasticity  theory  to  two-dimensional  problems. 

Section  29.  Classical  Theory  of  Shells 

The  investigation  made  by  us  naturally  includes  a  brief  analysis  of  the 
classical  theory  of  shells  and  of  certain  works  that  have  expanded  the  field  of 
this  theory.  We  will  discuss  the  characterization  of  the  analytic  properties 
of  the  fundamental  quantities  which  are  the  object  of  investigation  in  the  clas¬ 
sical  theory,  and  on  the  methods  of  investigation. 

1.  Forces  and  Moments 


In  the  Kirchhoff— Love  theory  of  shells,  the  stress  tensor  is  replaced  by  a 
system  of  forces  and  moments  determining  the  principal  vector  and  the  principal 
moment  of  the  internal  forces  in  the  shell,  reduced  to  a  point  lying  on  the  con¬ 
tour  of  an  element  of  the  middle  surface  and  referred  to  unit  length  of  the 
corresponding  coordinate  line. 

It  is  easy  to  convince  ourselves  that  the  components  of  the  forces  and  mo¬ 
ments  so  determined  are  not  components  of  vectors  obeying  the  irules  of  trans¬ 
formation  of  tensor  quantities.  The  forces  and  moments  can  evidently  be  con¬ 
nected  with  the  vector  components  of  the  stress  tensor  (Bibl.8).  We  shall  not 
go  into  details  on  this  approach. 

After  constructing  the  vectors  of  the  stresses  acting  on  the  contour  sur¬ 
faces  of  an  element  of  the  shell,  we  will  subject  them  to  parallel  displacement 
to  the  basic  surface,  on  the  basis  of  (l,  11.18),  and  will  then  relate  them  to 
unit  length  of  the  corresponding  coordinate  line.  We  obtain 


+h 

(*)  ~zki){l—zki)(]  —zk^)dz-, 

-~h 

(29.1a) 

+  h 

T?*)  =  Vgkk^  (1  —  zki]  (1  —  zki)  dz 

-h 

(29.1b) 

(i,  A  =  l,  2). 

Here  the  index  (k)  indicates  the  number  of  the  coordinate  line  normal  to  that/164 
part  of  the  contour  surface  of  the  shell  element  on  which  the  stress  vector 
acts,  yielding  the  quantities  T‘(^)  and  T®(^)  .  The  other  notation  is  conventional. 


Further,  making  use  of  (I,  8.6),  which  defines  the  covariant  components  of 
a  vector  product,  we  find  the  components  of  the  moments  of  the  annexed  couples, 
produced  wlien  the  stress  vectors  are  reduced  to  the  basic  surface,  referring 
them  to  unit  length  of  the  corresponding  coordinate  line.  Neglecting  all  terms 
that  are  nonlinear  with  respect  to  the  strain  tensor  components,  we  find 


AIidi 


+  h  2 


(I  —  z/e,)  (I 


—  z/ej)"  cfx^  dz  = 


162 


■ih 


=  --  in  Vgo2  J  2°='  (I  -  -A,)  ( 1  -  zk^Y dz; 

-h 

(29.2a) 

■rh 

A^(i}2  =  gnK^23j  (1  ~zk.^)dz\ 

-it 

(29.2b) 

M{1)3  =  0; 

(29.2c) 

+  h 

'W(2)i  =  -g-„/g-„  ]  —zk^'Nz; 

-h 

(29.2d) 

+  h 

Zo'Hl  -  zk,Y[\—zk^)dZ-, 

It 

(29.2e) 

—  0. 

(29.2f) 

Equations  (29.1a)  -  (29. 2f)  differ  in  form  from  those  familiar  from  the 
classical  theory  of  shells**-.  But  this  difference  is  not  substantial,  since 
most  works  on  shell  theory  replace  the  compxDnents  of  the  tensor  quantities  by 
their  ’’physical  components”,  which  may  be  obtained  by  using  eqs.(l,  5«20)  —  (l, 
5.2)  and  noting  the  remark  in  (l.  Sect.?).  We  have,  for  example. 


M  _ 


(a) 


and  also 


T} 


(i) 


Vg^i  ' 


(b) 


Substituting  the  expressions  (a)  and  (b)  into  one  of  eqs. (29.1a),  we  /l6$ 


find 


+/I 


7'(1)a.'  =  —zki)dz. 

-h 


(c) 


The  relation 


(c)  is  known  from  the  classical  theory.  By  analogy, 

V  SnSn 


putting 


(d) 


Cf.  Arthur  Love,  The  Mathematical  Theory  of  Elasticity,  ONTI,  1935,  or 
(Bibl.5,11). 
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we  find  from  eq, (29.2a): 


M(\)x' 


(e) 


This  is  the  well-known  expression  for  the  torsional  moment.  Thus,  the 
method  employed  here,  based  on  the  theory  of  parallel  displacement  of  tensor 
quantities,  leads  to  the  results  of  the  classical  theory  if  we  remain  within  the 
limits  of  the  linear  theory  of  elasticity.  If  we  retain  the  nonlinear  terms, 
however,  this  method  leads  instead  to  results  that  refine  the  classical  theory, 
as  shown  by  us  elsewhere  (Bibl,23a,  b).  We  shall  not  consider  the  nonlinear 
theory  here. 

We  will  now  discuss  the  connection  between  the  forces,  moments,  and  the 
quantities  T(*i  as  determined  by  eqs,  (20,4a)  -  (20,/(,c).  The  quantities 

j  “  1,  2)  are  connected  by  linear  relations  with  the  forces  and  ino- 
ments.  In  fact,  eq.(20#4a)  yields 


+/i 

-  kiZ){\—k^z)  (1  -  k^z)dz  — 

-h 

-  kj  J  zcH  ( 1  -  kiZ]  ( 1  -  k^z)  (1  -  k^z)  dz. 

-h 


(f) 


From  this  the  above-mentioned  relation  is  obtained. 

The  quantities  cannot  be  expressed  in  terms  of  the  forces  and  mo¬ 

ments,  This  also  applied  to  the  quantities  Tl") and  T("5 ,  We  note  that 
only  in  the  approximte  theory  which  contains  errors  that  permit  neglecting  all 
terms  of  the  order  of  hkj ,  are  the  quantities  and  proportional  to 

the  forces,  and  the  quantities  proportional  to  the  moments. 

All  the  above  again  leads  to  the  conclusion  that  the  approximate  replace¬ 
ment  of  the  stress  tensor  by  a  system  of  forces  and  moments  is  justified  only 
in  the  case  of  a  preliminaiy  introduction  of  simplifying  hypotheses  analogous 
to  those  of  Kirchhoff-Love,  For  this  reason,  various  generalizations  of  the 
classical  theory  involving  the  use  of  reduced  forces  and  moments  are  of  lim-  /l66 
ited  value.  In  particular,  the  nonlinear  theory  of  plates  and  shells,  con¬ 
structed  with  the  use  of  reduced  forces  and  moments,  contains  errors  that  de¬ 
crease  the  significance  of  the  introduction  of  the  nonlinear  terms. 
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2,  B:iuations  of  Bquilibritun  and  Motion 

The  shortcomings  connected  viith  the  description  of  the  stressed  state  of 
a  shell  element  by  a  system  of  forces  and  moments  are  especially  pronounced 
when  we  consider  the  equations  of  motion  or,  in  particular,  the  equations  of^ 
equilibrium  of  this  element.  We  recall  that  an  element  of  a  shell  has  a  finite 
dimension  in  the  direction  of  the  line  x?.  The  equations  of  motion  of  an  ele¬ 
ment  of  the  shell  in  the  classical  theory  are  set  up  as  the  equations  of  a 
rigid  body.  They  resxilt  from  the  theorem  on  the  motion  of  the  center  of  iner¬ 
tia  of  a  shell  element  and  the  theorem  on  the  variation  of  its  kinetic  moment. 
Clearly  such  an  approach  to  setting  up  the  equations  of  motion  is  based  on  the 
preliminary  application  of  one  of  two  methods  of  reduction  of  the  three- 
dimensional  problems  of  the  theory  of  elasticity  to  two-dimensional  problems; 
this  is  the  method  based  on  the  application  of  the  Kirchhoff-Love  hypotheses, or 
expansions  in  tensor  series  followed  by  elimination  of  the  deidvatives  Vs  , , , 

V3UJ ,  Essentially,  the  use  of  the  equations  of  motion  of  an  element  "as  a 
whole”,  by  defining  the  general  statement  of  the  reduction  problem,  permits  ex¬ 
clusion  of  eqs.(7.A.b)  and  (7.4d)  from  consideration.  We  have  mentioned  this 
fact  in  Sect, 7  and  in  the  subsequent  discussion. 

y-  shall  not  here  consider  all  the  classical  equations  of  motion  of  a 
shel  .  element,  but  rather  focus  our  attention  on  the  sixth  equation,  containing 
the  component  of  the  moment  of  external  forces  ,  referred  to  unit  area  of  the 
basic  surface  of  the  shell, 

Assimie  that  the  deformed  shell  is  referred  to  the  system  of  coordinates  x* , 
The  coordinate  lines  x^  and  on  the  deformed  basic  surface  coincide  with  its 
lines  of  curvature,  while  the  vector  03  of  the  coordinate  basis  is  directed 
along  the  normal  to  it,  and  is  equal,  modulo,  to  unity.  Then,  we  may  make  use 
of  eqs, (29,1a)  -  (29, 2f),  but  we  must  remember  that  all  the  quantities  entering 
into  them  relate  to  the  deformed  shell. 

Following  our  other  work  (Bibl.23a,  b),  we  shall  show  that  the  sixth  equa¬ 
tion  of  equilibrium  is  not  satisfied  if  the  component  of  the  principal  moment 

of  external  forces  does  not  vanish.  In  connection  with  the  vanishing  of  s 
and  M/2),3  in  these  formulas  (29.2c)  and  (29. 2f),  the  sixth  equation  of  equilib¬ 
rium  in^  the  system  of  coordinate  selected  by  us  has  the  following  form  (see 
Bibl.23a,  b); 


^22^12  "f"  [s  S22 

-  g2j,2,lV"g^l]  + 


Making  use  of  eqs, (29.1a)  -  (29,2f),  we  find 


=  —  M{i]\  —  —  V  ^22 


Si 


h, 

-hi 


zki)  (1  —  zk^Ydz\ 


(29.3) 
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(g) 
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(h) 


A. 


za^"-il~zk,}^il-zk,]dz; 


-A, 


'^(l)2=g'227'fl)  =  5'22K^Il  J  o'Ml  —^ki)  (I  —zk^ydz; 

-It, 

SnT'\2)  =  SitV g2z  J  =''^1  —  —zk^jdz. 

-A, 


(i) 

(k) 


In  these  equations,  h,  and  hg  are  the  distances  along  the  normal  from  the  de- 
formed  basic  surface  to  the  boundary  surfaces# 

Further,  let  us  use  eqs#(4.i!^): 

^11  ^^22  ^22^2*  ) 
Substituting  into  eq#(29#3)  the  relation  (g)  -  (t),  we  find 


]/* ^22  +  }/ ^11  +  [^ll^(l)2  V g22  ~  ^22^(2)!  gll] 

V  g 

h. 


-  g\lg22 


X(1 


J  zk^o'^  (1  —  Zki)  (1  —  zk^f  j*  ~ 

—hi  —hi 

hi 

-  Zk,]  + 1  a'5  (1  —  z/fe,)  (1  —  zk,Y  dz- ^  cl ^1-  zk,Y  X 


'X  (1  ~  dz 


-hi 


- to  11^22 


■hi 

A,  Aj 

2(1  -zA,)*(l  -zk^Ydz-^ci^X 

■hi  —hi 


n, 

I"" 


X  f  1  —zki)-[\  —  zk^f  dz 


eeeO. 


(m) 


Consequently,  eq,(29.3)  reduces  to  the  condition 

Af3  =  0.  (29. iV) 

Thus,  the  system  of  forces  and  moments  (29.1a)  -  (29. 2f)  reduced  to  the 
basic  surface,  cannot  balance  the  external  forces,  if  they  are  reduced  to  a  /l68 
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couple  lying  in  a  plane  parallel  to  the  plane  of  a  tangent  to  the  basic  sur¬ 
face-'-. 


We  shall  now  make  two  remarks  on  the  result. 

1.  We  have  used  a  special  selection  of  the  coordinate  system  connected^ 
with  the  deformed  shell.  However,  the  invariant  properties  of  tensor  equa-tions 
of  equilibrium  permit  us  to  assert  that  the  result  is  valid  in  any  system  (I, 
Sect. 6). 

Of  course,  if  the  choice  of  the  coordinate  system  is  arbitrary,  we  will 
not  obtain  eqs.(29.4).  But  in  this  case,  only  two  of  the  three  equations  of 
equilibrium  containing  moments  of  internal  forces  will  be  independent. 

2.  If  the  component  M®  vanishes,  then  the  sixth  equation  of  equilibrium  is 
satisfied  identically  only  on  the  basis  of  the  expressions  of  forces  and  mo¬ 
ments  (29.1a)  -  (29. 2f).  The  identical  satisfaction  of  this  equation  is  en¬ 
tirely  -unconnected  -with  the  relations  between  forces,  moments,  componen-ts  of 
the  strain  tensor  of  the  basic  surface,  and  the  tensor  of  variation  of  its  cur¬ 
vature  (Section  10)  resulting  from  Hookers  law.  For  this  reason,  the  identical 
satisfaction  of  the  sixth  equation  of  equilibrium  by  relations  resulting  from 
equations  approximately  expressing  Hookers  law  must  be  considered  only  as  an 
indication  that  the  approximation  adopted  can  in  fact  be  satisfied. 


Returning  to  the  introductory  remarks  on  the  equations  of  equilibrium  and 
the  motion  of  the  shell,  we  note  that  the  condition  (29.4)  imposed  on  the  ex¬ 
ternal  forces  reveals  the  insufficiency  of  the  description  of  the  stressed  state 
of  the  shell  by  a  system  of  forces  and  moments  reduced  to  the  basic  surface. 

This  insufficiency  has  no  effect  on  the  solutions  of  most  technical  problems  of 
the  shell  theory,  since  in  these  problems  the  condition  (29.4)  is  usually  satis¬ 
fied. 

Section  30.  Bidef  Survey  of  Recent  Results  of  Reducing  the 
Three-Dimensional  Problem  of  the  Theory  of 
FI  asticity  to  the  Two-Dimensional  Problem  of 
the  Theory  of  Shells 

In  conclusion,  let  us  give  a  characterization  of  the  results  obtained  in 
solving  the  reduction  problem  during  the  last  quarter  century.  Here,  we  will 
not  analyze  the  outstanding  work  by  F.Krauss  written  in  1929^  but  merely  re¬ 
mark  that  he  posed  the  problem  of  constrecting  a  statics  for  shells  that  did 
not  rely  on  the  Kirchhoff-Love  hypotheses. 


This  was  first  established  by  a  different  method  by  F.Krauss  in  his  paper 
Fundamental  Equations  of  Shell  Theory,  Math.  Ann.,  Vol.lOl,  1929.  This  proof 
was  mentioned  by  us  elsewhere  (Bibl.23a)  in  1938.  See  also  the  monograph  by 
V.Z. Vlasov  (Bibl.3a). 

-JHfr  See  preceding  footnote.  A  brief  analysis  of  Krauss»  investigations  will  be 
found  elsewhere  (Bibl.23b). 
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1.  Reduction  by  the  Use  of  Series,  Application  of  the  /169 

D^Alembert-Lagrange  Principle 

In  1938  -  1940  (Bibl,23a,  b)  one  version  of  the  analytic  statics  of  shells 
was  studied,  based  on  the  use  of  expansions  of  stress  and  strain  tensor  compon¬ 
ents  in  MacLaurin  tensor  series  in  powers  of  the  coordinate  x?  =  z.  This  meth¬ 
od,  with  the  necessary  general  equations,  is  given  at  the  beginning  of  this 
Chapter  for  dynamic  problems. 

The  reduction  method  based  on  the  expansion  of  the  wanted  quantity  in 
power  series  of  z  was  applied  to  problems  of  the  statics  of  shells  and  plates 
by  A.I.Lur^ye  in  1940  -  1942  (Bibl,25a,  b).  In  one  paper  (Bibl,25b),  he  stud¬ 
ied  the  equilibrium  of  a  plane  plate  and  showed  that  the  displacement  of  any 
point  of  the  plate  could  be  expressed  in  terms  of  certain  functions  detennined 
by  the  loads  on  the  faces  of  the  plate  (for  z  =  ±  h)  in  the  form  of  series  for 
which  the  form  of  the  n'^*^  term  was  established.  This  same  method  was  employed 
in  a  monograph  (Bibl,9b)  in  studying  the  equilibrium  of  a  plane  layer.  The  re¬ 
sults  were  obtained  by  the  symbolic  method.  The  work  of  A,I.Lur»ye  confirms 
the  significance  of  the  reduction  method  based  on  an  expansion  in  power  series 
of  z. 


We  find  the  idea  of  the  combined  use  of  the  general  equation  of  statics 
and  expansion  in  power  series  of  z  of  the  stress  and  strain  tensor  components, 
with  the  object  of  solving  the  reduction  problem  (Bibl,3a)^,  Here  the  hypoth¬ 
eses  of  Kirchhoff-Love  are  used,  and  the  shell  element  is  regarded  as  an  abso¬ 
lutely  rigid  body  with  six  degrees  of  freedom.  Clearly,  under  these  assump¬ 
tions,  the  application  of  the  general  equation  of  statics  introduces  no  substan¬ 
tially  new  elements  into  the  solution  of  the  problem  of  reducing  the  three- 
dimensional  problem  of  elasticity  theory  to  a  two-dimensional  problem,  and  as  a 
result  we  obtain  the  equations  of  the  classical  statics  of  shells. 

This  method  was  further  developed  by  Kh.M.Mushtary  and  I.G.Teregulov 
(Bibl,27)#  who  studied  the  reduction  problem  for  the  static  problem  in  nonlin¬ 
ear  formulation,  using  expansions  of  the  displacement  vector  components  in  se¬ 
ries  in  powers  of  the  variable  x?  =  z.  We  used  a  similar  device  in  the  linear 
formulation  in  Sect, 15  -  23,  when  we  investigated  the  problems  of  elastody- 
namics. 

The  general  equation  of  dynamics  (15.1)  holds  latent  possibilities  for  the 
development  of  a  reduction  theory.  Certain  applications  of  this  equation  to  the 
new  formulations  of  the  dynamic  boimdary  problems  of  shell  theory  have  already 
been  indicated  by  us  in  Sect,20K-^,  Of  course,  even  these  results  do  not  ex-  /170 
haust  all  the  facts  obtainable  from  eq,(l5.1). 


*  The  general  equation  of  dynamics  was  evidently  applied  by  A, Basset  to  con¬ 
struction  of  the  equations  of  the  classical  theory  of  shells,  for  cylindrtcal 
and  spherical  shells,  as  far  back  as  1890,  See  A.Love,  Mathematical  Theory  of 
Elasticity,  ONTI,  1935,  pp. 559-561. 

•sHi-  The  reader  will  find  several  data  on  the  development  of  Investigations  on 
the  reduction  problem  in  another  paper  (Bibl,26), 
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Methods  of  reduction  based  on  the  use  of  series  expansions  have  been  de¬ 
veloped  as  early  as  19/^2  by  Epstein,  Kennard,  and  others  who  studied  the  dy¬ 
namics  of  cylindrical  shells  and  were  apparently  unacquainted  with  the  work  of 
Soviet  scientists^.  Beginning  from  about  1948,  these  generalizations,  mainly 
of  the  dynamics  of  plates  and  shells,  became  widespread  everywhere.  The  cause 
of  this  new  interest  in  studies  which  certain  scientists  formerly  classified  as 
theoretical  investigations  without  practical  value,  was  the  need  to  establish  a 
dynamics  of  plates  and  shells  suitable  for  the  study  of  various  high-frequency 
vibrations  and  transients  of  dynamic  loading. 

It  must  be  mentioned  again  that  priority  in  the  development  of  the  gener¬ 
alizations  of  the  theory  of  plates  and  shells  belongs  to  Ukrainian  and  Soviet 
scientists**^'-. 

2.  The  ”Semi-Inverse’*  Method  of  Reduction 

During  the  last  decade,  a  new  trend  has  developed  in  the  methods  of  re¬ 
duction  of  the  three-dimensional  problems  of  the  theory  of  elasticity  to  the 
two-dimensional  problems  of  the  mechanics  of  plates  and  shells.  These  meth^s 
may  be  called  ”361111— inverse*',  since  their  distinctive  feature  is  the  prelimin¬ 
ary  determination  of  certain  components  of  the  stress  or  strain  tensor  by  cer¬ 
tain  functions  of  the  coordinate  x?  *■  z. 

In  chronological  order,  in  this  respect,  we  must  list  the  work  of  E.Reiss- 
ner  on  the  theory  of  equilibrium  of  thin  plates*HH^.  An  analysis  of  Reissner's 
work  and  its  possible  generalization  is  given  in  another  paper  (Bibl.20a). 
Reissner  expressed  components  of  that  part  of  the  stress  tensor  tangential  to 
the  middle  plane  by  linear  functions  of  the  coordinate  z,  and  detennined  the 
components  of  the  normal  part  from  the  equations  of  equilibrium,  finding  the 
indeterminate  elements  of  the  solution  from  the  conditions  on  the  boundary  sur¬ 
faces**-****-.  He  thus  obtained  a  solution  satisf3ring  the  conditions  of  equili- 


*  a)  P.S.I^stein,  On  the  Theory  of  Elastic  Vibrations  in  Plates  and  Shells,  J. 

Math,  and  Phys,,  Vol.  21,  194.2  „  .  -rA« 

b)  E.H, Kennard,  The  New  Approach  to  Shell  Theory;  Circular  Cylinders. lAM, 

Vol. 20,  No.l,  1953;  Cylindrical  Shells:  Energy,  Equilibrium,  Addenda  and  Erratum. 
lAM,  Vol, 22,  No.l,  1955;  Approximate  Ehergy  and  Equilibrium  Equations  for  Cyl¬ 
indrical  Shells.  lAM,  Vol.23,  No. 4,  1956;  A  Fresh  Test  of  the  Epstein  Equations 
for  Cylinders.  lAM,  Vol. 25,  No. 4,  1958.  See  also  USSR  Abstract  Journal  of  Me¬ 
chanics,  No, 2,  Abstract  No, 802,  1953 

■>**  The  generalized  equation  for  transverse  vibrations  of  rods  with  allo-wance^ 
for  the  effect  of  shear  and  inertia  of  rotation  was  found  by  S.P. Timoshenko  in 
]^q21-1922.  These  results  were  extended  to  the  theory  of  vibrations  of  plates 
by  Ya.S.Uflyand  in  his  paper  "Propagation  of  Waves  in  Transverse  Vibrations  of 
Rods  and  Plates”.  PMM,  Vol.XII,  No.3,  1948 

***  E.Reissner,  a)  On  the  Theory  of  Bending  of  Elastic  Plates.  J.  Math.  And 
Phys.,  Vol.XXIII,  1944.  b)  On  Bending  of  Elastic  Plates,  Quar,  Appl,  Math., 

Vol. 5,  No.l,  1947  ^  A.  ^ 

■sHHHt-  The  semi- inverse  method  of  constructing  the  stress  field  for  a  shell  oi 
arbitrary  configuration  was  given  by  A.Love,  Cf,  A, Love,  Mathematical  Theory 
of  Elasticity,  ONTI,  1935,  p»560 
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briiim  of  the  theory  of  elasticity,  and  boiindary  conditions  of  special  form  on 
the  boundary  surfaces  applying  the  Castigliano  principle,  satisfied  integrally 
Saint-Venant^s  compatibility  conditions,  and  derived  the  natural  boundary  con¬ 
ditions  on  the  contour  surface.  Thus,  here  the  semi -inverse  method  led  to  a 
rather  complete  and  convincing  analysis  of  the  question. 

The  semi -inverse  method  of  solving  the  reduction  problem  is  also  found  in 
the  work  of  S.A.AmbartsunQran  (Bibl.l6a-c),  and  A.A.Khachatryan  (Bibl.33). 

In  these  studies,  the  components  (i  »  1,  2)  of  the  stress  tensor  were 
first  expressed  by  the  product  of  a  certain  prescribed  function  f(z)  and  the 
f\mction  cpi  (xJ  )( j  «  1,  2)  which  had  to  be  determined.  The  component  was 
taken  as  zero#  The  function  f(z)  was  most  often  expressed  by  the  equation 

(a) 

More  general  forms  of  the  function  f(z)  were  also  considered. 

The  expressions  for  f(z)  similar  to  (a)^  as  well  as  the  condition  that 
shall  vanish,  do  not  permit  satisfaction  of  the  boundary  conditions  on  the 
boundary  surfaces,  except  for  the  case  when  there  is  no  load  on  them. 

The  displacement  vector  components  u*  (i  =  1,  2)  were  determined  from  the 
expressions  for  the  components  a*®  on  the  basis  of  Hookers  law  in  terms  of  the 
functions  f(z),  cpi  (x^  ),  and  the  derivatives  of  u®  with  respect  to  the  coordi¬ 
nates  x^ .  This  solved  the  problem  of  reduction,  and  the  further  formulation 
of  the  problem  proceeded  in  the  usual  context  of  shell  theory.  If  we  turn  to 
our  approximation  equations  (7»5a)  -  (7«5b),  it  will  be  noted  that,  including 
terms  with  the  factor  j  (z^  -  h^ ),  these  equations  also  contain  additional 

terms  depending  on  the  load  on  the  boundary  surfaces  and  permitting  satisfac¬ 
tion  of  the  boundary  conditions  on  them. 

The  relations  (7#5a)  -  (7»5b)  confirm  the  applicability  of  the  expression 
of  the  fimction  f(z)  by  the  equation  (a)  in  the  absence  of  loads  on  the  bound¬ 
ary  surfaces  of  the  shell.  Even  in  this  case,  however,  the  components  can¬ 
not  be  equated  to  zero. 

3.  Reduction  by  Determining  the  Coefficients  of  the  Exipansion  of  the  Dis¬ 
placement  Vector  GomponvOnt s  in  Series,  in  Special  Functions  of  the  z  Co¬ 
ordinate  /17^ 


I.N.Vekua  (Bibl.18)  formulated  the  boundaiy  problems  of  the  theory  of 
shells  of  variable  thickness,  solvable  by  calculating  the  coefficients  of  the 
expansion  of  the  elastic  displacement  components  in  series  in  Legendre  poly¬ 
nomials  of  the  coordinates  :xr  =  z.  The  content  of  Sect. 24  of  the  present  book 
also  belongs  to  this  trend. 

In  Sect.  24  we  gave  a  method  of  determining  the  coefficients  of  the  Fourier 
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expansions  of  displacement  vector  components  in  trigonometric  series  over  the 
segment  (-h,  +h)  of  a  normal  to  the  basic  surface  of  the  shell.  Here  vre  used 
the  general  equation  of  dynamics  (15*1 ),  Obviously,  this  general  equation  per¬ 
mits  the  construction  of  equations  for  determining  the  coefficients  of  the  ex¬ 
pansion  of  the  required  quantities  in  series  in  any  special  function,  and  to 
find  the  general  formulations  of  the  corresponding  boundary  problems, 

4.  Generalized  Formulations  of  the  Dynamic  Problems  of  the  Theory  of  Plates 
and  Shells 

In  the  last  decade,  a  new  direction  has  developed  in  the  dynamics  of 
plates  and  shells,  with  a  characteristic  departure  from  the  classical  formula¬ 
tion  of  the  corresponding  boimdary  problem  and  the  use  of  ref^ed  equations. 

The  problems  that  encouraged  the  development  of  this  line  of  investigation  were 
mentioned  in  Subsection  1  of  this  Section, 

We  shall  not  analyze  the  numerous  investigations  by  Soviet  and  foreign 
authors  in  this  field  of  applied  theory  of  elasticity.  These  studies  were^ 
characterized  by  the  desire  to  obtain  an  approximate  mathematical  description 
of  certain  restricted  classes  of  dynamic  processes  in  shells,  which  with  suffi¬ 
cient  accuracy  reflect  the  experimental  facts  and  the  conclusions  from  certain 
exact  solutions  of  three-dimensional  dynamic  problems. 

As  an  example  of  the  studies  belonging  to  this  trend,  we  might  cite  other 
authors  (Bibl,29,32)  who  used  the  method  given  by  us  (Bibl,23a,b)  and  extended 
it  to  the  dynamic  problem  of  the  theory  of  plates  and  cylindrical  shells.  The 
general  theoiy  of  shells  was  not  touched  in  these  studies*-.  The  work  of 
(Bibl,32)  derives  an  approximate  theory  of  wave  processes  in  plates  and  IYQ_ 
shells  which  satisfactorily  represents  the  experimental  results  and  the  con¬ 
clusions  from  the  solutions  of  three-dimensional  problems. 

Section  31,  Comparison  of  Various  Methods  of  Reduction 

In  conclusion,  we  shall  give  a  brief  comparison  of  the  various  methods  of 
reduction,  demanding  again  optimum  satisfaction  of  the  equations  of  the  mathe¬ 
matical  theory  of  elasticity  by  the  solutions  found  from  the  equations  of  shell 
theory. 

It  is  well  known  that  exact  solutions  of  the  boundary  problems  of  elas¬ 
ticity  theory  must  satisfy  the  equations  of  motion,  the  Saint-Venant  compati¬ 
bility  conditions,  the  relations  resulting  from  Hooke* s  law,  and  the  boundary 

*•  With  respect  to  the  work  of  (Bibl,29)  -we  must  make  two  statements, 

a)  It  is  impossible  to  construct  an  approximate  theory  ’'free  from  hypoth¬ 
eses",  since  any  method  of  formulating  an  approximate  theory  will  contain  some 
a  priori  postulate,  for  example  the  postulate  that  it  is  possible  to  base  the 
theory  on  a  finite  segment  of  a  Taylor  series  expressing  the  function  that  is 
to  be  determined.  Thus,  we  can  speak  only  of  the  relative  accuracy  of  an  ap¬ 
proximate  theory  advanced, 

b)  The  author  refers  to  the  work  by  Kennard  and  to  another  monograph 
(Bibl,3b),  ignoring  earlier  investigations,  although  the  method  given  there  is 
directly  connected  with  the  content  of  the  author*  s  own  work . 
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and  initial  conditions.  Let  us  now  consider  the  approximate  systems  of  equa¬ 
tions  of  the  dynamics  of  shells  proposed  by  us, 

1.  Equations  Obtained  by  Use  of  Expansion  in  Tensor  Series 

The  basis  of  discussion  here  is  the  series  expansion  of  the  displacement 
vector  components.  In  terms  of  the  coefficients  of  these  expansions  we  ex¬ 
press  the  coefficients  of  the  expansions  in  series  of  the  strain  and  stress 
tensor  components.  For  this  reason  we  satisfy:  a)  the  Saint- Venant  compati¬ 
bility  equations;  b)  Hookers  law;  c)  the  conditions  on  the  boundary  surfaces  of 
the  shell. 

The  equations  of  motions  are  satisfied  approximately,  since  we  used  them 
in  the  first  version  only  to  determine  the  coefficients  of  the  expansion  in 
tensor  series  of  the  displacement  vector  components,  and  subsequently  used  only 
finite  segments  of  these  series.  In  the  second  version,  vriiich  is  close  to  the 
classical  theory,  the  equations  of  motion  are  used  in  the  integral  form, 

2,  Equations  Resulting  from  the  D*Aleinbert-Lagrange  Principle 

By  analogy  to  the  preceding,  here  we  satisfy  the  Saint-Venant  compatibili¬ 
ty  conditions  and  Hookers  law.  The  conditions  on  the  boundaiy  surface  are  in¬ 
cluded  in  the  equations  of  motion.  The  equations  of  motion  are  satisfied  in¬ 
tegrally  and  approximately  in  consequence  of  the  restriction  of  the  number  of 
degrees  of  freedom  of  the  shell  in  the  direction  of  the  coordinates  3^  =  z. 

For  con5)arison,  we  recall  that  the  solutions  of  the  equations  of  the  /17ilt. 
statics  of  plates  given  by  E,Reissner  satisfy  the  equations  of  equilibrium  of 
the  theory  of  elasticity.  Hookers  law,  the  boundaiy  conditions  on  the  boundary 
surfaces  of  the  plate,  and  integrally  (approximately)  the  compatibility  condi¬ 
tions  (Bibl,20a), 

Consequently,  each  method  of  reduction  permits  us  to  find  only  an  approx¬ 
imate  solution  of  the  three-dimensional  problem  of  the  theory  of  elasticity, 
with  the  character  of  the  error  depending  substantially  on  the  reduction  meth¬ 
od,  There  is  no  method  of  reduction  that  does  not  involve  some  assiomptions  ex¬ 
pressed  in  geometrical  or  analytic  form. 
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CHAPTER  IV 


im. 


APPROXIMATELY  EQUIVALENT  SYSTEMS 
Section  I.  Introductory  Remarks 

The  question  of  reducing  the  three-dimensional  problem  of  the  theory  of 
elasticity  to  a  two-dimensional  problem  of  the  theory  of  shells  is  a  special 
case  of  the  more  general  problem  of  the  approximate  replacement  of  one  material 
system  by  another  which  is  close  to  the  first  one  by  some  definite  criterion. 

For  example,  in  reducing  the  three-dimensional  problem  of  the  theory  of 
elasticity  to  a  two-dimensional  problem,  we  replaced  the  three-dimensional 
elastic  continuum-shell  by  a  certain  medium,  having  the  properties  of  con¬ 
tinuity  in  two-dimensional  space  and  a  finite  number  of  degrees  of  freedcan  in 
t^e  third  dimension.  Thus  the  shell,  in  V.Z.Vlasov's  terminology,  is  a 
discrete— continuum  system  (Bibl.  3t>).  This  system  approximately  replaces  the 
three-dimensional  elastic  body.  Clearly,  the  problem  of  constructing  approxi¬ 
mately  equivalent  systems  is  considerably  broader  than  the  problem  of  reduc¬ 
tion. 


The  construction  of  approximately  equivalent  material  systems  is  related 
in  its  meaning  to  the  determination  of  a  system  of  functions  approximately  re¬ 
presenting  another  prescribed  system  of  functions.  For  this  reason  it  is 
natural  to  use  the  analytic  apparatus  of  the  theory  of  approximation  in  solving 
the  problem  of  constructing  approximately  equivalent  systems. 

In  this  Chapter  we  shall  consider  the  application  of  certain  methods  of 
the  theory  of  approximation  functions  to  the  finding  of  approximate  analytic 
statements  of  the  dynamic  boundary  problems  of  the  theory  of  shells. 

Section  2.  First  Method  of  Linear  Approximation  of  the  Components 
of  the  Stress  Tensor  and  the  Finite-Deformation  Tensor 

1.  On  the  Construction  of  an  Isotropic.  Approximately  Equivalent. 

Elastic  Body 

h 

In  the  theory  of  small  deformations  it  is  assumed  that  the  nonlinear  terms 
entering  into  the  composition  of  the  components  of  the  finite-deformation 
tensor  (II,  2.11)  can  be  neglected,  without  introducing  a  substantial  error  /I 76 
into  the  field  of  stresses. 

Here  we  shsill  consider  the  linear  approximation  of  the  components  of  the 
finite-deformation  tensor  by  the  components  of  the  small-deformation  tensor.^ 

Such  an  approximation  is  a  consequence  of  the  construction  of  an  elastic  medium 
approximately  representing  the  motion  of  the  corresponding  elements  of  the  body 
considered  in  the  initial  formulation  of  some  nonlinear  problem  of  elasto-^ 
dynamics,  by  the  motion  of  its  elements.  As  a  result  we  obtain  a  better  field 
of  stresses  than  in  the  theory  of  small  deformations. 
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Let  us  imagine  that  two  elastic  bodies  with  non-coinciding  elastic  con¬ 
stants  have^  in  the  undeformed  state,  the  same  geometrical  form  and  dimensions 
and  are  referred  to  identical  systems  of  Lagrangian  coordinates  *  Let  the 
deformed  state  of  the  first  body  be  characterized  by  the  finite-deformation 
tensor  ,  and  the  deformed  state  of  the  second  body  by  the  small-deformation 

tensor  ^  which  enters  into  the  linear  part  of  the  components  of  the 

tensor  Dj  ^  . 

¥e  shall  consider  these  bodies  as  approximately  equivalent  material  sys¬ 
tems  if  the  elastic  constants  of  the  second  body  are  such  that  they  satisfy  the 
condition  of  the  least-square  deviation  of  their  specific  potential  energies  of 
deformation  in  some  region  Q  of  variation  of  the  tensor  components  defined 

elsewhere  (II,  2.5).  We  recall  that  the  tensor  components  and  are  con¬ 
structed  from  the  tensor  components  as  we  have  shown  in  Chapter  II, 

The  points  of  the  region  Q  are  individualized  by  the  coordinates 

xik-='^ik.  (2.1) 


Consequently,  the  region  Cl  is  a  nine-dimensional  space.  Let  us  assume 
that  each  of  the  coordinates  varies  from  zero  to  some  positive  and  negative 
quantity  aij^,  which  may  be  selected,  for  example,  on  the  basis  of  the  require¬ 
ment  that  the  first  body  shall  have  no  plastic  deformations.  It  is  also  pos¬ 
sible  to  use  other  methods  for  selecting  the  quantities  aijc  ,  based  on  kinematic 
considerations  connected  with  the  restrictions  imposed  on  the  components  of 
determined  previously  (II,  2.7).  We  shall  make  use  of  the  kinematic  restric¬ 
tions  in  determining  the  boundaries  of  the  region  Q  in  the  following  subsec¬ 
tion,  but  here  we  will  use  the  condition  of  the  absence  of  plastic  deforma¬ 
tions. 

Let  us  assume  first  that  the  boundary  of  the  region  Q  is  known.  Making 
use  of  (II,  11.2a),  and  assuming  that  both  bodies  are  isotropic,  we  find  the 
specific  potential  energy  of  deformation  of  the  first  body: 


(2.2a) 

The  specific  potential  energy  of  the  second  body  is  expressed  similarly:  /177 


2ir>=  =  d- 


Making  use  of  eqs.(ll,  2.^),  (II,  2.6),  (ll,  2.11)  and  (2.1),  we  find 


^rs  2  ^sr)  '^ 


(2.2b} 


(2.3a) 
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(2.3b) 


and  after  elementary  transformations  we  obtain 


2n  =  X  +  2^g‘'g’’^Ziktrs  +  ^ 


[g'%s)  [g^'g^^’XrpXs^  + 


+  V  ig'^g’^’^rp^sj)' 
4 


+  2(. 


g‘'g>^^gJ^e,iX,j,X,y  + 


+  —  g‘'g'‘^g'’'^g’'’XimXp,X,pX,j 

4 


(2.4) 


Consider  the  integral 


/=  j [n*-w =  J  (y +  O’"  - 1^) - 

(2)  (2) 


-lx 

2 


(f  "£«)  {g^'g’^X.pX^j)  + 1  [g'^g^Px.pX.jY 


gi^gl^^gjPtikXrpXsj  +  1  g'''g^'g'”"g’^XimXkgXrpXsf 


dQ.  (2.5) 


(2.5) 


Let  us  find  the  elastic  components  X*  and  ij.<-  of  the  second  body  from  the 
condition  that  I  shall  be  minimum.  Eqiiating  the  derivatives  and  to 

zero,  we  obtain  the  following  system  of  linear  algebraic  equations 


4ji  (X*  —  X)  +  6,3  (ji»  —  ji)  =  6,. 


(2.6 


where 


*11  =  I  I  dQ;  6„  =  J 

(2)  (2) 

*«  =  J  g"g>‘^^ik^,,dQ  =  6„;  *«  =  2  j  dQ; 


*.  =  -r  J 

(2) 


(2) 


(5"£-^'’AVp-v)  +  -  {g^^g“>x,px,if  I  + 


(2.7a) 

(2.7b 

(2.7c) 
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,-f  2fi  ^  g‘'g’''g'"”g^'’x,„Xk^x,pXs^  dQ- 


I  !>•  (^"S„)  [g'^g^'PXrpX.j)  +  -J  (g'^gJ'PXrpXsjA  + 

a) 

+  Six  ^g-^g''-^g'^^^i,x,pX,j+  -  J  g‘^g’‘^g'>'"g^'’Xi„.x,,x,pX,yJjdQ. 


im 

(2.7c) 


(2.7d) 


It  can  be  shown  that  the  determinant  of  the  system  of  equations  (2.6)  is 
nonzero.  We  can  convince  ourselves  of  this  by  determining  the  elastic  con¬ 
stants  X*  and  M-*  from  the  system  (2.6). 

Since  the  linearization  performed  here  relates  to  the  stressed-strained 
state  of  one  of  the  elements  of  an  elastic  body,  i.e.,  since  it  is  local,  let 
us  introduce  a  local  Cartesian  rectilinear  system  of  coordinates  connected  with 
this  element.  In  this  system,  the  components  of  the  metric  tensor  are  ex¬ 
pressed  by  the  well-known  equations:  gn  =  l;gi,,  =  0;  (i^k). 

To  simplify  the  solution  of  this  problem  without  conflicting  with  its 
physical  content,  let  us  sxibstitute  for  the  region  of  integration  G  the  ex¬ 
tended  region  assiiming  that  each  of  the  nine  coordinates  Xjjj  varies  from 

-a  to  +a,  where  a  is  the  greatest  of  the  absolute  values  assumed  by  the  coor¬ 
dinates  xin  on  the  boundary  of  the  region  Q.  Under  this  condition,  the  re¬ 
gion  fj  will  be  included  in  Q*.  Let  us  find,  under  these  assumptions,  the  ex¬ 
pressions  for  the  coefficients  b^  and  bj  determined  by  eqs.(2.7a)  -  (2.7b). 

From  eq.(2.3a)  we  obtain 


3  3 


/«! 


i-1 


3  3 

grSgjPv  r  .  *  V  V  • 

6  S  ^rp^sj  = 


(2.8a) 


(2.8b) 


3  3  3 

i — y]  S  S 

3  3  3  3 

g‘'gX^g<l'”giPXimXi^XrpXsj  =  ^  ^  ^  ^  XijXpjXlgX^^. 

^=1 


(2.8o) 


(2.8d) 
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We  put 


Consequently, 


Xik 


=  (tlk  (i,  *=I,  2,  3); 


1  1 


Jl  ‘  *  *Ji 


1  1 


3  ..33 


J  J  ?«)*  S  E 


*  i  _  3  3 


"=Ti..i[?J, 


/m 


(2.9a) 


(2.9b) 


(2.9c) 


In  calculating  bj ,  all  terms  containing  odd  powers  of  the  variables  §ik 
must  be  excluded  in  advance,  since  the  limits  of  integration  are  symmetric.  We 
find 


3  3  3 

+  2l^ S  E  S ■  •‘^^3*; 


l-l  k-ij-l 


(2.10a) 


3  3  3 


/-I 


(2.1Clb) 


To  calculate  the  nine-fold  integrals  entering  into  the  expression  for  the 
coefficients  of  eqs.(2.6),  it  is  appropriate  to  use  approximation  formulas. 

The  analytic  properties  of  the  integral  expressions  are  very  simple  and  permit 
the  use  of  formulas  approximately  expressing  double  and  triple  integrals*. 

*  Cf.,  for  instance,  Sh.  Ye.  Mikeladze,  Numerical  Methods  of  Mathematical 
Analysis,  Gostekhizdat,  1953,  p.507. 
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Performing  the  calculations ^  we  find 


i’n  =  665,7a'3;  =  ^21  -  1 161,0a'3;  s  4847.0a'3; 

^  (732, 9X  +  561,2(1,)  a>'>;  fc,  ^  (2890, OX  +  2245, 0(i)  a'^ 

From  the  system  of  equations  (2.6)  we  obtain 

X*  =X(1  +a„a^)  +  IAa,2a^ 

{i*=Xa2ia^-f  I*-!!  +“22<^^)- 


where 

-  a„  r:^  0,1057,  0,0611, 

ttsi  0,5709,  <x^2  0,4485. 


(2.11a) 

(2.11b) 

(2.12a) 

(2.12b) 
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(2.13) 


The  terms  in  approximately  determine  the  effect  exerted  by  the  nonlin¬ 
ear  terms,  entering  into  the  components  of  the  finite-deformation  tensor,  on 
the  stress-tensor  components.  These  terms  are  equivalent  to  a  certain  increase 
in  the  Lame'  constants. 

We  note  that  in  the  case  of  the  variation  of  Xi,,  over  nonsymmetric  inter¬ 
vals,  terms  linear  in  a  would  enter  into  eqs. (2.12a)  -  (2.12b). 

Now,  on  the  basis  of  (ll,  4.5b),  we  can  write  the  following  relations: 


°ik  =  +  2(iD,;,  s  +  2{i*e^t 

(/,  k,  r,  s=l,  2.  3). 


Hence,  we  find 


or 


Da  = 


3X*  +  2[jt* 
3X  +  2n 


gikg' 


where 


3XM:^xV  p  = 

3X  +  2(1  /  (A 


(2.14) 


(2.15a) 


(2.15b) 


(2.15c) 


Equations  (2.1.4),  (2.15a)  -  (2.15c)  determine  the  required  linear  approx¬ 
imations  of  the  stress-tensor  components  and  of  the  finite-deformation  tensor. 
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Several  remarks  will  be  given  on  the  results.  In  tne  construction  of  an 
elastic  body,  approximately  equivalent  to  a  body  with  finite  deformations,  we 
assumed  that  the  body  to  be  constructed  was  isotropic.  If  we  abandon  this  as¬ 
sumption  it  would  be  possible  to  dispose  of  a  larger  number  of  elastic  con¬ 
stants  and  decrease  the  mean-square  deviation  of  the  specific  potential  en¬ 
ergy  n  from  the  potential  energy  il-K-  in  the  region  Q.  Consequently,  the  con¬ 
struction  of  a  body  approximately  epiiivalent  in  the  energetic  criterion  to  a^ 
body  with  finite  deformations  will  lead  to  the  consideration  of  an  anisotropic 
elastic  medium. 

2.  Connection  with  the  Theory  of  Optimum  Systems 

The  method  given  above  for  the  construction  of  an  elastic  body  which  is 
energetically  approximately  equivalent,  is  closely  related  in  meaning  to  the 
construction  of  what  is  called  an  optimum  system,  which  is  known  from  the 
theory  of  automatic  control*. 

In  certain  problems  connncted  with  the  theory  of  noise,  a  linear  func-  /l^ 
tion  is  separated  from  the  random  function  describing  a  dynamo  process  in¬ 
cluding  ’.irhite  noise.  This  separation  is  based  on  the  condition  of  the  minimum 
of  the  corresponding  mean-square  error. 

This  problem  is  analogous  to  the  above  problem,  which  leads  to  a  separa¬ 
tion  of  the  linear  functions  of  the  tensor  components  idk  components 

of  the  finite-deformation  tensor.  Here  we  have  in  mind  not  only  an  external 
similarity,  but  a  more  profound  analogy  of  problems  whose  physical  content  is 
different.  Indeed,  the  process  of  variation  of  the  stressed-s trained  state  of 
an  elastic  body  has  under  actual  conditions  a  random  character  and  belongs  in 
the  field  of  problems  studied  by  probability  methods  (Bibl.2b).  The  separation 
of  the  linear  part  of  the  stress  and  strain  tensor  components,  based  on  the 
requirement  of  a  minimum  of  the  corresponding  mean-square  deviation  of  the  po¬ 
tential  energies  U  and  H*  may,  in  this  connection,  be  regarded  as  a  practically 
justified  simplification  of  the  mathematical  description  of  a  complex  phenom¬ 
enon,  permitting  a  separation  of  the  "principal  parts"  of  the  quantities  under 
study. 

It  is  easy  to  establish  a  direct  correlation  between  the  above-described 
method  for  the  construction  of  a  system  approximately  equivalent  as  to  the 
energetic  criterion,  and  the  methods  of  probability.  This,  however,  would  go 
beyond  the  scope  of  the  present  investigation. 

3,  Determination  of  the  Parameter  a 

As  already  stated,  the  parameter  a  can  be  determined  from  various  physical 
requirements  imposed  on  the  components  of  the  tensors  and  . 

We  shall  start  out  from  the  Huber-Mlses  plasticity  condition.  According 
to  this  condition  and  to  the  connection  between  the  intensities  of  stresses 

*  Cf.  V.S.  Pugachev,  Theory  of  Random  Functions  and  its  Application  to  Prob¬ 
lems  of  Automatic  Control,  Chapter  16.  Fizmatgiz,  I960 
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and  those  of  the  strains,  let  the  region  of  elastic  deformations  of  the  mater- 
ial  be  determined  by  the  condition  imposed  on  the  intensity  of  the  deforma¬ 
tions.  This  condition,  in  the  Cartesian  system  of  rectangular  coordinates, 
has  the  follomng  formr-^^ 


y  (Dji  —  +  {£>„  —  ^33)2  +  (D33  —  Ai)^+6(Dj2+i^?3+^23) 


(2-16) 


where  A  is  a  certain  physical  constant^. 

To  determine  the  boundaries  of  the  region  let  us  set  all  the  coor-  /182 
dinates  ,  except  one,  as  equal  to  zero  and  then  let  us  find  the  values  of 
the  nonzero  coordinate  on  the  boundaries  of  the  elasticity  region  from 
eq.(2.16).  From  the  resultant  values  of  Ix^  let  us  select  the  greatest  and 
assume  that  a  is  equal  to  this  quantity.  Let 

Xii  0;  X12  =  . . . 

Then, 

~  D22 

Consequently, 

\xn\l  +  2\xn\^-AV2  =  0-,  \xn\^  =  V\  +  AV2- 1. 


Let  us  put  further 

Xj2  0;  Xii  —  X22  =  . . .  =  X32  =  0; 


'32 


=  0; 


...  —  D23  —  0; 


(a) 


(b) 


Then, 


^11  —  2  2  ^ 


12) 


=  D 


32 


0, 


From  eq.(2-l6),  we  find 


(e) 


^  Cf.  A. A. Iliyushin,  Plasticity,  Gostekhizdat,  19A.S;  L.M. Kachanov,  Foundations 
of  the  Theory  of  Plasticity,  Gostekhizdat,  1956. 

The  introduction  of  the  components  of  the  finite-deformation  tensor  into 
the  condition  (2.16)  is  controversial,  since  the  condition  (2.16)  belongs  to 
the  theory  of  small  elasto-plastic  deformations,  which,  in  particular,  is 
noted  in  the  book  by  R.Hill  ‘‘Mathematical  Theory  of  Plasticity’*.  The  trans¬ 
ition  in  the  conditions  (2.16)  to  the  components  of  the  small-deformation 
tensor  introduces  no  substantial  changes  in  the  conclusions  of  this  Subsection. 
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;c,2 1.1  +  3 1  11  -  2^1*  -  0;  1  la  = 


(f) 


Comparing  eqs.(c)  and  (f)  we  find  that  a  is  expressed  by  the  equations 

a  =  U.sl.  =  |/  |l/|/ l  + 


For  sufficiently  small  values  of  A  we  may  approximately  put 

a  s  j/"-!  A  =  OM  (2.17b) 


Of  course,  this  method  of  determining  the  region  is  not  perfect.  Es¬ 
sentially  we  have  confined  ourselves  to  the  results  of  "sounding''  the  region  Q 
only  in  the  direction  of  the  axes  of  the  multi -dimensional  coordinate  sys¬ 
tem  xik  and,  in  addition,  we  have  used  highly  simplified  concepts  as  to  the 
structure  of  the  region  Q.  The  method  of  "sounding"  used  here  does  not  re¬ 
flect  the  influence  of  the  components  of  the  antisymmetric  tensor  Ouj  on  the 
nonlinear  terms  contained  in  the  components  of  the  finite-deformation  ten 
sor  Div  .  We  have  likewise  considered  that  the  positive  and  negative  signs  for 
the  coordinates  Xik  were  equally  probable.  This  led  us,  in  particular  to  the 
conclusion  that  >  X  and  >  M-* 

These  conclusions  may  be  illustrated  by  an  elementary  one-dimensional  /IBJ 
jxample.  From  the  relation 


it  follows  that,  for  eii>  0,  >  E,  while  for  <  0,  E^i-  <  E,  and  that  the 

absolute  value  of  the  difference  E*  -  E  is  the  same  in  these  cases. ^However, 
in  approximation  on  the  symmetric  interval  of  the  potential  energy 
+  1  efif  by  the  energy  1  E*  we  get  the  resiilt  that  not  always  E*  E. 

The  one-dimensional  case  differs  from  the  others  precisely  in  that  all 
the  components  of  vanish  here.  This  confirms  the  conclusion  that  our  de¬ 
ductions  are  insufficient,  because  of  the  fact  that  they  are  based  on  a  simp¬ 
lified  concept  of  the  structure  of  the  region  Q  and  on  the  use  of  approxima¬ 
tion  over  the  symmetric  interval. 

These  shortcomings  may  prove  substantial  for  the  case  of  shells,  since 
considerable  displacements  and  rotations  of  the  elements  may  take  place  there, 
vri-thout  the  appearance  of  plastic  zones.  Let  us,  therefore,  consider  ^.axf- 
ferent  choice  of  independent  variables  and  replace  the  region  of  approjsamate 
representation  of  the  specific  potential  energy  of  finite  deformations  .i  by 
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the  specific  potential  energy  of  small  deformations  H*. 

Section  3«  Second  Method  of  Linear  Approximation  of  the  Components  of  the 
Stress  Tensor  and  of  the  Finite-Deformation  Tensor 

Let  us  return  to  eq.(ll,  9«1): 

^ik  —  ~  {^ir^kj  +  ^ir^kj  +  ^hp-'ir  +  ^ir^kj)  •  ( 

This  equation  shows  that  it  is  possible  to  utilize  the  nine  quantities  ejij 
and  fijit  directly  as  coordinates  of  the  region  Q.  There  is  no  need,  however, 
for  repeating  all  the  calculations  given  in  the  last  Section. 

Let  us  first  fix  the  components  >  considering  them  as  certain  param¬ 
eters.  This  is  eqxaivalent  to  a  separation,  in  the  nine-dimensional  space  Q, 
of  a  six-dimensional  space  of  deformations  UJ. 

To  calculate  the  integrals  on  the  right-hand  sides  of  eqs.(2.6),  it  is 
sufficient  to  consider  the  transformation  of  coordinates  according  to  the 
formulas 


Xih  —  2;*  -f" 


(3.1) 


Let 


a  =  max|e,*|2, 


(3.2) 


where  max  |ei^  is  the  greatest  absolute  magnitude,  among  the  set  of  val-  7164 
ues,  taken  by  the  component  on  the  boundary  of  the  region  w.  The  quanti¬ 
ty  a  is  determined  from  the  condition  (2.16).  Hereafter,  in  calculating  the 
integrals  entering  into  the  expressions  X-JS-  and  we  shall  consider  the  ex¬ 
tended  region  x'*  (Sect. 2)  determined  by  the  quantity  a. 

Let  us  now  put 


—  (3.3) 

The  variables  T|ik  may  vary  over  arbitrary  intervals  lying  within  the 
range  (-1,  +1). 

Bearing  in  mind  the  conclusions  of  our  study  of  approximation  over  a  sym¬ 
metric  range,  drawn  in  the  last  Section,  let  us  assume  that  all  the  quanti¬ 
ties  Tii^  vary  over  an  interval  (or,  B)  where  lol  and  [b]  are  proper  fractions. 
The  choice  of  the  total  range  of  variation  for  all  the  variables  Tji^  is  a  sub¬ 
stantial  simplification  of  the  problem.  In  performing  specific  calculations 
we  shall  most  often  assume  that  0=0,  3=1  or  0=  -1,  B  =  0.  However,  most 
of  the  conclusions  drawn  below  do  not  depend  on  the  values  of  o  and  p.  Let  us 
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return  to  eqs.(2.7a)  -  (2.7d)  and  (2.8a)  -  (2.8d)  in  order  to  find  new  expres¬ 
sions  for  the  coefficients  bij^  and  bj  of  eq3.(2.6).  Bearing  in  mind  eas.(3.3/> 
we  obtain  instead  of  eq.(2.8a) 

3  3  3 

==  a  y.  =£=  a’  J  S  •  (3.4) 

Eouations  (2.7a)  -  (2.7b)  now  take  the  folloi-ang  form; 


P  P  3 

=  y  ‘2'"  I  J  ’l-vj  d-nyi...dy] 


33) 


P  P  3  3  3 

^^12  =  *21  =  «“*  j  •  -dT) 


23) 


P  P  3  3 


*22  =  2^"’  I  I  (E  S 


a  a 


(3.5a) 


(3.5b) 


(3.5c) 


In  calculating  the  quantity  bj  let  us  make  use  of  the  variables  xi^  .  Ap¬ 
plying  eqs.(3.l),  (3.3)  and  making  use  of  eqs.(2.7c)  -  (2.7d),  we  find 


P  P  3 


^l=:_L^sJ  +  2{lfl>2)  *  —  ^^23)  (3*6a) 

a  o  ^ 

P  P  3  3 

J  J  (E  E  •  ■  •d’i22.  (3.6b) 


a  c 


From  eqs.(2.7c)  -  (2.7d),  (2.8a)  -  (2.8b),  and  (3-3)  we  obtain 


mi 


dh  =  {g^^g''PXrj,Xsj)  +  j  (g^^g>PX,pX,j)^  == 


3  3 


/-I  '  '  y=lfe  =  l 


3  3 


/•-i 


waere 


y-l k=l 


(3.7a) 


(3.7b) 
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^2  =  g'‘^g'’'g’'’^ikXrpX.j  +  J  g‘''g’’^g'^'"g'^XimX^,XrpX,j. 


(b) 


Calculating  the  summands  in  the  right-hand  side  of  eq.(b),  we  find,  on 
the  basis  of  eqs*(3*l),  after  several  transformations  and  after  proofs  that 
the  sums  linearly  containing  vanish^'-,  the  following 


3  3  3  3  3  3 

S'"g^^g^'^^ikXrpXsj  =  S  S  S  2  S  S  + 

S  E 

,-„I  k^J 


(3.7c) 


We  have,  further. 


3  3  3  3 

g^’'g^^g^^gjPXimXkgXrpX,  XijXkjXlqXpg  = 

i=l  A_1  j~\  q=\ 

-iiii  +4:khk  + 

/„1  ,1  <7^1  g^i 

3333  3333 

+2S  s  s  £  S  S'<.vs«=i.+ 

/^1  ,7™!  /=.!  <7-1 

^  E  S  E  E 

/..l 


(3.7d) 


*  The  triple  sms  entering  into  eq.(3.7c)  may  be  calculated,  for  example,  on 
the  basis  of  the  following  equation: 

3.  3  3 

/-I  A-1  y=i 

d”  “33  (-^31  d"  '^'32  “h  "^33)  d"  ('^11*^21  d“  '^12-^22 d"  x^^Xf^  d~ 


d~  2-23  (•^ll'^ai  d“  •^12'^32  d”  Xi^X^^)  -|-  2-25  (-^  21 -^31  d~  '^21''^32  d“  '^23'^3l)» 


Here,  of  course,  one  must  remember  that  the  quantities  e^y  are  symmetric  in 
the  indices  and  that  the  Qiy  are  antisymmetric- 
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From  the  transformations  leading  to  eq.(3*7d)  it  is  clear  that  the  sijm  /186 
of  terms  with  an  odd  dimension  relative  to  the  components  of  the  tensor 
must  vanish. 

Let  us  introduce  the  notation 


3 


(3-8a) 


Now,  bearing  in  mind  eqs.(3*3),  we  find 

3  3  3  3  3 

(I)^  =  ^  ^  S  Ij  1 

333  333  -2 

+“■£  £  £’i«'i«’i«+7'>'£  £  • 

/.I  = 


(3.8b) 


(3.9) 


The  right-hand  side  of  eq.(3.9)  can  be  represented  in  a  somewhat  different 
form.  Let  us  introduce  the  notation 


Then, 


3 

^  ^ 

3  3  3  3 

«I>,  =  C*  +  a  ^  ^  +  6a^  ^  + 

/=.lA  =  l 

3  3  3  3 

+<.'£2'»’i«+{«-i:£a- 

/-lA-1.  /=.!  *.=  1 


(3.10) 

'  /187 


(3.11) 
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From  eqs,  (3 •6a)  -  (3*6b),  (3»7a),  (3*9)  -  (3*11)  resiilt  the  follovdng  gen¬ 
eral  representations  of  the  quantities  bj  : 


^  |X  + 


+  2fi 


3  3 


d,oC=  +  »SS^«(  +  "P/a)  +  ^13"®  +  ^14"' 

•  /-I A-: 


h  =  jx  (C20^^  +  c,,A^a  +  +  2ii  p2o<^^+ 


3  3 


+  -1:1:  5/a  (Y/a  +  "^/a)  +  "^23"^  +  ^^24"^  ] }  • 

i-l  A_i  JJ 


(3.12a) 


(3.12b) 


In  these  equations,  the  coefficients  Ciy  ,  djk  ,  c^k  >  'Pik  }  Yik  2  ^ik  do  not 
depend  on  the  parameter  a  nor  the  components  of  the  tensor  f/ik  •  These  coef¬ 
ficients  are  expressed  by  the  following  sextuple  integrals  over  the  region  u), 
arithmetized  by  the  coordinates  Tit,,  • 
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^13 
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T  }j  H  S  ^20  ^  4^20; 


1  '  ^i^-Ak.-.i 


3  3  3  3 


rf..=  j(V^,l.)(^^^t„.,, ,)<(»; 


(3.13b) 


M  -'■’’  (<«,  >-■' 


(3.13c) 


f  ( Xi  S  ^  f  ( S  S 

ml  '  (,^1  v.=li.=I  ' 


(3.13d) 


Under  the  above  assumptions  as  to  the  variation  interval  ol  ,  we  have 


. . .  dio 


■  •  •  ^^11  •  ■  ■  ^^23- 


(3.U) 


V/e  still  have  to  determine  the  quantity  a.  Let  us  turn  again  to  the  con¬ 
dition  of  plasticity  (2.16),  replacing  in  it,  according  to  the  theory  of  small 
elasto-plastic  deformations,  the  components  of  the  finite-deformation  tensor 
by  the  components  of  the  small-deformation  tensor . 

The  boundary  of  the  plasticity  region  is  a  surface  of  the  second  order  in 
the  six-dimensional  space  of  quantities  .  Let  us  find  the  points^  of  inter¬ 
section  of  this  surface  i-jith  the  axes  ei^  and  let  us  find  \  Then,  ac¬ 
cording  to  eq.(3*2),  we  shall  find  CL, 


Let  us  put  first  en  ^0;  £22 
obtain 


j3  =  0.  Then,  from  eq.(2,l6). 


e  I  -A 

2~- 


Putting  £12  0  and  e-j,  -  ...  =  £23  -  C,  we  find 
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/I 

]/6  ■ 


/m 

(d) 


Comparing  eqs.(c)  and  (d),  we  conclude  that 


ac:i:0,7A  as  L+Jf, 


(3.15) 


where  E  is  Young* s  modulus,  v  is  Poisson* s  constant,  and  a,  is  the  yield 
point--. 

The  difference  between  the  value  of  a  found  here  and  that  found  in  the 
preceding  Section,  as  was  to  be  expected,  is  insignificant. 

If  we  retain  the  components  of  the  small-deformation  tensor  in  the  condi¬ 
tions  (2.16),  then  the  quantity  a  will  not  be  connected  with  the  quanti¬ 
ties'  .  These  values,  however,  are  still  restricted  by  certain  conditions, 
to  be  mentioned  below. 

Again,  eqs.(2.6)  permit  us  to  find  and  We  obtain 

X*  =  X(1  + 

P*  “  ^^21  +  ( 1  +  ^23)* 


where  the  quantities  are  functions  of  the  quantities  a,  a,  3  and 
antisymmetric  tensor  components  Qx^  .  The  form  of  these  functions  is 
mined  by  the  composition  of  the  coefficients  hx^  and  b^  . 

Since  in  and  m.-«-  there  enter  the  parameters  ,  which  depend 
known  components  of  the  displacement  vector,  the  formulas  (3 •16a)  -  (3*l6b) 
cannot  be  directly  used  for  substitution  into  eqs.(2.l4)  -  (2.15c).  To  con¬ 
struct  the  first  approximation  to  the  solution  of  the  nonlinear  problem  of  the 
theory  of  elasticity,  the  obtained  expressions  for  X-^-  and  must  be  averaged 
over  Qijc  ,  and  this  will  be  discussed  below. 

A  comparison  of  the  coefficients  bj ,  determined  by  eqs.(2.10a)  -  (2.10b) 
and  (3«12a)  -  (3 •12b),  shows  that  the  presence  of  finite  rotations  of  the  ele¬ 
ments  of  the  body  has  a  noticeable  effect  on  the  properties  of  the  approxima¬ 
tions  being  considered.  Of  importance  is  likewise  the  choice  of  the  inter¬ 
val  (u,  6).  At  certain  values  of  the  quantities  j  ^9  ^9  ‘the  right-hand 
sides  of  eqs.(2.6)  may  vanish,  while  at  other  values  of  these  quantities,  the 


(3.16a) 

(3.16b) 

of  the 
deter- 

on  un- 


See  the  above-cited  book  by  Il*yushkin,  pp. 98-100;  we  have 
whence  follows  eq.(3.l5). 


IL 

3G’ 
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functions  ki^  may  take  negative  values.  For  bi  =0,  obviously,  the  conven¬ 
tional  linearization  is  permissible,  consisting  in  a  substitution  of  the  tensor 
components  Djjf  by  the  tensor  components  . 

For  negative  values  of  the  functions  ,  there  is  a  local  diminution  of 
the  reduced  elastic  constants  and  u-"-  by  comparison  with  X^and  m>,  w’nich^is 
interpreted  as  a  local  decrease  in  the  rigidity  of  the  material.  For  posi¬ 
tive  Aiif,  the  rigidity  of  the  material  undergoes  an  apparent  increase.  Con¬ 
sequently,  the  nonlinearity  of  the  components  of  the  tensor  leads  to  ,A9,Q 
the  development  of  a  quasi-inhomogeneity  of  the  mechanical  properties  of  the 
material,  which  may  be  called  kinematic. 

Of  course,  the  above  statements  can  merely  be  regarded  as  certain  heuris¬ 
tic  conclusions  which  require  more  detailed  justification.  For  this  reason,  we 
shall  present  additional  explanations. 

1.  Preliminary  Selection  of  the  Region  of  Approximate  Representations  of  the 
Potential  Energy  11  by  the  Energy  Q-"- 

The  choice  of  the  region  ao  is  of  fundamental  significance.  This  is  known 
from  the  theory  of  approximation  functions  but  is  also  clear  from  the  preceding 
argument.  If  we  dispose  arbitrarily  of  the  quantities  u,  p  and  y  we  may 
evidently  impart  almost  any  desired  values  to  the  functions  and  reduce  the 
solution  of  the  problem  to  a  physical  absurdity. 

Concrete  problems  of  mechanics  disclose  relations  between  the  quanti- 
ties  ei„  and  Qiy  .  For  this  reason,  by  prescribing  the  interval  (a,  g)  over 
which  the  quantities  Cut  vary,  we  also  impose  certain  restrictions  on  the  re- 
gion  of  variation  of  the  quantities  •  The  difficulty  is  tnat  these  re¬ 
strictions  are  not  prescribed  in  advance  in  the  form  of  explicit  analytic  re¬ 
lations.  In  other  words,  there  exists  a  correlation  of  the  quantities^ e^k 
and  Wik  5  limits  of  variation  of  the ‘correlation  factor,  differing  from 

the  trivial  cases  of  zero  and  unity,  are  unknown-"-.  V/e  can  only  assert  that, 
as  the  region  of  variation  of  and  is  expanded,  the  probability  in¬ 
creases  for  points  corresponding  to  the  physical  relation  between  c^k  ^ik 

to  fall  within  this  region. 


The  reader  may  raise  the  question  whether  it  is  legitimate  to  introduce 
the  concept  of  correlation  here.  Indeed,  in  solving  concrete  boundary  prob¬ 
lems  of  the  elasticity  theory,  a  direct  connectivity  is ^ established  between 
the  values  of  and  Qik ^  i.e.,  in  this  case  the  coefficient  of  correlation 
is  unity.  But  the  very  essence  of  the  problem  of  approximation  under  consid¬ 
eration  here  is  precisely  that  this  approximation  does  not  rely  on  the  solu¬ 
tion  of  any  partial  problem.  Imagine  the  set  of  possible  deformed  states  of 
a  body  described  by  the  tensors  and  .  To  each  state  there  corresponds 
a  point  in  the  six-dimensional  region  of  the  quantity  and  the  three- 
dimensional  region  of  the  components  of  ^^ik  •  know  the  analytic 

connection  between  the  points  in  these  spaces,  tnen  tne  correlational  connect¬ 
ivity  comes  into  force.  The  coefficient  of  correlation  characterizes  the  prob¬ 
ability  of  the  physical  correspondence  of  point  A  of  the  first  space  to 
point  B  of  the  second  space. 
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On  the  basis  of  the  above  statements,  we  shall  not  consider  approximation 
over  an  arbitrarily  small  interval*  We  shall  instead  consider  a  finite  region 
in  the  six-dimensional  space  of  the  quantities  ,  bounded  by  the  condition: 


IP— a|>i.  (3.17) 

For  example,  as  stated  above,  let  us  put  p  =  1,  a  =  0  or  13  =  0,  a  =  -1,  /19I 

The  choice  of  a  sufficiently  wide  interval  of  variation  of  the  compon¬ 
ents  of  eliminates  the  need  for  establishing  an  exact  connectivity  be¬ 
tween  ejjj  and  . 

2.  Preliminary  Delimitation  of  the  Region  of  Variation  of  the  Quantities 


As  we  know  from  the  theory  of  deformation  of  thin  rods,  plates,  and 
shells,  finite  displacements  and  rotations  may  simultaneously  arise  in  their 
elements  under  small  deformations  .  As  already  mentioned,  there  is  a  cor¬ 
relation  between  the  quantities  and  .  Since  the  correlation  coefficient 

is  unknown,  a  region  of  variation  of  the  quantities  is  assigned  arbitrarily 
at  first;  for  example,  it  is  assumed  that  these  quantities  vary  from  zero  to  rb 
where  the  quantity  b  is  at  first  arbitrarily  prescribed.  Then  we  investigate 
1-'  and  M'-”'  at  various  values  of  lying  on  the  interval  (ua,  0a)  and  various 
values  of  ,  lying  on  the  interval  (-b,  +b).  The  value  of  the  parameter  b 
is  restricted  by  the  requirement  that  and  u--  shall  be  positive  and  by  the 
requirement  that  the  Poisson  constants  v"-  shall  be  included  in  the  inter¬ 
val  (0;  0.5). 

On  preliminary  determination  of  the  region  of  variation  of  the  quanti¬ 
ties  fzjk  j  experimental  data,  for  example  the  results  of  a  study  on 

the  deformation  of  shells  under  great  displacements  and  angles  of  rotation  in 
the  supercritical  stage. 

The  study  of  the  variation  of  and  m----  in  the  four-dimensional  region 
(aa.  Pa;  )  is  in  itself  a  means  of  the  qualitative  analysis  of  special  prob¬ 
lems. 

3 •  Determination  of  the  Mean  Values  of  X'''-  and 

Establishing  first  the  variational  region  of  the  com.ponents  ,  let 
us  average  the  quantities  X--  and  U’"'  in  this  region.  We  find 

X  •  — (3*18a.) 

\i  (3.18b) 
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This  averaging  may  be  done  with  the  weignt  )  iT  it  is  possible  to 

indicate  a  Tunction  pC^ik  )  on  the  basis  of  experiments  or  theoretical  con-  /122 

siderations.  Then,  eqs.(3*18a)  -  (3*lSb)  are  replaced  by  the  following: 


I 


I 


JA*  == 


P  (-/a) 

) _ 


2„dQ^,dQ,, 


(3.19a) 


(3.19b) 


By  a  chaagG  in  scalGj  thG  integrals  j  •.«  d-i'ik  can  always  be  reduced,  to 

(^^  ) 

integrals  mthin  limits  lying  inside  the  interval  (-1,  1). 

The  quantities  X-"-  and  p.-:?-  are  introduced  into  eqs.(2.1/+)  -  (2.15c),  and 
thereby  we  complete  the  solution  of  the  problem  of  linear  approximation,  in 
first  approximation. 

Section  3a.  Further  Development  of  the  Method  of  Linear  Approximation 

As  noted  in  Sect.  3,  the  determination  of  the  region  of  variation  of  the 
tensor  components,  over  which  the  approximate  representation  extends,  is  of 
fundamental  importance  in  performing  tne  approximation  of  components  of  the 
finite-deformation  tensor  by  components  of  the  small-def ormation  tensor. 

In  Sect. 3,  we  assumed  that  the  basic  region  was  a  six-dimensional  space 
mth  the  coordinates  ,  and  as  an  auxiliary  region  the  three-dimensional 
space  xvith  the  coordinates  .  We  shall  no^^r  supplement  the  above. 

If  we  know  in  advance,  from  the  conditions  of  the  problem,  that  certain 
components  of  the  tensor  e^k  Wik  zero,  then  the  number  ox  dimensions  of 

the  basic  and  auxiliary  regions  is  correspondingly  decreased.  This  clearly 
leads  to  obvious  changes  in  the  multiplicity  of  the  integrals  entering  into  the 
formulas  of  Sect. 3. 

We  assumed  that  all  the  quantities  eik  vary  over  the  total  interval 
(ua,  Pb).  On  the  basis  of  the  contents  of  Sect. 2,  we  may  consider^a  more  gen¬ 
eral  case,  individualizing  the  variational  interval  for  each  quantity  of  . 

£22,  £33,  £12,  £23,  and  esi  in  corre- 
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Let  us  place  the  components  e, ,  , 


spondence  with  the  numbers  1,  2,  3,  4,  5,  6.  Let  the  components  of  vary 
over  the  intervals  (aja^jf,  3janc)  where  the  symbols  j  correspond  to  pairs  of 
n^jnibers  i,  k  in  the  above -discussed  manner.  Instead  of  eqs.(3-3)  we  intro-  /193 
duce  the  relations 


(3a.l) 


The  transformation  of  the  basic  relations  described  in  Sect .3  is  obvious 
in  this  case,  and  we  will  not  repeat  them  here.  We  note  that  the  introduction 
of  individual  variational  integrals  of  the  components  of  is  possible  only 
in  those  special  cases  where  the  condition  of  the  problem  of  mechanics  permits 
such  individualization.  In  exactly  the  same  way,  separate  variational  inter¬ 
vals  of  the  components  of  the  antisymmetric  tensor  may  be  introduced. 

Let  us  continue  our  consideration  of  the  further  development  of  the  pro¬ 
posed  method.  Assume  that  we  have  solved  t}^  quasi-linear  dynamic  problem  of 
the  theory  of  elasticity  with  the  constants  X-x-  and  This  quasi-linear  solu¬ 

tion  gives  a  first  approximation  to  the  solution  of  the  nonlinear  problem  in 
displacements.  Then,  the  tensor  components  in  first  approximation,  will 

be  known  functions  of  the  coordinates  xj(j  =  1,  2,  3)  of  an  elastic  body  and  of 
the  time  t.  Returning  to  eqs.(3*16a)  -  (3.16b),  we  find  and  as  functions 
of  xJ  and  t.  Substituting  the  resultant  values  of  X--  and  M'-x-  into  eqs.(2.14) 
and  determining  the  tensor  components  from  the  first  approximation,  we  find 
the  first  approximation  for  the  field  of  stresses.  The  first  approximation  for 
the  stresses  will  contain  nonlinear  terms  depending  on  . 


On  the  basis  of  the  first  approximation,  the  total  variational  interval  of 
the  quantities  can  also  be  refined.  However,  a  considerable  decrease  in 
the  diameter  of  the  region  x-/'  may  lead  to  the  contradictions  mentioned  above. 

We  recall  nov;  that  the  linearization  of  the  components  of  0^^  still  does 
not  result  in  a  complete  linearization  of  the  equations  of  elastodynamics, 
since  other  sources  of  nonlinear  eq’uations  considered  in  Chapter  II  are  of 
considerable  significance  here.  In  this  connection,  we  must  again  investigate 
the  approximate  method  of  linearization  in  a  somewhat  more  complex  form,  and 
then  go  on  to  obtaining  further  approximation. 

Section  4.  Linearization  in  an  Element  of  the  Shell 

The  results  of  the  preceding  Sections  permit  an  approximate  elimination 
of  the  nonlinear  terms  entering  into  the  equations  expressing  Hooke's  law  on 
introduction  of  the  components  of  the  finite-deformation  tensor  into  these 
equations.  This,  however,  does  not  lead  to  linear  equations  of  motion  of  an 
element  of  the  shell,,  since  the  components  of  the  strain  tensor  enter  into  the 
expression  ^Gdx^  dx^ dx  for  the  volume  of  the  def^'^^med  element. 

We  are  now  confronted  by  the  following  alternative:  either  to  retain  the 
approximate  linear  expressions  (2.I4)  obtained  above  for  the  stress  tensor  /194 
components  connected  with  the  specific  energy  of  deformation  and  not  to  carry 
the  linearization  to  completion,  or  else  to  consider  the  quasi-specific  energy 
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of  deformation  determined  by  the  equation 


v=\{yG, 


(4.1) 


and,  by  introducing  variations  into  the  results  above,  obtain  a  coinplete  lin 
earization,  and  in  this  case  to  enter  into  formal  contradiction  with  the  well- 
known  energetic  principles  of  Hooke's  law. 

It  seems  permissible  to  make  use  of  9qs.(4«l)>  since  every  approximate 
solution  of  a  physical  problem  contains  errors  contradicting  the  exact  solu¬ 
tions. 

Consider  the  integral 

(L') 


Making  use  of  (II,  6.3)  and  retaining  in  the  integral  e:!q)ression  all  terms 
of  the  order  of  (ejit)^,  we  obtain 


g 


{g‘Sk? 


r 


dQ. 


(4.3) 


From  eqs.(2.3b),  it  follows  that 


Let  us  represent  I  in  expanded  form: 


/  ^  Vg  J  (1=^  -  X)  4-  g"g’’'^ik^r. 

I'-') 

■]- 


1  . 
—  /. 

2 


(a) 


- 1' 


g<'g'^^gjPt:^X,,X.j  +  -■  g‘'g’''^g‘>'”g’^XimXtgX,pXsj 
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lx 

9 


f  (.?"e«)  S‘'g”''S^^-aXrp^s/+  J  iL’‘"g''''^ik^rs)  {8‘’’g^'’XipX^j)  4- 


z, 


dO^. 


On  comparing  eqs.(4*4)  and  (2.5)  we  conclude  that  only  the  right 
sides  of  eq3.(2.6)  are  changed.  The  new  right-hand  sides  of  eqs.(2. 
the  follov/ing  form: 

^1  ~h  ^2  =  ^2  ”1“  ^2- 


It  is  clear  from  eq3.(4*4)  that  the  Cj  are  expressed  as  follows 


wnere 


■  r  mi  2^14^2)  dQ;  €2=^ 


—  f  i  .''■•Sc 


q.)  ,  rr-  p 


'rsJZ 


g'%s  +  ^-^g'"g’'’XrpXsj  -  —  - 

z  z  g 

(4.7^) 


'l'2  -■■  g‘^8''’%k^rs  +  g'^g’-'^g^^^ikXrpXsj  +  ~  {g‘'g'‘^^iU^rs)  X 


X  ig'”gJgXipXkj)+-  {g^^g’-'^u^rs)  - 


-  1 


As  above^  we  now  pass  to  a  local  system  of  rectangular  Cartesian 
nates,  taking 


gii  —  1 ;  gik~^  ^  ^)* 


(4-4) 

-hand  /195 
)  now  have 

(4.5) 

(4.6) 

(4.7a) 


(4.7b) 

coordi- 

(b) 


194 


To  transform  the  expression  q  ,  we  must  make  use  of  the  relations  employed 
in  transforming  the  expressions  for  and  $2  ii^  the  last  Section,  and  of  the 
formula 


^irp^ftsqg 


B-uB 
pg^ik^rs 


3  3 

y-i  *==1 


(4.8) 


vie  find 


C,  =  t  Tl,;j  +  21x^2)  dt», 

H 


(4.9a) 


(X4>1  +  d<u. 


(4.9b) 


where 


dm  —  dr][\...  dr\2Z‘ 


After  transformations,  and  Y2  take  the  following  form.:  A 9 6 


(S  "■'")  i  "  E  + i 2  S  E 


■f  Ws  v,..)  +  (v,„)(v  vs«,,.)]  +  »-fe%)) 

x(i;  s>.>)+-'[fi;'i«)(i:  sH“i(s  S’M  + 


^  'i.,1  '  ' 


(4.10”) 


By  analogy  to  eqs.  (3.12a)  -  (3.12b),  xve  obtain 

1 


(4.10a) 


(4.10b) 
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r,  = 


;.-I*-l  '-* 

X  [e,,a*A^  +  e,,a^  +  e,^a*)  +  2^.  ^fj,a^A*  + 

3  3 

+  a*V  V5,*0,*  +  /,3a^  +  /«a‘]l 

;-2ft-l  ''J 


(4.11a) 


(4.11b) 


The  coefficients  entering  into  these  formulas  are  expressed  by  the  follow¬ 
ing  sextuple  integrals : 


(4.12a) 
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(4.12b) 

(4.12c) 

(4.12d) 


As  in  Sect. 3)  we  may  substitute  in  relations  (4.9a)  -  (4.9b)  and  in  the 
resultant  expressions  (4.12a)  -  (4.12d) t 


In  some  cases,  as  noted  in  Sect. 3a,  the  intervals  of  variation  of  the  /2M 
variables  must  be  individualized.  Then, 


An  example  of  approximation  over  various  variational  intervals  of  Tli)j  is  given 
in  Sect. 6# 

Instead  of  eqs.(3*l6a)  -  (3-l6b)_,  we  obtain 
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~  1  -|-  Cn)  -}-  j.iCi2, 


(4.13a) 

(4.13b) 


*—  XC2\  M  (  I  +  C22)  . 


The  properties  of  the  coefficients  Ci^  are  analogous  to  those  of  the  co- 
efricients  in  eqs.(3*16a)  -  (3.16b)  considered  in  Sect. 3* 

We  give  below  an  example  illustrating  the  contents  of  Sect. 4* 

Section  5.  On  the  Relation  between  Linear  Approximation  of  the  Components  of 
the  Finite-Deformation  Tensor  and  the  Method  of  Equivalent  Linear¬ 
ization  and  the  Probability  Methods.  Further  St^^es  of  Successive 
Approximations 

The  above  method  of  linearization  for  the  stress  tensor  components  and  the 
finite-deformation  tensor  components  are  close  to  the  methods  of  eoui valent 
linearization,  which  we  know  from  the  nonlinear  mechanics  of  systems  with  a 
finite  number  of  degrees  of  freed om---. 

The  method  applied  above  is  also  closely  related  to  the  probability  method 
of  solving  the  problems  of  mechanics.  In  fact,  the  region  consisting  of  the 
regions  a;  and  in  which  the  approximation  is  performed,  is  the  region  of 
"probable  states"  of  an  elastic  body.  The  method  of  approximation  adopted  by 
us  is  equivalent  to  the  hypothesis  that  these  states  are  eq-uxprobable,  which 
only  approximately  corresponds  to  reality. 

In  investigating  narrow  classes  of  problems  of  the  mechanics  of  shells, 
one  must  bear  in  mind  the  results  of  experiments  permitting  us  to  construct 
functions  characterizing  the  probability  distribution  of  the  appearance  of  cer¬ 
tain  values  of  the  quantities  forming  the  regions  uj  and  Wo  .  'By  using  prob-  /199 
ability  distribution  curves,  we  must  introduce  functions  of  wteight  into  the  in¬ 
tegrals  I  of  the  preceding  Sections,  i.e.,  we  must  consider  the  weighted-square 
deviations.  The  quantities  entering  into  eqs.(3a.l)  are  i$pecial  forms  of 
the  weighting  functions. 

V/e  do  not  dispose  of  the  necessary  experimental  data  and  were  therefore 
compelled  to  abstain  from  the  use  of  weighted-square  deviations. 

In  the  development  of  Section  3  4  we  give  a  summary  of  the  first  stages 


Various  versions  of  the  method  of  equivalent  linearization  can  be  found  by 
the  reader  in  the  following  books:  N.N.Bogolyubov,  Yu.  A.  Tiitropol •  skiy. 
Asymptotic  Methods  in  the  Theory  of  Nonlinear  Vibrations,  Fizmatgiz,  1958; 
S.Krendell,  Random  Vibrations  of  Systems  with  Nonlinear  Restoring  Forces, 
Transactions  of  the  Symposium  on  Nonlinear  Vibrations,  Kiev,  1961;  Ya.G.Pan- 
ovko,  Action  of  Periodic  Impacts  on  a  Nonlinear  Elastic  System  with  One  Degree 
of  Freedom,  Trudy  In-ta  Fiziki  AN  Latv.  SSR,  No. 5,  1953 
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of  the  construction  of  approximate  solutions  for  the  nonlinear  Doundary  prob¬ 
lems  of  the  theory  of  shells,  based  on  the  use  of  the  linear  approximation 
method  of  the  components  of  the  finite-deformation  tensor. 

Let  us  consider  only  those  problems  in  which  the  nonlinearity  is  connected 
with  the  existence  of  finite  displacements  and  angles  of  rotation.  The  com¬ 
ponents  of  the  strain  tensor  ei^  will  be  regarded  as  quantities  small  in  com¬ 
parison  with  unity. 

Turning  to  the  general  equation  of  dynamics  (111,15.1),  we  note  that_the 
linear  approximation,  with  an  introduction  of  averaged  elastic  constants  A.'*'" 
and  JI-”-  considered  in  the  preceding  Sections,  makes  it  possible  to  linearize  the 
operators  entering  into  the  elementary  work  of  the  internal  forces  6,4.  The 
terms  expressing  the  work  of  the  body  and  surface  forces  and  of  the  inertia], 
forces  will,  as  before,  still  contain  nonlinear  summands.  But  these  nonlinear 
terras  will  not  contain  components  of  Dji,  but  will  depend  instead  on  the 
scalar  g^'^eik  if  we  disregard  all  the  second-order  terms  in  the  composition 
of  ,  which  after  multiplication  bj’-  the  inertial  forces  will  jrield  terras  with 
a  homogeneity  index  equal  to  three  with  respect  to  the  displacement  components 
and  their  derivatives."  If,  in  agreem.ent  with  most  investigators,  we  neglect  ■ 
the  influence  of  the  volumetric  expansion  gi>'eiit  virtual  work  of  the 

inertial  forces,  the  body  forces  and  the  surface  forces,  then  the  approximation 
ffiven  in  Sects. 3-6  will  permit  a  linearization  of  the  system  of  equations  of 
motion-*:-.  The  resultant  system,  in  accordance  with  Sects. 3~3a-,  will  be  denoted 
as  a  system  of  equations  of  first  approximation.  VJe  note  that  this  system  of 
equations  will  differ  from  the  systems  of  linear  equations  of  Chapter  III,  ob¬ 
tained  by  direct  rejection  of  all  nonlinear  terms.  The  difference  will  depend 
on  the  term  OfTik  g*"  ®  «  entering  into  the  composition  of  Djij  according  to 

eq.(2.15b). 

We  will  not  further  discuss  the  construction  of  this  system,  since  its 
method  of  derivation  does  not  differ  in  principle  from  that  discussed  in 
Chapter  III. 

After  deciding  to  linearize  the  boundary  problem  in  displacements,  we  will 
obtain  the  field  of  stresses,  making  use  of  eqs.(2.l6)  and  (4.13a)  -  (4-13b),  /200 
together  with  eqs.(2.6)  and  their  coefficients,  found  in  Sect. 3-4. 

As  already  noted  in  Sect. 3a,  the  resultant  expressions  for  the  stress  ten¬ 
sor  components  will  contain  nonlinear  terms  depending  on  the  components  of  the 
antisjrmmetric  tensor  .  Supplementing  our  remarks  in  Sect. 3a,  it  -will  be  re¬ 
called  that  the  expressions  for  and  in  Sects. 2  -  4  were  obtained  in  a 
local  Cartesian  coordinate  system.  For  this  reason,  in  considering  the  field 
of  stresses,  we  must  transform,  the  components  of  I'hk  iato  the  local  Cartesian 
system  of  coordinates,  and  only  then  determine  the  quantities  of  and  p* 


•*:•  The  terms  of  the  order  of  eju  and  of  higher  orders  in  the  expression  for  the 
virtual  work  of  the  forces  of  inertia  and  the  living  forces  are  neglected  in 
the  equations  of  the  monograph  (Bibl.l2).  Returning  to  the  questions  consid¬ 
ered  here,  we  note  that  the  approximation  given  in  Sect. 3  can  be  applied  in 
this  case. 
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As  a  resixLt,  vre  obtain  the  first  approximation  for  the  stress  tensor  com¬ 
ponents.  To  obtain  the  second  approxamation,  let  us  substitute  into  eqs.(2.l4) 
the  values  of  X.<-  and  found  from  the  first  approximation.  We  recall  that 
these  values  for  and  in  the  problems  of  shell  mechanics  are  functions  of 
the  coordinates  xi  of  the  points  of  its  basic  surface  and  also  of  the  z  coor¬ 
dinates.  W^ien  substituting,  in  the  variational  equation,  all  nonlinear  terras 
which  had  been  neglected  in  obtaining  the  first  approximation,  by  quantities 
found  from  the  solutions  of  the  equations  of  first  approximation,  we  obtain  the 
system  of  linear  equations  of  second  approximation.  Such  a  system  of  linear 
equations  will  have  variable  coefficients.  This  complicates  the  solution  of 
the  problems,  but,  evidently  permits  a  qualitative  analysis  of  the  solutions 
of  the  nonlinear  problem,  that  is  more  profound  than  an  analysis  based  on  the 
equations  of  second  approximation  obtained  by  the  ordinary  methods  of  the  elas¬ 
ticity  theory.  An  example  of  these  methods  is  the  use  of  the  nonlinear  Lame' 
equations  (II,  7.5a)  -  (II,  7.5b),  where  additional  body  forces  5.^  are  deter¬ 
mined  from  the  first  approximation.  We  have  already  noted  the  disadvantages  of 
such  methods  (ll.  Sect. 8). 

To  facilitate  the  introduction  of  the  methods  considered  in  Sects. 3-4,  we 
present  an  illustrative  example  in  the  following  Section-"*-.  This  example  will 
also  permit  us  to  supplement  the  general  characterization  of  the  significance 
of  the  method. 

Section  6.  On  Axisvmmetric  Deformations  and  the  Elastic  Stability  of  a  Cir¬ 
cular  Tube  Sub.iected  to  the  Action  of  Longitudinal  Compressive 
Forces 


The  heading  of  this  Section  coincides  with  the  title  of  another  work 
(Bibl.23d).  Here  we  make  use  of  certain  results  of  that  paper,  with  the  ob¬ 
ject  of  their  further  development  on  the  basis  of  the  method  given  in  Sects. 3-4. 
At  the  same  time,  the  method  of  approximation  under  consideration  is  given  /201 
an  elementary  illustration,  showing  its  promise. 

We  consider  the  well-known  problem  of  the  stability  of  a  circular  cylin¬ 
drical  tube,  compressed  by  longitudinal  forces  uniformly  distributed  along  the 
contour  of  the  basic  (middle)  surface  in  the  face  sections  of  the  cylinder. 

We  shall  study  only  the  case  of  axisymmetric  deformations,  although  the 
experimental  and  theoretical  results  obtained  in  the  last  15  years  convincingly 
prove  the  significance  not  of  purely  axisymmetric  deformations,  but  of  deforma¬ 
tions  with  a  cyclic  symmetry  about  the  axis  (Bibl.4,  10).  The  assimiption  of 
the  possible  existence,  in  this  case,  of  axisymmetric  forms  of  deformation  in 
the  transcritical  stage  is  likewise  confirmed  by  experiments  described  in  older 
reports.  Evidently,  in  this  work  relatively  thick  shells  were  investigated, 
and  the  symmetric  forms  of  deformation  were  accompanied  by  stresses  exceeding 
the  yield  point  of  the  material-'H!-.  Thus,  we  shall  confine  ourselves  to  a  con- 

This  example  cannot  be  the  object  of  the  studies  in  Sects. 3-4,  since  the 
extreme  simplicity  of  the  problem  admits  many  more  solutions  than  that  given 
below. 

-iHs-Cf.  I.V.Gekkeler,  Statics  of  an  Elastic  Body,  ONTI,  1934,  pp. 271-276,* 

S.P. Timoshenko,  Stability  of  Elastic  Systems,  OGIZ,  1946,  pp. 388-392 
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sideration  of  the  axisymmetric  deformations  of  a  closed  circ\ilar  cylindrical 
shell.  Following  the  notation  adopted  earlier  (Bibl.23d),  we  put 


jc*  =  x;  =  s;  x^  ^  z, 


(6.1) 


where  the' coordinate  x  is  the  distance  from  one  of  the  face  contcurs  of  the  un— 
deformed  middle  surface  measured  along  the  generatrix,  and  s  is  the  length  of 
arc  of  the  directrix  measured  from  some  initial  point,  while  the  z  coordinate 
is  measured  along  a  normal  to  the  undeformed  middle  surface  in  the  direction 
toward  the  axis  of  the  tube.  In  longal  coordinates  (6.1)  on  the  undeformed 
middle  surface,  we  have 

=  =  g/*  =  0  (6.2) 

Making  use  of  the  method  of  successive  approximations  given  in  (III, 

Sects. 9-  10),  we  confine  ourselves  here  to  the  first  approximation.  According¬ 
ly,  we  put 


a,  +  a,  =  w zpf’i;  Ui  —  w-\-zw^'\ 


(6.3) 


where  u,  v,  w  are  the  displacement  vector  components  of  a  point  of  the  middle 
surface  of  the  shell. 

As  we  know  from  Chapter  III,  the  expression  (6.3)  corresponds  in  accuracy 
to  the  reduction  formulas  resulting  from  the  Kirchhoff-Love  hypotheses.  An  in¬ 
crease  in  the  accuracy  of  reduction  is  not  necessary  since  this  example  only 
has  an  illustrative  purpose. 

In  axisymmetric  deformations,  the  displacement  vector  components  of  a  /,20,2 
point  of  the  middle  surface  are  expressed  as  follows: 

u  —  u{x)\  r  =  0;  w  —  w{x).  (a) 

Using  (111,9.1),  (III,  9.2),  we  find 

■yW  =  0;  «)<•> 
dx 

where  k  =  R”^  is  the  curvature  of  a  section  of  the  middle  siarface  normal  to  its 
generatrix.  At  the  accuracy  for  constructing  the  equations  adopted  by  us, 
these  same  relations  are  equivalent  to  the  conditions 


X  +  2ii  \dx 


(6.4) 
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(6.5) 


'31 


^23  - 


'33 


Using  (III,  10.1a)  -  (ill,  10o3c),  we  find 


e 


11  — 


da  d}w 

dx  dx~ 


e^2^0. 


6.6) 


If  we  remain  within  the  limits  of  the  accuracy  adopted  by  us,  then  we  may 
approximately  pub 


e 


33 


X 

X  2[i 


(^11 4~  "22)* 


(6.7) 


Thus,  of  the  six  strain  tensor  components,  three  vanish  in  this  case,  and 
the  component  ess,  neglecting  the  summands  of  order  z  in  its  composition,  is 
expressed  in  terms  of  e^j  and  £22* 

Consequently,  the  linear  approximation  of  the  components  of  the  finite- 
deformation  tensor,  in  the  problem  under  consideration,  must  be  performed  in 
the  two-dimensional  space  of  the  quantities  e,  and  £22.  Of  course,  the  re¬ 
striction  in  the  number  of  space  dimensions  of  possible  deformations  was  ob¬ 
tained  here  as  a  result  of  very  gross  simplifications.  We  have  given  above  the 
motivation  for  this  approach  to  the  problem. 

On  the  basis  of  eqs.(6.3)i  find 


o  — o  — 0*  _ 


dx 


(6.8a) 


or,  hearing  in  mind  eqs.(6.4), 

dw 


a.31  — 


dx 


2  X  +  2i.. 


d^u  ,  div 
- k 


dx^^ 


dx 


(6.8b) 


Hereafter  we  shall  consider  only  the  mean  value  of  iiQi  over  the  thick¬ 
ness  of  the  shell,  expressed  by  the  form.ula 


dw 

dx 


(6.9) 


From  eq.(3.Vb),  wo  find 


Ml 

(6.10) 
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Equations  (3-8a)  -  (3*Sb)  yield 

(6.11a) 

The  other  functions  vanish.  Further, 

c*=^f23.r  (6.11b) 

Using  eqs. (3.12a)  “  (3.12b),  (4.11a)  —  (4.11b),  and  (6.10)  —  (6.11b),  W3 

find 

X*  =  X  -f  Xc-*  (23,)^  +  OTiiC  (Ss,)*  4-  (Q3,)»  +  nii^a^  + 

4*  \  4"  (^31  4“  (“^3i)*4*  ^12^*  (^3l)*  4~  ^13^^ 

[i*  =  ^  4-  Xa-®  [OTjo  (2„)<  4-  7712,0  (23, )2  4-  777220*  (23,)*  4*  777, 30*  4* 

4~  ^^24^^14"P'^  ”*  [^20  (^31)^  4“  ^21^  (^31)*  4“  ^22^^  (^31)*  4“  ^23®^  ”1~  ^24^^]- 


(6.12a) 

(6.12b) 


The  quantities  and  determine  the  reqxiired  linear  approximation  in 
the  special  case  under  consideration. 

In  calculating  the  coefficients  mj,,  and  njk  ,  eqs. (3.13a)  -  (3.13d) 
and  (4.12a)  -  (4.12d)  must  be  used,  bearing  in  mind  eqs. (6. 5)  -  (6.7)  and  pass¬ 
ing  into  the  two-dimensional  region  of  integration  according  to  the  indications 
given  in  Sect. 3a. 

The  radial  displacements  w  of  the  middle  surface  establish  a  field  of 
flexural  stresses.  Therefore,  the  shell  is  divided  into  two  zones  oyer  its 
thickness,  a  zone  in  which  the  tensile  stresses  dominate  and  a  zone  in  which 
the  compressive  stresses  dominate.  In  the  zone  of  tensile  stresses,  the 
variable  in  the  integrals  (3.13a)  -  (3.13d)  and  (4.12a)  -  (4.l2d)  varies 
over  the  interval  (0,1).  In  the  zone  of  compressive  stresses,  this  variable 
varies  over  the  interval  (—1,0).  We  assume  that  the  variable  Tfjgj  correspond¬ 
ing  to  the  component  &zz  of  the  strain  tensor,  varies  over  the  symmetric  inter¬ 
val  (-1,1). 


The  nijmerical  values  of  the  coefficients  mi,5  and  nj^j  here  depend  on  X 
and  p.  This  relation  is  due  to  the  fact  that  633  is  expressed  in  terms  of 
and  €22  by  eq.(6.7).  Consequently, 


^33  - 


X 

X4-2p 


(tll4-t2l). 
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The  ratio  X:  (X  +  2^^)  is  independent  of  Young^s  modulus  E,  but  depends 
only  on  Poisson^s  constant  v.  Table  1  shows  the  physical  constants  and  para¬ 
meters  a  for  steel,  aluminum,  and  duralumin.  V/e  have  assimied  that  the  con¬ 
stants  V  for  these  materials  are  the  same,  and  therefore  the  coefficients 
and  njk  for  these  materials,  shown  in  Table  2,  are  also  the  same.  /2OU 

TABLE  1 


No- 

Material  ^ 

£-\0-\ 

bar 

V 

1 

‘>8'' 

I  4-  » 

as -  0, 

£  ^ 

a— 

1 

STEEL  SOKhGSA  .  . 

2.1 

0.3 

12700 

0,805-10-® 

1.54 

2 

ALUMINUM  AMG  .  . 

0.68 

0.3 

2060 

0.396- 10-® 

6.38 

3 

DURALUMIN  D17  . 

0.70 

0,3 

1  2350 

0,439.  lO^-^ 

5,19 

1 

TABLE  2 


^ik 

/ 

1 

0 

i(±) 

2 

3(±) 

4 

0 

l(±) 

2 

3(±) 

4 

1 

-0,626 

'  2,67 

9.07 

2,99 

1,51 

-0,0393 

-0.703 

13,0 

6.06 

-0,812 

0,542 

-0,0430 

-0,792 

-0,0895 

0,101 

0.0341 

0,180 

-0,827 

-0,129 

0,0929 

In  the  columns  with  a  (±)  sign,  the  numerical  values  of  the  coefficients 
are  given  for  the  region  of  tension.  In  the  region  of  compression  these  co¬ 
efficients  have  the  opposite  sign. 

It  will  be  seen  from  eqs. (6.12a)  -  (6.12b)  that  the  quantities  X-^  and 
in  the  zone  of  tensile  stresses  are  always  greater,  respectively,  than  X  and  ijl. 
In  the  zone  of  compressive  stresses  this  increase  of  X-k-  and  over  X  and  m.  may 
also  occur,  but  the  differences  X-J?*  -  X  and  -  p.  are  smaller  than  in  the  first 
;one,  since  the  quantities  in  odd  powers  of  the  parameter  a  are  negative. 

If  the  parameter  a  and  the  components  of  are  such  that  the  trinomials 


in  the  zone  of  compression  are  negative,  then  in  this  zone  the  differences  X-J^-X 
and  may  also  be  negative. 
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In  any  case^  relations  (6.12a)  —  (6.12b)  show  that  the  presence  of  non¬ 
linear  terms  among  the  strain  tensor  components  strengthens  the  asymmetry 
in  the  distribution  of  stresses  over  the  thickness  of  the  shell,  in  connection 
with  the  appearance  of  radial  displacements  w.  In  the  zone  of  tension,  the 
stresses  increase  more  rapidly  than  would  follow  from  the  linear  theory,  while 
in  the  zone  of  compression  they  increase  more  slowly. 

In  this  connection,  the  stresses  in  the  tensile  zone  reach  the  yield 
point  earlier  than  in  the  compressive  zone,  the  material  of  the  shell  in  the 
tensile  zone  loses  its  load-carr^/ing  capacity,  and  the  active  load  is  trans-^ 
mibted  to  the  material  in  the  initial  zone  of  compression.  Of  course,  in  this 
case  there  is  a  redistribution  of  stresses,  and  the  very  concept  of  initial 
zone  of  compression  loses  its  meaning.  Z225. 

To  obtain  a  quantitative  evaluation  of  the  effect  of  nonlinearity  on  the 
deformation  process,  let  us  use  one  of  the  solutions  of  the  problem  in  its 
linear  postulation,  given  earlier  (Bibl,23d). 

Consider  the  case  of  the  equilibrium  of  a  tube  freely  resting  on  the  face 
contours  of  the  middle  surface*.  The  function  w(x)  in  this  case  is  defined  in 
the  following  manner 


00 

1 


sin 


{2n+\)nx 

I 


Here,  R  and  -t  are,  respectively,  the  radius  and  length  of  the  tube,  and 
D  and  3  are  expressed  by  the  formulas 


2£A»  _  2Eh 

3(1— v«)’  ^  R*  ’ 


(6.14a) 


where  E  is  Young’s  modulus,  v  Poisson's  constant,  and  E  and  v  are  connected 
viith  the  Lame  constants  by  the  relations  (II,  4.2a)  -  (II,  4.2b).  The  force 
compressing  the  tube  is  denoted  by  T.  We  shall  now  make  a  statement  of  sub¬ 
stantial  importance  for  what  follows. 

The  parameter  t  in  eq.(6.13)  may  also  be  understood  as  a  quantity  con¬ 
nected  with  the  length  of  the  tube  by  the  relation 

'  (6.14b) 


where  k  is  a  whole  number.  In  this  case,  the  function  w(x)  determined  by 
eq.(6.13)  will  satisfy  the  boundary  conditions  and  the  fundamental  differential 

*  Freely  resting  is  considered  by  us  as  eqxiivalent  to  hingedly  resting. 

^  Cf.  [Bibl.23d,  eq.(2.3)]. 
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equation  of  the  problem,  since  that  equation  does  not  contain  the  parameter  t 
(Bibl,23d).  Thus,  we  have  the  right  to  attribute  to  the  parameter  I  a  definite 
meaning  predetermining  the  solution  (6.13)*  We  shall  give  this  predetermina¬ 
tion  below. 

The  critical  value  of  T  [the  upper  critical  value  according  to  conven¬ 
tional  terminology  (Bibl.4,  10)]  satisfies  the  equation 


{2n  +  1 -  TtzH^  (2/t  +  1  )2  +  =  0.  (6.15) 


It  can  be  established  that  the  minimimi  critical  value  T  corresponds  to 
the  following  approximate  relation; 


Iji^  |/  -p- • 


(6.16) 


Under  condition  (6.16),  we  find  from  eq.(6.15)  the  well-known  formula  /2Q6 


T 


cr 


_ ^ 

|/3Ti  -^)  R  ‘ 


(6.17) 


Using  eq.(6.15)  and  relation  (6.16),  we  find  the  following  approximate  express¬ 
ion  for  w(x) : 

4v(/?/z)i  A  1 
'ic^  — - ’  Sin 

l3(l-v^)lU  W  (6.18) 

T 


The  term  retained  here  determines  w(x)  for  a  half-wave  corresponding  to 
the  principal  form  of  loss  of  stability.  Therefore,  -t  is  here  not  the  total 
length  of  the  tube  but  the  length  of  a  half-wave.  This  length  is  indetermin¬ 
ate.  For  its  determination  we  must  use  experimental  data. 

Making  use  of  eq.(6.9),  we  find  from  eq.(6.18): 


4v 


[3(l-v*)]i  /  T„_ 
T 


[3(1  -v*)]5 
cos  — ^ X. 
(Rh)'<‘ 


Putting  V  =  0.3,  we  obtain 


<•>„  £3  —  0,727  — - - —  cos 

I  T„_^ 


(6.19a) 


(6.19b) 
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We 


now  also  give  expressions  for  IQj,  |,ax5  )m«xi  and  (Q3i)Ba 


»J„L,v=  0.727  - ; 


(6.20a) 


•31  Imax 


/ 


T 


(0)2 


•523(7) 


A\2  1 


Lcr_i 

r 


i;  ('-^))Lx  =  o 


,2?3(|) 


h\*  1 


-) 


/Zjt 

V  ^  ^  (6.20b) 


_Equation  (6.20a)  determines  the  limits  of  variation  of  r^i.  To  deter¬ 
mine  Xii-  and  M--!?-,  according  to  eqs.(3.1Sa)  -  (3.1Sb),  we  have 


where 


i  1 = i  i  J  i“»>'  “  i 

~b 

^  ==  I  Imax- 


4 

max' 


(6. a) 


Returning  again  to  eqs. (6.12a)  -  (6 •12b)  and  noting  on  the  basis  of  Z222 
Table  1  that  the  principal  significance  here  is  possessed  by  the  terms  contain¬ 
ing  the  component  Dqi,  -we  find 


X*=:X  +  Xa- 


.5 


m 


10 


4 

max 


"1“  “  ^11^  (^3l) 
O 


2 

max 


+ 


+  (23i)Lx 


g  (‘Climax  2  (^3l)max '1' 


+  y«i2«*(23.)Lxl; 


(6.22a) 


[1*  =  jjl  -|—  \cL 


-2 


^  (QjOLx  +  ^  (23i)Lx  + 


+ 1 1  «2o  (23i)L.  +  y  «2ia  (23i)Lx  + 


+ 


y«««n9„)Lx]- 


(6.22b) 


207 


These  equations  permit  only  a  rather  rough  evaluation  of  the  effects  con¬ 
nected  with  the  presence  of  nonlinear  terms  among  the  components  of  the  finite- 
deformation  tensor  Djj,  . 

Consider  now  the  principal  conclusion  resulting  from  the  above. 

1.  Evaluation  of  the  Effect  of  the  Component  Cq,  on  the  Stressed  State  of 
a  Shell  Depending  on  the  Value  of  the  Ratios  Te,  :  T  and  h;  t 

It  is  clear  from  eqs. (6.20b),  (6.21),  and  (6.22a)  -  (6.22b)  that  the  ef¬ 
fect  of  the  nonlinear  terms  on  the  coefficients  and  substantially  depends 
on  the  ratios  Ter  •'  T  ^.nd  h:  t.  Let  us  introduce  the  notation 

(6.23a) 


(0 


Then, 


Q 


'31  Imax  0^727(1);  {23j)inax  ™  0,523o)^;  (1^31  )max  =  0,273(i>‘^. 


(6.23b) 


As  can  be  concluded  from  eqs. (6.22a)  -  (6.22b),  the  effect  of  the  nonlin¬ 
ear  terms  among  the  components  of  decreases  with  decreasing  ratio  h:  t  and 
increases  as  T  approaches  Ter . 

To  disclose  more  distinctly  the  significance  of  the  nonlinear  terms,  we 
present  below  certain  nimierical  calctilations  of  the  vsOLue  of  the  quantities 
entering  into  eqs. (6. 22a)  -  (6.22b),  based  on  the  solution  (6.18),  Of  /208 

course,  the  results  so  obtained  can  be  regarded  merely  as  rough  and  indicative. 

Taking  as  before,  v  =  0.3  and,  consequently,  X  =  ^  M-,  let  us  consider  the 
separate  terms  in  eqs. (6. 22a)  -  (6.22b).  Let  us  put,  bearing  in  mind 
eqs. (6.23a)  -  (6.23b) 

.r,  =  0,055a-’  mj,  -f  (o<; 

Xj  =  0,1 74a-'  + /i)! j 

y,  =  0,055a-’  (o‘; 

y,  =  0, 1 74a- '  m,, -f- j  (0*. 


(6.24a) 

(6.24b) 

(6.24c) 

(6.24d) 


Then,  eqs. (6.22a)  -  (6.22d)  can  be  represented  as  follows: 
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(6.25a) 


^•*  =  1^(1  +yi±3'j). 


(6.25b) 


_  In  the  relation  (6.22a)  -  (6.22b),  we  neglected  terms  of  relative  order 
(Q3i)iaxj  retaining  terms  of  orders  a”^(Q3i)f,x,  and  a“®(r^i)t,x  and  took  into 
consideration  the  values  of  the  coefficients  mi^  and  nj^  given  in  Table  2.  A 
positive  sign  before  terms  within  parentheses  corresponds,  as  above,  to  a  re¬ 
gion  of  tension. 

It  is  clear  from  eqs.(6.25a)  -  (6.25b)  and  from  Table  2  that  the  norm^ 
stresses  in  the  zone  of  tension  are  greater  than  those  determined  by  the  linear 
theory,  while  in  the  zone  of  compression  they  are  correspondingly  less.  It  is 
clear  that  the  shearing  stresses  in  the  zone  of  dominating  tensile  stresses,  in 
areas  inclined  at  an  angle  of  ^  to  the  generatrix,  vdll  be  greater  than  those 

determined  by  the  linear  theory.  To  evaluate  the  degree  of  deviation  of  the 
nonlinear  theory  from  the  linear,  let  us  turn  to  Tables  3  and  4*  These  Tables 
give  the  values  of  xi  and  yj  and  their  corresponding  values  of  U). 

It  will  be  seen  from  Tables  3  and  4  and  eqs.(6.25a)  -  ^6. 25b)  that,  even 
at  small  values  of  w,  the  reduced  elastic  constants  4*  and  can  deviate  con¬ 
siderably  from  X  and  ii,  but  this,  according  to  eqs.(2.14),involves  a  deviation 
of  the  field  of  stresses  from  that  found  by  the  linear  theory.  /2d9 

We  call  attention,  for  instance,  to  the  figures  marked  by  an  asterisk  (•»■) 
in  Tables  3  and  4.  Table  3  indicates  that,  for  steel,  at  UJ  «  0.09,  in  the  zone 
of  dominant  tensile  stresses  X-a-  is  more  than  30^  greater  than  X,  whereas  in  the 
zone  of  dominant  compre^ive  stresses  it  is  more  than  35^  smaller.  For  dura¬ 
lumin,  these  changes  in  X*  already  occur  at  u)  *=  O.Oy. 

TABLE  3 


STEEL  30KHGSA 

DURALUMIN  D17 

lO 

<0 

Jr, 

lU 

0.05 

0,0900* 

0.05 

0,0265 

0,05 

0,0664* 

0,05 

0.0195 

O.IO 

0,107 

0,10 

0.0374 

0,10 

0,0790 

0.10 

0,0276 

0,20 

0,127 

0,20 

0,0530 

0,20 

0,0939 

0.20 

0,0391 

0,30 

0,141 

0.30 

0,0648 

0.30 

0,104 

0,30 

0.0478 

0,40 

0,151 

0,40 

0,0749 

0.40 

0412 

0,40 

0,0552 

0,50 

0400 

0^50 

0.0831* 

0,50 

04 18 

0,50 

0,0618* 
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TABLE  4 


STEEL  30KHGSA 

DURALUMIN  D17 

Vi 

U) 

y* 

<i) 

yi 

U) 

y* 

(i> 

0.05 

0.0914 

0.05 

0,H2* 

0,05 

0.0674 

0.05 

0.105* 

0.10 

0.109 

0.10 

0,201 

O.IO 

0,0802 

0,10 

0,148 

0,20 

0,129* 

0,20 

0.284 

0,20 

0,0953 

0,20 

0,209 

0,30 

0.143* 

0,30 

0,348 

0,30 

0,106* 

0,30 

0,256 

0,40 

0.154 

0.40 

0,402 

0.40 

0,113 

0,40 

0,296 

0,50 

0,162 

0,50 

0,449 

0.5a 

0.120 

0,50 

0,331 

The  reduced  elastic  constant  likewise  differs  appreciably  from  li  at 
relatively  small  values^of  uu.  Thus,  for  example,  it  will  be  clear  from 
Table  4  that  the  value  for  steel,  at  cu  «  0,14,  is  about  35%  greater  than  |jl, 
in  the  zone  of  dominant  tensile  stresses,  and  25%  in  the  zone  of  compressive 
stresses#  For  duralumin,  these  changes  of  occur  already  at  ou  »  0#11. 


We  shall  now  determine  whether  the  values  of  w  given  above  are  possible. n 
In  the  case  under  consideration,  their  existence  is  ensured  by  the 

factor  on  the  right-hand  side  of  eq.(6.23a)*  Table  5  gives  the 

values  of  ou,  the  ratios  —  and  the  corresponding  values  of  the  ratio  T  J  Tg,  . 


TABLE  5 


1 

h  :  t 

T  '  ^tr  -  -  :(«>  +  y) 

0.02 

0,750 

0,06 

0,04 

0.600 

0.06 

0.500 

0.02 

0,800 

0.08 

0.04 

0,667 

0.06 

0,571 

0.02 

0,833 

0,10 

0,04 

0.714 

0,06 

0.625 

0,02 

0,857 

0,12 

0,04 

0,750 

0,06 

0,667 

Since  the  value  of  the  ratio  h  :  t  is  unknowij  let  us  turn  to  the  ex-  /210 
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perimental  data  given  in  the  Vol'ndr  monograph  (Bibl.4). 

We  relied  on  the  solution  of  the  axisymmetric  problem.  However,  as  shown 
by  experiments,  the  shapes  in  which  thin  shells  buckle  are  not  axisymmetric. 
Two  or  three  systems  of  depressions  are  formed,  which  can  still  be  considered 
as  a  certain  equivalent  of  the  systems  of  half-waves  of  the  axisymmetric  form 
of  deformation. 

Using  Figs. 8. 2  and  8.3  of  the Vol«mir monograph  (Bibl.4),  we  can  evaluate 
the  ratio  ^  :  R  if  we  assume,  as  indicated  above,  that  the  parameter  t  is  the 
length  of  a  half-wave.  This  evaluation  shows  that  the  ratio  -t  :  R  for  speci¬ 
mens  shown  in  Figs. 8. 2  and  8.3  (Bibl.4)  can  have  values  of  0.15  -  0.2. 


Now,  from  eq.(6.16),  for  n  =  0,  i.e.,  for  one  half-wave,  we  find 


h  |/'3(1— v’’)  I- 
T  ~  2  R  ■ 


(6.26a) 


For  V  =  0.3,  we  obtain 


A  =  0,168—. 

I  R 


(6 . 26b) 


Hence,  we  find  that  to  the  variation  of  the  ratio  -t  t  R  over  the  inter¬ 
val  (0.15J  0.20)  there  corresponds  a  variation  of  the  ratio  h^  :  t  over  the  in¬ 
terval  (0.025;  0.034).  This  calculation  confirms  the  advisability  of  select¬ 
ing  the  variational  interval  of  the  ratio  h  :  b  given  in  Table  5-  Let  us  now 
find  the  ratio  2h  :  R.  From  the  data  presented  here  it  follows  that  this 
ratio,  for  the  specimens  shown  in  Figs. 8. 2  and  8.3  of  the  Vol’mir  monograph, 

varies  over  the  interval  determination  of  tne  rauio  2h  .  R 

is  presented  for  verification.  Judging  from  the  content  of  the  monograph 
(Bibl.4),  the  values  of  the  obtained  ratio  2h  :  R  approx^tely  correspond  to 
the  geometrical  characteristics  of  the  test  specimens,  since  the  ratio  R  .  2h- 
=  100  -  180  in  the  experiments  described  in  that  study.  Of  course,  bearing 
eq. (6.26a),  in  mind,  the  analysis  might  be  conducted  without  first  having  re¬ 
course  to  experimental  data. 


From  eq. (6.26a),  it  follows  that 

I  _  u  ,  /  h  .  I  /  J 

R  R'  l  t:  V  R' 


zm 

(6.26c) 


Let,  for  example,  2h  :  R  =  1  ‘  100.  Then, 


0,165;  4:/^- 0,029. 
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This  corresponds  to  the  variational  interval  of  the  ratios  t  :  R  and  h  :  -t 
found  from  the  experiments  given  in  the  above  monograph  (Bibl. 4)* 

To  summarize  we  may  say  that  our  assignment  of  eqs.(6.13)  to  one  half-wave 
is  sufficiently  motivated. 

Returning  to  the  qttestion  of  the  connection  between  the  values  of  the  re¬ 
duced  elastic  constants  X*,  iJ.*  and  the  ratio  T  ;  Tc , »  we  find  from  Table  5 
that  the  differences  between  X-»-  and  n*  and  X,  p.,  which  reach  30^  ±  5%  in  ab¬ 
solute  value  occur  during  the  variation  of  the  ratio  T  :  Ter  over  the  inter¬ 
val  (0.75;  0.85)*.  In  this  case,  the  constants  X*  and  ti*  found  for  duralumin 
are  more  sensitive  to  the  variations  of  the  ratio  T  :  Tc,  than  these  same  con¬ 
stants  given  for  steel.  To  go  deeper  into  the  meaning  of  these  conclusions, 
let  us  consider  the  simplified  expression  for  w(x)  differing  from  eq.(6.18), 
and  let  us  draw  severail  supplementary  conclusions. 

Let  us  return  to  eq.(6.13).  If  we  again  use  eq.(6.15)  to  determine  Ter 
and  hereafter  take  Tor  'to  mean  its  minimum  value  expressed  by  eq.(6.17),  then 
from  eq.(6.13)  we  can  find: 


However^Hf, 


w 


4v/^  fTcr  A-' 

[  T  I 


^  (2«+l)3  8  ' 


(0  <  X  <  /). 


Consequently, 


2r[  T 


I 


(6-27) 


(6.28) 


(6.29) 


It  shoxild  be  noted  that  eq.(6.29)  is  approximate,  since  instead  of  the 
roots  of  eq.(6.15)^  which  are  functions  of  n,  we  introduced  into  eq.(6.13)  only 
the  minimum  value  of  the  root,  which  was  independent  of  n.  Moreover,  /212 

eq.(6.29)  does  not  satisfy  all  the  boundary  conditions  of  the  problem,  although 
the  expressions  (6.27)  obtained  from  this  relation  do  satisfy  the  boundary  con¬ 
ditions.  This  fact  is  connected  with  the  well-known  properties  of  the  expan¬ 
sions  of  functions  in  Fourier  series. 

A  direct  comparison  of  the  relative  accuracy  of  eqs.(6.18  and  (6.29)  is 
^  This  interval  is  stated  as  a  rough  approximation. 

•JHf-  Cf.,  for  instance,  L.V. Kantorovich,  Definite  Integrals  and  Fourier  Series, 
Leningrad  University,  1940 
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difficult  and  requires  special  investigation.  Equation  (6.29)  has  the  advan¬ 
tage  of  simplicity  over  eq.(6.18).  It  also  reflects  the  influence  of  the  terms 
of  the  series  that  are  rejected  in  deriving  eq.(6.18). 

Obviously  a  relatively  small  error  in  eqs.(6.18)  and  (6.29)  may  have  a 
substantial  effect  on  the  resul^ts,  since  one  must  operate  vdth  the  fourth  and 
second  powers  of  the  component 

Let  us  now  discuss  the  physical  meaning  of  eq*(6.29)»  Since  the  para¬ 
meter  n  did  not  enter  in  eq.(6.29)>  the  quantity  t  no  longer  has  any  definite 
meaning  in  this  equation.  Here,  t  may  be  taken  to  mean  a  segment,  varying 
from  the  length  of  a  half-wave  determined  by  the  sinusoid  according  to 
eq.(6.18),  up  to  the  entire  length  of  the  tube.  V/e  assume,  as  before,  that  t 
is  the  length  of  a  half-wave. 

The  properties  of  Fourier  series  permit  eq.(6.29)  to  be  differentiated 
twice,  and  the  resultant  derivative  will  have  meaning  everywhere  over  the  un¬ 
closed  interval  (0,  t).  Consequently,  setting  v  =  0.3,  we  find 


where 


and  further 


(9. 


Sljtnax 


0,023^2^  (l-'sijmax  -  0,000532‘. 


(6.30) 


(6.31) 


(6.32) 


Instead  of  eqs.(6.24a)  “  (6.24d),  we  obtain 

/  3  \ 

(6.33a) 

f  1  =  0,0001  a-2  f  y 

£2  0,008a-’ +  «„  j  02^ 

(6.33b) 

Ti,  =  0,0001  a-5  ^|- /;t2„  +  «2oj 

(6.33c) 

Tij  =  0,0076a-’  ^|-  //!„  +  j  QK 

(6.33d) 

Equations  (6.22a)  -  (6.22b)  now  take  the  following  form: 
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(6.34a) 


=  TJj+TI,). 


(6.34b) 


The  data  given  in  Tables  3  and  4  permit  us  to  find  C  for  a  specified 
and  \  .  For  this,  it  is  sufficient^to  multiply  the  values  of  oo  by  a  ‘'transi¬ 
tion  factor"  equal  to  0*727  :  0.15  *=  4 -65*  This  factor  can  also  be  found  for 
an  arbitrary  value  of  Poisson’s  constant  v,  if  we  compare  eqs- (6.19a) 
and  (6.30).  We  have 


A  /3  (1  -  v2)  / 

7  8  R 


Instead  of  eq. (6.26a). 

A  comparison  of  the  "exact"  relation  (6.26a)  vdth  the  approximate  rela¬ 
tion  (b)  shows  that  the  use  of  eqs. (6.19a)  and  (6.3O)  involves  a  considerable 
error  in  the  results,  an  error  of  the  order  of  20%.  This  undoubtedly  is  due 
to  the  fact  that  eqs. (6.19a)  and  (6.30)  were  obtained  by  differentiation  of 
the  approximate  expressions  w(x). 

If  we  use  the  same  transition  factor  from  o)  to  Q  and  from  h  :  t  to  t  :  R, 
determined  by  eq. (6.26a)  or  relation  (b),  then  the  values  of  the  ratio  T  :  Ter 
will  be  independent  of  the  choice  of  the  transition  factor,  since  in  this  case 
the  following  equation  will  be  true: 


But  since  the  accuracy  of  eqs. (6. 29)  ~  (6. 30)  may  be  greater  than  the 
accuracy  of  eqs. (6. 18)  -  (6.19a),  we  shall  consider  the  conclusions  obtained 
from  eqs. (6.30)  -  (6.3^4.b)  independently  of  the  conclusions  obtained  from 
eq. (6.18)  and  its  consequences.  For  this  purpose,  let  us  make  use  of  Tables  3 
and  4  with  the  transition  factor  (b)  of  4*85  for  v  =  O.3  and  consider  the 


quantity  -  as 
R 


an  independent  parameter. 


relation  (6.26a)  or  (6.26b). 


which  is  equivalent  to  adopting  the 


_It  is  obvious  that,  under  these  conditions,  the  reduced  constants 
and  will  vary  more  rapidly  as  T  approaches  Tcr  than  they  would  according  to 
the  calculations  based  on  eq.(6.18).  In  fact,  at  values  of  the  ratio  t/  :  R  = 

=  0,15  -  0.20,  the  changes  in  the  reduced  constant  relative  to  jjl,  which  in 
absolute  value  reach  '}0%  ±  occur  v^ile  the  ratio  -Tcr  •  T  varie^  over  the 
interval  (0.67,  0.79)*  In  this  case,  varies  more  rapidly  than 
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Criterion  of  instability.  We  mentioned  above  that,  in  the  zone  of  /2I4. 
dominant  compressive  stresses,  the  parameter  decreases  andp-^  increases. 

This  points  to  a  decrease  in  the  reduced  Poisson  constant  v*  in_the  zone  of 
dominant  compressive  stresses.  While  decreasing,  the  constant  may  become 
equal  to  zero  and  then  become  negative.  Above,  we  did  not  consider  the  mean¬ 
ing  of  the  change  in  sign  of  the  reduced  elastic  constants.  Let  us  fill  this 

gap  somewhat# 

It  is  easy  to  prove  that  the  specific  work  of  deformation  will  have  a 
positive  definite  quadratic  form  if  the  Poisson  constant  varies  over  the 

interval  ^-1,  -J']  •  Here,  as  is  well  known,  the  proof  of  the  Kirchhoff  theo¬ 
rem  is  valid  and  the  solution  of  the  boundary  problems  of  the  statics  of  lin- 
early  deformed  bodies  is  unique,  i.e.,  the  state  of  equilibrium  of  such  bo 
dies  is  stable.  However,  no  negative  values  of  the  Poisson  constant  nave  been 
found  in  actual  isotropic  bodies.  Evidently,  this  experimental  fact  is  no 
random  but  depends  on  the  actual  properties  of _ matter  which  are  not  reflected 
by  the  simplified  scheme  of  the  continuous  medium  and,  consequently,  also  not 
by  the  analytic  structure  of  the  specific  energy  of  deformation. 

Most  authors  assume  that  the  Poisson  constant  is  always  positive.  It  was 
stated  by  E.Trefftz,  erroneously,  that  the  positive  nature  of  Poisson's  con-_ 
stant  results  from  the  requirement  of  the  positive  determLnacy  of  the  specific 
enerry  of  deformation*.  Let  us  assimie,  at  first,  according  to  e^eriments, 
that'in  a  real  isotropic  body  the  Poisson  constant  is  always  positive  and  tha 
the  criterion  of  instabilityJHf  is  the  change  of  sign  of  the^ reduced  Poisson 
constant  v*.  Let  us  find  the  minimum  value  of  the  compressive  force  ^  at 
which  the  Poisson  constant^  in  the  zone  of_doininant  compressive  stresses,  be¬ 
comes  negative.  Equating  X*  to  zero,  we  find,  according  to  eq.C6.25J> 

+  =  (6-35) 


Making  use  of  eqs.(6.24a)  -  (6.24b)  and  the  data  given  in  Table  2  for 
duralumin,  we  obtain  an  equation  biquadratic  in  o.  The  smallest  positive  real 
root  of  this  equation  is 


u)cr — -0,098.  (6.36) 

It  will  be  seen  from  Table  5  that  to  this  value  of  and  to  the  ^  /gl^ 
ratio  h  :  -t  =  O.O3  corresponds  the  following  value  of  the  ratio  T  .  Ter  • 

*  E.Trefftz,  Mathematical  Theory  of  Elasticity  ONTI,  1934,  pp. 39-40. 

■iH;-  The  use  of  this  instability  criterion  is  not  mandatory.  A  different  and 
more  natural  approach  is  possible.  See  below,  eqs. (6.63a)  -  (6.63b)  etc.. 
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T:Tr.r=T^r:T„^0,77. 


(6.37) 


where  is  the  new  critical  value  of  the  compressive  force  T.  The  second 
and  greater  root  of  the  equation 


\Xi\—Xi  — 


(6.38) 


established  for  the  zone  of  dominant  tensile  stresses  ,  is 


0)- =0,246. 


(6.39) 


To  this  root,  at  the  ratio  h  :  t  =  0.03,  there  corresponds  a  value  of  the 
ratio  T  :  Ter  close  to  unity.  The  first  root  corresponds  to  the  arithmetic 
mean  value  of  the  critical  load,  and  the  second  to  the  upper  value.  According 
to  data  given  in  the Vol'mir monograph  (Bibl.A),  the  experimental  ratio  T  :  Ter 
ranges  from  0.384  to  0.700. 

Thus,  the  arithmetic  mean  of  the  critical  load  found  by  us  approaches  the 
upper  limit  of  the  experimental  data. 

Up  to  now  we  have  been  relying  on  eq.(6.35),  derived  from  the  approximate 
expression  (6.18).  Let  us  now  make  use  of  the  equation 

I^iI  +  52— -|•  =  0,  (6.40) 

resulting  from  eq. (6.34a).  Obviously,  the  required  solution  of  this  eqioation 
will  be  obtained  from  the  solution  (6.36)  after  multiplying  it  by  4.85.  As  a 
res^llt,  we  obtain 


L',,==  0,475. 


(6.41) 


Assuming  that  the  ratio  -t  :  R  ^  0.18,  we  find  that 

n.:r„s0,74.  (6.42) 

Consequently,  here  too  the  critical  value  of  the  load  is  outside  the  varia¬ 
tional  region  of  the  experimental  data. 
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Two  possible  causes  of  the  contradiction  between  the  results  obtained  by 
us  for  the  approximate  determination  of  the  critical  value  of  the  load  and  the 
experim.ental  data  could  be  given. 

The  first  is  that  we  based  our  calculations  on  the  averaged  value  of 
(Q3i)iiaxj  instead  of  on  (rbi)««x* 

The  second  cause  of  the  unsatisfactory  results  of  the  theoretical  inves¬ 
tigations  undertaken  by  us  lies  in  the  choice  of  the  parameter  a.  We  have^  /ZLb 
already  noted  repeatedly  that  the  proper  selection  of  the  region  of  approxima¬ 
tions  is  of  substantial  importance.  It  is  this  choice  that  determines  the  val¬ 
ue  of  the  constant  a,  entering  into  the  formulas  determining  and  We 

have  assumed  that  the  stresses  in  the  shell  reach  the  yield  point,  and  from 
these  conditions  we  have  determined  the  value  of  a.  But  for  sufficiently  lo^ 
and  thin  shells,  the  loss  of  stability  may  occur  before  the  stresses  reach  the 
yield  point.  Therefore,  the  above  conclusions  are  true  only  for  sufficiently 
thick  and  short  shells,  in  which  there  are  no  losses  of  stability  under  stress- 
es  approaching  the  yield  point. 

For  other  shells,  one  must  decrease  the  values  of  the  parameter  a  to  be¬ 
low  those  shown  in  Table  1.  This  leads  to  an  increased  influence^ of  the  non¬ 
linear  terms.  But  the  difficiilty  here  consists  in  the  determination  of  a. 

Let  us  find  the  value  of  the  ratio  T^^  •  Ter  starting  from  the  maveraged 
values  of  and  corresponding  to  the  study  of  local  instability  in  a  med- 
i  uTTi  approximately  equivalent  to  a  shell* 

Instead  of  eqs* (6 . 2/4.a)  —  (6#24d)  we  will  then  have 


=  5x,  =  0,273a-^  ^|- 
=  3x-,  =  0,523a-'  ^-^01,1  + 

J'l  =  =  0,273a-2  otj,  +  /ijpj  <o', 

y2  =  3yj  =  0,523a-'  ^|-  /nj,  +  j 


Further,  we  find 

(x*  =  ix(l+yi±y,). 


(6.43a) 

(6.43b) 

(6.43c) 

(6.43d) 

(6.44a) 

(6.44b) 


Equating  X-«-  to  zero,  we  obtain  an  equation  biquadratic  in  tu: 
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(6.45) 


\xi\  +  x^  2  — 

The  smallest  positive  real  root  of  this  eqiJation,  determined  for  duraltimin,  is 
as  follows : 


=  0,058. 


(6.46) 


A  direct  calcvilation,  together  with  Table  5j 
and  the  ratio  h  ;  -t  =  O.O3  correspond  to 


shows  that  this  value  of 

■7217 


re,:  Ter  =  0,66. 


(6.47) 


According  to  the  experiments  described  in  the  Vol'mir  monograph  (Bibl,4), 
the  mean  value  of  the  ratio  T  :  Ter  is  <—  0.61'’--.  The  value  of  T  :  Ter  found  by 
us  lies  roughly  at  the  center  of  the  interval  between  the  experimental  mean 
value  of  T  :  Ter  upper  boundary  of  the  experimental  data^,  which  is  0.7. 

However,  we  derived  eq.(6.47)  by  making  use  of  the  sequels  of  eq.(6.18). 
Let  us  consider  the  conclusions  based  on  eq.(6.29)*  By  analogy  with  eq.(6#4l)^ 
we  find 


0,257. 


(6.48) 


Assuming  as  above  that  the  ratio  L  :  R  =  0.18,  we  have 

T^cr  •  T’or  =  0,59. 


(6.49) 


This  value  is  somewhat  less  than  the  mean  experimental  value  given  by 
Vol'mir  (Bibl./*),  which  is  0.61.  For  30KhGSA  steel  [eq.(6.48)],  we  get 


0,384. 


Accordingly^, 


Ter  .-Ter -0,66. 


(6.50) 


(6.51) 


--  The  value  of  Vol'rair's  dimensionless  parameter  p  (Bibl.4)  corresponding 
to  T  :  Ter  =  0.66  is  0.396.  The  mean  value  according  to  experiments  is  0.364- 
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It  will  be  clear  from  this  that  a  calculation,  using  the  maximum  values 
of  the  components  of  Oai ,  yields  satisfactory  results. 

Now  let  us  consider  the  parameter  a.  As  above, ^ we  shall  confine  our¬ 
selves  to  an  approximate  determination  of  this  quantity. 

We  shall  base  our  determination  of  the  parameter  o  on  eq-(6.29),  which 
permits  us  to  find  the  maximum  bending  stresses  in  the  shell.  This  ra^es  it 
possible  to  find  the  variational  limits  of  the  strain  tensor  components  or  the 
region  of  linear  approximation  of  the  components  of  the  finite-deformation 
tensor  or,  in  other  words,  the  parameter  a. 

Double  differentiation  of  the  equivalent  equations  (6.2?)  and  (6.29)  is 
permissible,  since  the  trigonometric  series  obtained  on  differentiation  of 
eq. (6.27) converges  to  the  derivative  of  the  right-hand  side  of  eq.(6.29J. 

Starting  from  eq.(6.29),  we  find  from  our  paper  (Bibl.23d)_ the  maximum 
absolute  value  of  the  normal  stress  due  to  flexure  and  compression: 


T  .  Ev  k  /  T,r 
2/i  (  T 


(6.52) 


Hence,  we  find  the  new  value  of  the  parameter  a. 
value  a.^-.  Making  use  of  eq.(6.17)}  we  find 


Let  us  call  this 
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a 


I  I  _  _ 

E  V'ltt 


-  R 


_ ^  h  (  Ter 


(6.53a) 


Equation  (6.53a)  can  be  put  into  the  following  form: 


a 


I  n 


-  + 


V  R 
1-v^  I 


R 


R 


(6.53b) 


Further,  bearing  in  mind  eqs.(6.30),  (6.32)  and  considering  the  unayeraged 
values  of  A-x-  and  we  find,  by  analogy  to  eqs.(6.33a)  -  (6.33b;,  the  rsia 

tions 


=0,0005 


V  R 

1  —  v* 


X 


X 


+  'O’- 


10 


(6 . 5  Aa ) 
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e,  =  0,023 


2 _ 1  _ 

]/3(T_v»)  ^l-v2  / 

/? 


-1-1 


A\-i 


(-:) 


X 


X  (  ?  /K,1  +  «u)  S. 


(6.5/4b) 


It  goes  vdthout  saying  that  these  relations  are  true  only  for  v  ■=  O.3, 
since  vre  have  already  assumed  that  A  =  ^  [i.  We  retained  here  the  literal 
designation  v  only  to  make  the  transformation  more  distinct.  We  have  further 


(6.55) 


The  equation  for  determining  the  critical  values  of  C:  here  takes  the  following 
form: 


Ull  +  f2  —  j-=0.  (6.56) 

This  is  an  equation  of  the  fourth  degree  in  D.  Let  us  denote  its  smallest 
positive  root  by  .  'We  find,  without  solving  eq.(6.56),  the  approximate 
value  of  ,  making  use  of  the  previous  calculations. 

Now,  comparing  eqs.(6.5ha)  -  (6.54b)  with  eqs. (6.33a)  -  (6.33b)  and  /219 
bearing  in  mind  that  the  difference  in  the  numerical  factors  is  connected  with 
the  fact  that  eqs. (6.54a)  -  (6.54b)  yield  the  values  of  X.*  and  correspond¬ 
ing  to  the  maximum  values  of  the  components  of  Cq  ^ ,  instead  of  the  mean  val¬ 
ues,  X-;:-  and  m.-®'-,  we  get 

cl  ^[-2  1  V  7? 

This  equation  can  be  put  into  the  following  form: 

=  (6.53) 


R 


tf' 


(6.57) 


where 
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V 


a-1  Qlr 


(6.59a) 


P  = 


2r. 


1— V' 


>0, 


''  (6.59b) 

Consequently,  the  required  value  of  is 

r  — ^ 

Scr  =  iV^g  - P)  ]/  ^ 


while  the  corresponding  value  of  the  ratio  T  :  Ter  is 


T,r-Tcr^ 


o 

“-tr 


“Lr+ ^  Vp^'+g  ^  +  ^^3(1  _v2] 


(6.61) 


Thus,  the  ratio  T^  :  Ter  does  not  depend  explicitly  on  the  ratio  h  :  R. 

The  implicit  dependence  of  the  ratio  T^  ‘Ter  on  h  :  R  is  connected  with  the 
presence  of  the  quantity  ^  in  eq.(6.58)»  This  result  is  apparently  con¬ 
firmed  by  the  experimentally  established  fact  of  the  weak  dependence  of  the 
ratio  T^  :  Ter  ratio  h  :  R^"-.  Equation  (6.61)  does  not^  confirm  in  an 

explicit  form  the  established  e:xperimental  tendency  of  the  ratio  Tgr  •  Ter  to 

h 

decrease  with  decreasing  ratio 

K 

Consider  now  the  numerical  value  of  the  ratio  T,.,  :  Ter  duralumin,  /220 

putting  V  =  0.3;  a"^  =  2.28  x  10^;  =  0.257  [the  value  of  is  taken  from 

eq.(6.48)].  We  have 


rt,:7’rra0,654. 


(6.62) 


Consequently,  the  methods  of  determining  the  parameter  a  increase  the 
deviation  of  the  ratio  :  Ter  'tbe  mean  experimental  value,  as  com¬ 

pared  with  the  previous  method,  which  led  to  eq.(6.49). 

We  note  also  that  eqs.(6.57)  -  (6.5®)  can  be  used  at  small  values  of  the 
ratio  h  :  R,  i.e.,  for  very  thin  shells,  since  already  at  2h  :  R  =  0.01  the 
normal  stress  |o,,x|  calculated  from  eq.(6.52)  exceeds  the  yield  point  for 
duralumin  Dl7. 


*  Cf.  (Bibl.4,  p.322). 
Ibid. 
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We  have  used  various  methods^  based  on  the  general  method  of  lineariza¬ 
tion,  in  investigating  the  values  of  the  ratio  :  Ter  corresponding  to  the 

vanishing  of  the  Poisson  constant  v--  of  a  linearly  deformable  medium,  approx¬ 
imately  equivalent  to  a  medium  with  finite  deformations. 

Despite  the  difference  in  the  analytic  expressions  of  the  radial  dis¬ 
placement  w  used  by  us  and  despite  the  employment  of  both  averaged  and  maximum 
absolute  values  for  the  component  the  values  of  the  ratio  Tc_r  •  Ter  were 

found  to  be  rather  stable  under  variations  of  their  determination  methods. 

This  shows  that  the  conclusions  obtained  here  cannot  be  due  to  random  agree¬ 
ment  of  the  numerical  results.  Rather,  this  must  be  a  reflection  of  actual 
processes  taking  place  on  any  loss  of  stability  of  the  shell# 


Let  us  now  return  to  determination  of  the  ratio  :  Ter  •  Above,  we 
have  used  the  change  in  sign  of  v-x-  or  only  as  a  criterion  of  instability. 


A  different  approach  to  determination  of  the  ratio  Ter  J  Ter  is  possible, 
based  on  the  use  of  eq.(6.17),  in  which  the  elastic  consents  E  and  v  must  be 
substituted  by  E--  and  corresponding  to  laax^  or  and  v-"-  found  from 

the  average  values  of  Using  eqs.(6.i7)  and  (6.23a),  we  obtain 


T 


£r 


E  y  i_v*2 


and,  on  using  the  averaged  values  of 


I 


T  *  T 


0) 


cr 


(0 


(6.63a) 


(6.63b) 


If  we  e:<press  and  v-^~  in  terms  of  and  and  use  eqs.(6.4Aa)-(6#/i4b) 
then  eq.(6.63a)  is  transformed  into  an  equation  algebraic  in  x.  A  similar  /221 
equation  can  be  obtained  from  eq.(6.63b)# 


To  find  the  smallest  real  positive  roots  of  these  equations,  corresponding 
to  the  minimum  values  of  the  ratio  Tc^  :  Tep,  we  employed  a  graphical  method. 
Let  us  put 


(0 


“  +  T 


1— V* 

1  —  V**' 


(6.6/4) 


assuming  v  =  0.3; 


0.03. 


Let  us  introduce  the  coordinates  (a;,  fcj)  (see  graph). 
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_Plottin.:;  on  the  plane  (oj,  f$)  or  (u.',  f$)  the  functions  f(uj),  $(u;) 
and  ii(uj),  we’ find  the  roots  sought.  It  will  be  seen  from  the  graph  that  the 
value  of  Ts_j;_  :  Ter  found  from  eq. (6.63a)  is  0.68,  while  that  calculated  from 
eq. (6.63b)  is  0.78. 

The  graph  also  shows  that  the  values  of  and  v-S  corresponding  to  the 
critical  values  of  the  load,  lie  in  the  interval  (-1,  0).  For  v-;:-  equal  to  -1, 
the  Quantity  E^"  vanishes,  which  evidently  corresponds  ^  a  complete  loss  of 
the  load-carrying  capacity  of  the  shell.  At  V'<-  =  -1,  E'^  similarly  vanishes. 

Thus  the  region  of  instability  corresponds  to  the  variation  of  and  vK- 
over  the  interval  (-1,  0).  These  regions  are  shown  by  hatching  in  the  graph. 

We  note  further  that  the  points  of  the  planes  (to,  fi)  or  (w,  fij)  cor-,  /222 

responding  to  the  critical  values  of  the  ratio  T  5  Ter  always  lie  in  the  in¬ 

stability  regions  between  the  theoretical  upper  values  and  the  theoretical  low¬ 
er  value  of  this  ratio. 

If  we  use  eq. (6.63a),  then  the  value  of  T^  :  Ter  =  0.68  found  by  us  is 

very  close  to  the  arithmetic  mean  of  the  upper  and  lower  values  of  this  ratio 

found  by  the  theoretical  energetic  method.  The  arithmetic  mean  of  the  upper 
and  lower  critical  values  of  the  ratio  T  :  Ter  is  0.65-  All  this  confirms  the 
expedience  of  using  the  method  we  have  considered  in  the  problems  of  stability 
of  a  shell.  This  method  permits  an  appro:cimate  determination  of  the  mean  val¬ 
ues  of  the  critical  load  if  we  find  its  upper  value  from  the  solution  of  the 
problem  in  linear  formulation.  It  is  clear  that  the  same  method  makes  it  also 
possible  to  evaluate  the  lower  critical  value  of  the  load.  For  example,  find¬ 
ing  that  T^  :  Ter  equals  0.68,  we  determine  the  lower  critical  value  of  this 
ratio  as  0.68  -  (100  -  0.68)  =  O.36.  In  the  Vol«mir  monograph  (Bibl.^)  it  is 
shown  that  the  lower  critical  value  of  the  ratio  T  :  Ter  is  about  0.33* 

We  shall  not  consider  the  results  of  the  application  of  eq. (6.29)  al¬ 
though,  as  will  be  seen  from  the  preceding  discussion,  we  can  here  obtain  a 
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value  of  the  ratio  T  :  To,  still  closer  to  the  mean  theoretical  and  experi¬ 
mental  value. 

Section  7.  Brief  Conclusions 

The  contents  of  the  preceding  Section  confirm  the  usefulness  of  applying 
the  method  of  linearization  of  the  components  of  the  finite-deformation  tensor 
developed  by  us  at  the  beginning  of  this  Chapter.  The  difference  between  this 
method  and  other  approximate  methods  of  solving  nonlinear  problems,  for  ex¬ 
ample  the  method  of  Galerkin  and  Ritz,  is  that  we  did  not  start  out  from  the 
content  of  special  problems  suggesting  the  form  of  the  approximation  function, 
but  tried  to  derive  the  general  principles  of  construction  of  the  approximate 
solution  suitable .for  extensive  classes  of  boundary  problems.  Strictly  speak¬ 
ing,  our  method  is  suitable  for  the  approximate  solution  of  any  nonlinear 
boundary  problem  of  shell  theory.  This  method,  in  its  concept,  is  close  to 
the  well-known  methods  of  analytic  synthesis  of  mechanisms  according  to 
P.L. Chebyshev  and  was  therefore  included  by  us  in  the  principles  of  the  an¬ 
alytic  mechanics  of  shells. 

We  shall  make  concluding  remarks  on  the  correlation  between  the  conse¬ 
quences  of  the  method  of  linear  approximation  of  the  components  of  the  finite- 
deformation  tensor  and  the  theory  of  stability  of  shells. 

1.  On  the  Mechanism  of  Development  of  a  Local  Equilibrium  and  Motion  of 

Instability  of  a  Shell  IZZX 

A  study  of  the  properties  of  a  continuous  medium  with  small  deformations, 
approximately  replacing  a  shell  with  finite  deformations,  yields  a  preliminary 
idea  as  to  the  course  of  the  development  of  a  local  equilibrium  or  motion  in¬ 
stability  of  a  shell. 

When  the  load  approaches  the  upper  critical  value,  there  is  an  increase 
of  the  asymmetry  of  stress  distribution  over  the  thickness  of  the  shell. 

In  the  zone  of  dominant  tensile  stresses,  the  yield  point  is  reached 
considerably  before  the  load  increases  to  the  upper  critical  limit.  After 
loss  of  the  load-carrying  capacity,  by  the  material  in  the  zone  of  tension,  the 
load  is  transmitted  to  the  material  in  the  zone  of  dominant  compressive  stress¬ 
es,  if  the  material  in  that  zone  is  in  the  stable  state. 

On  the  basis  of  the  properties  of  the  meditrai  approximately  eqxiivalent  to 
the  material  of  the  shell,  it  can  only  be  said  that,  in  the  zone  of  compress¬ 
ive  stresses,  processes  take  place  that  approximate  the  state  of  this  substi¬ 
tuted  medium  to  the  unstable  state.  This  is  characterized  by  a  change  in  sign 
of  Poisson's  constant  v*;-  and  its  passage  through  zero. 

The  instability  of  the  medium  is  accompanied  by  a  motion  of  its  elements, 
representing  the  elements  of  the  shell,  in  accordance  with  the  Gauss  principle 
of  least  constraint,  or  with  the  Le  Chat elier-Br own  principle*. 

*The  Le  Chatelier-Brown  principle  is  as  follows :  If  any  stress  or  force  is 
brought  to  bear  upon  a  system  in  equilibrium,  the  equilibria  is  (cont'd) 
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These  principles  are  in  partictilar  directly  connected  with  the  methods 
of  studying  the  theory  of  stability  of  shells  recently  proposed  by  the  author 

4.V . Pogorelov*. 


2.  The  Role  of  Random  Imperfections  of  Shape 

The  losses  of  stability  of  a  shell  constitute  a  nonstationary  dynamic 
wave  process  which  originally  arises  as  a  result  of  various  random  sources, 
even  if  the  load  is  far  from  the  upper  critical  value  and  there  are  no^  of 
the  flexural  deformations  considered  by  us  in  the  preceding  Subsection-'''. 
Th<=se  T-andom  factors  include  the  initial  imperfections  of  shape,  which  may  e 
interpreted  as  the  existence  of  initial  finite  displacements  of  points  of  the 
middle  surface. 


To  this  initial  displacement  correspond  components  of  the  antisymmetric 
tensor  •  Returning  to  the  above  axisymmetric  problem,  let  us  assume^ that 
the  deviation  from  the  cylindrical  shape  of  the  basic  siirface  is  determined 
by  the  function  w  o(x).  To  this  function  corresponds  a  finite  component 
(riji)o.  As  will  be  seen  from  eqs. (6.22a)  -  (6.22b),  the  existence  of  the  com¬ 
ponent  (70,  )o  leads  to  a  greater  variation  of  the  field  of  stresses  under  •>  oad- 

ing  of  the  shell  even  if  the  terms  ^  |  ^  o  j  i  3  (  2 

+  n,,")  (C^,)o  (i  =  Ij  2)  are  of  the  order  of  a^  ,  i.e.,  very  small  in  magni¬ 

tude.' 

These  quantities  may  exert  a  great  influence  on  X-;;-  and  X*  and,  conse¬ 
quently,  may  decrease  the  value  of  the  critical  load  below  that  found  above. 


3.  Regions  of  Static  Instability  • 

If  we  make  use  of  eq.(6.19a)  and  substitute  .<3,  into  eqs. (6.12a)  —  (6.l2b)j 
then  X^;-  and  will  be  periodic  functions  of  the  x-coordinate.  To  obtain  the 
next  approximation,  let  us  use  eqs.(2.l4),  to  findthe  stress  tensor_ compon¬ 
ents.  Then,  applying  one  of  the  methods  of  reduction,  we  shall  obtain  the 
system  of  equations  of  equilibrium  of  a  cylindrical  shell,  but  this  systm  of 
linear  equations,  as  already  noted  in  Sect. 5,  will  have  variable  coefficients 

-  in  this  case  periodic  coefficients  -  which  depend  on  the  parameter  — ij 

(cont’d)  displaced  in  a  direction  which  tends  to  diminish  the  intensity  of 
the  stress  or  force.  (Cf.  L.Landau  and  Ye. Lif shits.  Statistical  Physics, 
Gostekhizdat,  1940). 

Cf.  A.V.Pogorelov,  Contribution  to  the  Theory  of  Elastic  Shells  in  the 
Transcritical  Stage,  Kharkov  University,  I960.  The  isometric  deformations  of 
the  middle  surface  of  the  shell  on  which  his  theory  is  based  are  directly  con¬ 
nected  with  these  principles. 

Various  aspects  of  this  idea  may  be  found  in  the  monographs  of  V.V. Bolotin 
(Bibl.2b,  2c). 
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Such  equations  show  the  possibility  of  the  existence  of  instability  regions 
replacing  the  isolated  critical  values  of  T  obtained  from  the  quasilinear 
equations  of  the  first  approximation.  These  same  remarks  apply  to  the  prob¬ 
lems  of  dynamics. 

A  complete  investigation  of  the  questions  touched  upon  here  would  be  be¬ 
yond  the  scope  of  this  book.  We  note  again  that  a  number  of  the  above  proper¬ 
ties  for  nonlinearly  deformed  shells  can  be  found  by  other  methods,  without 
the  use  of  the  linear  approximation  developed  by  us  for  the  components  of  the 
finite-deformation  tensor. 


Section  8.  Construction  of  a  Homogeneous  Isotropic  Shell  Approximate!; 
Equivalent  to  a  Layered  Shell 


In  Sects.  2G-2I  of  Chapter  III,  we  considered  the  equations  of  motion  of 
a  two-layered  shell.  Retaining  twelve  degrees  of  freedom  on  the  normal  to  the 
basic  surface  of  the  shell,  we  obtained  a  system  of  equations  of  motion  of  the 
thirty-sixth  order.  Clearly,  we  must  seek  methods  for  obtaining  a  mathematical 
formiulation  of  the  problem  that  would  make  it  solvable  in  practice. 


We  shall  here  consider  the  method  of  solving  the  problem  of  the  motion  of 
a  layered  shell,  based  on  the  approximate  replacement  of  this  shell  by  a  homo- 
r^eneous  shell.  Studies  in  this  direction,  and  a  study  of  a  simplified  system 
of  equations  by  means  of  the  selection  of  a  basic  surface  of  the  layered  shell, 
have  been  performed  by  E.L. Aksel » rad,  E.L.Grigolyuk,  and  V. I. Korolev  (Bibl.l5a, 
b,  21,  2/,). 


In  contrast  to  these  investigators,  we  shall  here  apply  methods  of  approx¬ 
imation  functions  connected  with  the  requirement  of  the  least-square  error  in 
constructing  the  Lagrange  function  L^(-  of  a  homogeneous  shell  approximately 
equivalent  of  the  layered  shell. 


We  shall  here  indicate  three  methods  of  solving  this  problem.  The  first 
is  based  on  the  consideration  of  an  incompatible  system  of  algebraic  equations 
established  independently  of  the  properties  of  the  variables  entering  into  the 
Lagrange  function.  The  second  method  is  connected  with  a  general  evaluation 
of  the  magnitudes  of  these  variables.  The  third  method  relies  on  a  prelim¬ 
inary  solution  of  specific  problems  of  the  dynamics  of  homogeneous  shells.  We 
shall  not  base  our  work  here  on  (ill,  26.8  -  26.11),  since  the  presence  of  the 
covariant  derivatives  ViUjC")  in  the  expressions  for  the  coefficients 
and  makes  these  equations  uns^ji table  for  solution  of  the  problem  vri.th 

which  we  are  now  concerned. 


We  will  make  use  of  an  idea  which  is  the  inverse  of  that  advanced  by 
L.A.Molotkov  in  one  of  his  papers  on  elastic  waves  in  layered  medial'-.  He  con¬ 
siders  a  mediivn,  inhomogeneous  in  the  direction  of  one  of  the  coordinates,  as 
the  limiting  case  of  a  layered  medium.  We  shall  consider  the  layered  shell  as 


L.A.Molotkov.  Engineering  Equations  of  Vibrations  of  Plates  with  a  Layered 
Structure.  Questions  of  the  Dynamic  Theory  of  the  Propagation  of  Seismic 
Waves,  Vol.  V,  Leningrad  otd.  Inst,  matem.  AN  SS3R,  1961 


a  special  case  of  a  shell  inhomogeneous  in  the  direction  of  the  normal  to  its 
basic  surface.  This  method  of  studying  the  mechanics  of  layered  shells  of 
course  involves  the  difficulties  which  will  be  discussed  below. 

1.  Application  of  an  Incompatible  System  of  Algebraic  Equations 

We  shall  confine  ourselves  to  a  study  of  the  question  in  its  linear  for¬ 
mulation.  Consider  a  shell  inhomogeneous  in  the  direction  of  the  normal  to 
the  basic  surface.  Let  us  select  the  basic  surface  as  indicated  in  (III), 
Sect. 25).  The  object  of  the  approximation  will  be  the  Lagrange  function  LdS 
of  a  prismatic  elem,ent  of  a  shell  of  height  2h  with  the  base  area  dS: 


L  =  r  —  II. 


(8.1) 


where  TdS  and  IldS  are,  respectively,  the  kinetic  energy  and  the  strain  energy 
of  this  element  of  the  shell. 

The  functions  L,  T  and  D  are  the  respective  densities  of  the  Lagrange 
function,  of  the  kinetic  energy,  and  of  the  strain  energy. 

Hereafter,  for  brevity,  we  shall  often  omit  the  term  "density"  and  call  L, 
T  and  11  respectively  the  Lagrange  function,  the  kinetic  energy  and  the  strain 
energy. 

Let  us  construct  a  homogeneous  shell  of  thickness  2h^,  of  density  p-“-  and 
with  the  elastic  Lame  constants  and  assuming  that  the  basic  surface  of 
the  inhomogeneous  shell  and  the  basic  surface  of  the  nomogeneous  shell, 
approximately  equivalent  to  it,  coincide,  starting  out  from  the  condition  of 
least  error 


(8.2) 


which  arises  in  the  above— indicated  substitution. 

The  required  quantities  p'^,  h'*;-  must  be  found  from  the  condi¬ 

tions  of  optimum  approximaite  representation-^-  of  the  function  L  by  the  func¬ 
tion  L*. 

The  nuinber  of  available  Quantities  increases  to  six  if  we  abandon  the 
preliminary  selection  of  the  basic  surfaces  in  the  layered  shell  and  the  shell 
equivalent  to  it.  The  idea  of  selecting  the  basic  siarface  so  as  to  introduce 
simplifications  into  the  system  of  equations  of  the  theory  of  layered  shells  is 
discussed  elsewhere  (Bibl.l5,  2/+)* 

Since  we  intend  in  the  following  to  discuss  only  the  principles  of  the 

■K-  The  meaning  of  the  requirement  of  "optimum  representation"  will  be  explained 
below. 
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proposed  method,  we  will  almost  everywhere  confine  ourselves  to  an  arbitrary 
selection  of  the  four  above  parameters* 

We  shall  confine  ourselves  to  the  problem  of  determining  these  quantities 
only  as  functions  pi  ,  Xj  ,  M-i ,  hj  for  the  layered  shell,  dispensing  with  the 
study  of  their  connection  with  the  metric  of  the  shell.  In  that  case,  we  may 
pass  to  the  local  Cartesian  system  of  rectangular  coordinates  with  the  axis  OZ 
directed  along  the  normal  to  the  basic  surface  inside  the  shell,  and  the 
axes  Ox^  located  in  a  plane  tangent  to  the  basic  surface.  In  this  case,  gi  i  = 

“  ^  =  0  (i  /  k):  an  element  of  volume  is  expressed  by  the  deriva¬ 

tive  dx^dx^dz,  and  the  element  of  area  dS  will  be  equal  to  dx^d^- 

In  considering  ^  we  must  express  L  and  in  the  same  variables.  In  /227 
the  choice  of  these  variables  we  shall  start  out  from  the  well-known  proper¬ 
ties  of  the  fields  of  displacements,  strains,  and  stresses  in  a  layered  shell. 

It  has  been  shown  in  Chapter  III,  Sects. 25-27,  that,  in  a  layered  shell, 
the  components  of  the  displacement  vector,  the  components  (i,  k  =  1,  2)  of 
the  strain  tensor,  and  the  components  Tj3(i  =  1,  2)  of  the  stress  tensor  are 
continuous. 

We  shall  base  our  work  on  the  assimiption  that  the  fields  of  these  quanti¬ 
ties  coincide  in  the  layered  shell  and  the  equivalent  homogeneous  shell  to 
within  the  limits  of  the  prismatic  element  m.entioned  above. 

It  is  well  knovm  that  all  continuous  functions  of  the  coordinate  z  can 
be  approximated  by  polynomials  of  z.  Since  we  shall  determine  L  and  L*--  with 
an  accuracy  to  terms  of  the  order  h  and  and  intend  to  give  here  only  the 

general  principles  of  the  method  proposed,  let  us  put 

Xj,  s  x(»)  +  + 1  (J  =  1,  2,  3), 

Q  =  ==0(0)-4-zO(*)4-— 

5jc'  dx^  2 

Further,  from  Hooke's  law,  we  find 


(8.3) 

(8.4) 


X  +  2^  _^„(/n+l)! 


(8.5) 


m-0 


Making  use  of  eqs.(8.3)  and  (8.5),  we  obtain 


2 


(8.6) 


where 
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(8.7) 


;  «'37]  =  d,  [xl-»  -  X0(-»1 


r-^  kit”  -  ('.'«=  1.  2). 

X  -f-  2[V 


Satiations  (8.5)  -  (8.6)  show  that  the  representation  of  the  components 
of  the  displacements  by  (III,  15-5)  is  inapplicable  to  the  problems  of  the  vi¬ 
brations  of  a  layered  shell. 

In  fact,  as  will  be  clear  from  eqs.(8.5)  -  (8.6),  the  continuous  coeffi¬ 
cients  of  in  the  formulas  determining  the  components  Uj  are  expressed  in 
terms  of  piecewise-continuous  functions  of  z,  constant  on  those  segments  of 
the  OZ  axis  included  within  the  layers.  This  dependence  of  the  coefficients  IddS. 
of  z"  on  z  is  not  reflected  in  explicit  form  by  (III,  15-5) • 

Let  us  also  approximate  the  continuous  components  of  the  strain  ten¬ 
sor  by  the  polynomials 


cio)  I  -cUi  4-  J- 
'ift  ’--ik  2 


(i.  k=\,  2). 


(8.8a) 


in  this  connection 


0('”)  =  ^  >. 


(8.8b) 


(-1 


Now  let  us  express  the  discontinuous  components  of  the  strain  tensor  and 
the  stress  tensor  in  terms  of  continuous  components.  We  have 


=,3  =  —  y 

2ii  ^  m] 

^  m-0 


i3  » 


(8.9a) 


X4-2I1  ^  m[  ^  '' 

m~0 


(8.9b) 


(8.10a) 


L*  =  2ii  y  — 
^  m\ 

m~0 


(i,  k  =  \,  2). 


(8.10b) 
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Since  we  are  investigating  the  local  properties  of  the  function  L,  with¬ 
out  going  outside  the  boundaries  of  the  prismatic  element  of  the  shell  defined 
above,  we  must  consider  the  derivatives  bj (i  =1,  2)  of  the  coefficients  of  the 
polynomials  here  introduced  as  new,  locally  independent,  quantities.  This, 
more  particularly,  explains  the  application  of  the  independent  representations, 
by  the  polynomials,  of  the  components  without  inversion  to  eqs. (8.5 )“(S*6), 
since  this  would  not  lead  to  a  decrease  in  the  n^omber  of  locally  independent 
quantities  introduced  by  us. 

All  the  locally  independent  quantities  entering  into  eq3.(8.3)  -  (8.10b) 
belong  to  the  variable  field  in  terms  of  which  the  Lagrange  function  L  of  an 
element  of  the  continuous  medium  is  expressed.  They  are  a  generalization  of 
the  generalized  coordinates  and  generalized  velocities  known  from  classical 
mechanics-'^-.  We  recall  that  in  the  classical  Lagrange  function,  the  generalized 
velocities  qj  and  the  generalized  coordinates  qj  are  considered  as  inde-  /229 
pendent  quantities  in  setting  up  the  equations  of  motion.  Their  interrelation 
is  taken  into  account  after  setting  up  the  equations  of  motion  based  on  the 

elementary  equations  qj  *=  •  In  the  problem  of  interest  to  us,  the  inter- 

dt 

relation  of  the  variable  fields  is  expressed  by  more  complex  relations  re¬ 
sulting  from  the  equations  of  elasticity  theory.  For  example,  from  eqs.(8./4.) 
and  (8.6)  we  may  find 

2  2 

O(0)  =  y  = 

Zj  ^  ^  ^ 

/-I  /=i 


i3 


m-\) 


//fr 


(8.11) 


Equation  (6.?)  must  be  associated  with  these  relations. 

A  nimiber  of  relations  result  from  eqs.(8.6)  -  (8.10b),  but  we  shall  not 
consider  them  here,  since  we  are  not  setting  up  a  system  of  equations  of  mo¬ 
tion  of  a  layered  shell  by  the  methods  of  classical  analytical  mechanics,  but 
propose  to  make  use  of  the  Lagrange  function  L  as  the  fundamental  quantity  in 
the  problem  of  constructing  a  homogeneous  shell  approximately  equivalent  to  a 
layered  shell. 

It  follows  from  eqs.(8.3)  ~  (8.10b)  that  the  number  of  variable  fields 
entering  into  the  Lagrange  function  is  thirty-one.  It  is  easy  to  establish 
that  this  niamber  does  not  depend  on  the  number  of  layers  n  in  the  shell  if 
n  >  1.  For  n  =  1,  the  n^Jinber  of  variables  of  the  field  can  be  reduced  to 
twenty-seven. 

Consider  now  the  kinetic  energy  T  related  to  unit  area  of  the  basic  sur¬ 
face.  In  the  local  system  of  rectangular  Cartesian  coordinates,  we  have 

'  3 

p  E  (“/•)* 

y=i 

Cf.,  for  example,  J. Leach,  Classical  Mechanics,  Chapter  IX,  IL,  1961# 


(8.12) 


Equation  (8.12)  is  applicable  to  an  inhomogeneous  shell.  Let  us  pass  to 
a  layered  shell,  putting: 


n — 1 

P  =  Pi  "h  ^ 
k^\ 

n-l 

X  =  Xj  ^ 

rt“l 

1^=  1^1  ^ 


(8a3a) 


(8-13b) 


(8.13c) 


where  Ap^  ,  AXy.  A^j^  are  the  changes  in  p,  X,  \i  on  transition  from  the  layer 
to  the  (k  +  Ij"^^  layer,  n  is  the  number  of  layers,  Oq  is  the  unit  Heaviside 
function,  and  are  the  coordinates  of  the  interfaces  of  the flayers.  It 
is  assumed  that  the  layers  are  parallel,  i.e.,  that  the  coordinates  are  con¬ 
stants. 

To  shorten  the  formulas  we  shall  also  make  use  of  relations  of  the  form 
of  eqs. (8.13a)  -  (8.13c)  in  considering  the  functions  p,  X,  p-. 

For  example, 

n-l 

/(P,  V')^f{Pu  l^i)+  ^  ^/(P*>  ^0  (8.1/4) 


Let  us  also  introduce  the  notation: 


2ft 


f  (p,  K  1^)  = 


[2h)^^^ 
/n-j-  1 


fiPu  1^1)  + 


+s 


(2/i)'”+‘-2 


m+1 

ft 


/«  + 1 


l^t) 


(8.15) 


and  retain  in  eqs. (8. 5)  -  (8.6)  only  the  terras  containing  the  factors^-  to  z“ 
inclusive.  This  m^es  it  possible  to  find  T  approximately  to  terms  with  fac- 
tors  of  the  order  of  h^ .  In  this  case,  T  will  contain  only  seventeen  variable 
fields.  V/e  have 


(u.)^  =  {nf)y-{-2zuf^ 


xto) 

/3 


L  P* 


'^3,  i 


+  zHuf) 


^/3 


+ 


231 


(8.16a) 


(»3)— (<) 


'sT+TT^  +  _,ea)] -f- 

+  :rTVT,K"3’-^H- 


(X  +  2it)* 


Substituting  these  equations  into  eq.(8.l2),  and  making  use  of  eqs 
(8.1/+),  (8.15),  we  find 


3  2 

27  =  A,  (p)  ^  (-)  -  2^1  (P)  <’<>/  + 

+ (r+V) (^) '“*‘’1 + 


-j-2Ai^ _ -  ^  .ilOlilOl  OA  {  P^ 


u!o>r^>-2A, 


(t 


X  +  2tiy  -  ■p-  +  2tx/  ^  ' 

+  A  ( — — ]  «!?'  ^  f  O'"  +  ^  2  f jrrVil 

^  +  j  ^  U  +  2tt/  '  \(^  +  2ti)V 


X 


X  K^yi’  +  ^2  -  2^^  ( TT^.  1  0(0).  (8.17=) 


\(^+2|i)' 


Equation  (8.17a)  can  be  put  into  a  somewhat  different  form 

3  2  2 

2T==A,{p)J^  {uf))^  2A,  (p)  ^ ,  (p)  ^  («(0)  )2  + 

/-I  /=i  /=i 


+^^>(7)  t  j]  K'”iy-2x;.0)«(0)j  + 


/  =  ! 


(8.16b) 

(8.7), 
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(8.17a) 


+  2^, 


I  X+2J  '  ' 


;(0)  I 

X  +  2(i  /  ■’  X  +  2|i 


/-I 


^(P)()(0)_  „(0)6(>) 

I  .  t  .0 


■f* 


+ (^)  S  («• + A  (^.)  (^s  )• +^.  (^.)  X 


X  (O'O'j^  -  2^2 


px 


(X  +  2N* 


rmm. 


(8.17b) 


Flirt  her,  we  have 


2n 


2h 


^  ^  ['^11^11  "f* '^22^22  2  ('Cj^ej2 -|“ '^1 3^13  "f"  ^23^23)  1  (8«18) 


Conrining  ourselves  to  the  relative  accuracy  adopted  in  calculating  T,  and 
making  use  of  eqs*(8.8a)  -  (8 ♦10b),  we  find 


1  X  +  2ii  J 

X[0i°0'’'  +  (0(»)=]-f-/lo(2ii) 

2 

V  +  2.'«.g 


.  2 


V(s®)=  +  2(s(o>)^ 


ZJ 


+  271,(2^)X 


X 


/-I 


-M2  (2p);st«-fH{>)*i-f 


<-i 


+2  i-lM?  +  MV)’!) + A  (y^)  «')■+  2'’.  (-xq^)  X 

2 

X  ’S  'g + 21.  ( I'S  'g + «V)’I + H  (^)  s  «?)■ + 


2  2 
(s)  S  'is''a’+2'^.(7)  s 

^  i  =  l  ^  /=,! 


(8.19) 
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Here  the  quantities  b  and  are  connected  by  the  relation  (8.8b)* 

Equations  (8.1?)  and  (8.19)  complete  the  construction  of  the  function  L 
for  a  layered  shell  vdth  the  accuracy  adopted  by  us.  As  a  special  case,  these 
equations  yield  the  e^q^ression  of  the  Lagrange  function  L-"-  for  a  homogeneous 
( single-layer )  shell  in  the  variable  fields  selected  by  us. 

For  a  sin^e-layer  shell,  eq.(8.15)  takes  the  following  form: 


^  ^  ^  m  +  1  '  * 


(8.20) 


Using  this  notation,  we  can  obtain  2T--  and  211-^^  directly  from  eqs. (8.17a)- 
(8.17b)  and  (8.19),  but  since  all  this  reduces  down  to  substituting  the  oper¬ 
ators  AgKf^O  for  A,  (f),  we  shall  not  write  out  the  expressions  for  2T-"-  and  2lL"-. 

Let  us  return  to  the  problem  of  the  approximation  of  the  Lagrange  func¬ 
tion  L  by  the  function  L*''-. 

Let  us  consider  the  difference  A.  As  will  be  seen  from  eqs. (6.2)  and  the 
properties  of  T,  H,  T--,  H'--,  this  difference  in  turn  is  a  Lagrange  function 
with  the  coefficients 


in 


(8.21) 


If  a  function  L-"-  existed  equal  to  L,  then  all  the  differences  A,  ,  and 
thus  also  the  difference  A,  would  vanish.  This  vanishing  of  A  would  mean  the 
existence  of  a  single-layer  shell  equivalent  in  this  respect  to  a  multi-layer 
shell.  But  we  have  available  only  four  quantities  characterizing  the  proper¬ 
ties  of  the  single-layer  shell:  p-x-,  and  h---.  Equating  all  the  A^  to  /233 

zero,  we  obtain,  as  will  be  seen  from  eqs. (6.17b)  and  (6.19),  a  system  of 
twenty-five  equations  in  four  unknowns: 


Amif) 


^;{n=o. 


(8.22) 


The  system  (8.22)  is  incompatible.  Consequently,  it  is  impossible  to 
construct  a  homogeneous  shell  equivalent  to  a  multi-layer  shell“«. 

We  can  speak  only  of  approximate  equivalents. 

It  is  ^^^ell  known  that  there  are  several  methods  of  constructing  solutions 


This  conclusion  was  obvious  in  advance,  since,  if  the  functions  L  and  L'^'^  were 
exactly  equal,  and  the  external  loads  and  boundary  conditions  of  a  single-layer 
shell  coincided  with  that  of  a  multi-layer  shell,  the  single-layer  shell  would 
exactly  imitate  the  motion  of  the  multi-layer  shell. 
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approximately  satisfying  a  system  of  incompatible  equations. 

Let  us  apply  the  method  based  on  the  requirement  of  minimizing  the  sum  of 
the  squares  of  .  Let  us  consider  the  sum  in  the  expanded  form,  making  use 
of  eqs. (8.17b),  (8.19)  and  (8.20): 


So  =  ;^A^-[/lo(p)-2/i*plH 


A(p)-|-(2/i*)*pHV 


+ 


^(p)-l(2Aiy 


+ 


A,  f-^^--^(2Ay4T  + 


+ 


A. 


P\ 

3  V-*  J 


+ 


X  +  2[i 


X 


-f 


(t 


X  +  21X 


1  P* 

*■  /  r  ,  ;J.  \  JJ  _ r 


j-l{2A*)^X 


X^  +  2ti 


+ 


h( 


pX 


pn*  ?  ,  h  /  P^ 


,  {2k*) 

X  +  2ix  y  2  X*4-2!x* 


p*r 


X.+2.' 


+ 

1 


7(1 


+ 


P  \  1  /r>  I.SXS  P 


- 1.(2  A*)* 


-  — f2A 


*13 


(X+2t.)V  3  ■  (X*+2(x=^)=, 


+ 


*2 


A, 


^  +  2ia  ) 


+ 


l(l  +  2fiW 


p:|:X*2 


3 

3  '  n»_Lo,.nn2 


(X»  +  2|.^')^ 


+ 


71.,  — '|_1(2A*)3 — 

^  ^  n* 


»  12 


(X  +  2ii)*;  3'  '(X^  +  2!.*)* 


+ 


^=^+2yJ  ‘I  X  +  2J  2 


+ 


^  X^:^]  +  [  y  x+  2  J  3  X^*'+2yJ  ^ 

+  [^'0  (2ii)  -  (2A*)  2(1=^]^  +  J/1,  (2ii)  -  Y  (2A*)-  2y  + 

4,2.)- 


+ 
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(8.23) 


Let  us  introduce  the  notation 


(8.24) 


To  determine  the  unknown  parameters  characterizing  the  homogeneous  shell, 
let  us  set  up  the  equations: 


dS, 

dm* 


P; 


dG* 


dS, 

dH* 


=  0; 


dS. 


dh*' 


0. 


(8.25) 


From  the  system  of  nonlinear  equations  (8.25)  we  determine  the  param¬ 
eters  m-K-,  G*,  and  h-*^,  after  which  the  construction  of  the  homogeneous  shell, 
approximately  replacing  the  layered  shell,  will  be  completed. 

Several  remarks  must  be  made  on  the  method  proposed  here  for  the  con¬ 
struction  of  an  equivalent  homogeneous  shell. 

a.  The  system  of  nonlinear  equations  (8.25)  for  sufficiently  small  Api , 
AXj  and  A|j,i  ,  obviously  has  at  least  one  system  of  real  solutions,  since  for 
^Pi  ^  AX-i  and  Aui  equal  to  zero,  we  obtain  the  solution  p^;-  =  Pi,  X-k-  =  X^,  p.*  = 

=  Pi  ,  2h^^  =  hi  =  2h. 

b)  The  incompatible  system  of  equations  (8.22)  and  the  related  func¬ 
tion  So  were  considered  by  us  apart  from  the  difference  L  -  We  certainly 

had  the  right  to  proceed  in  this  way,  but  the  solution  proposed  involves  the 
implicit  assumption  that  those  functions  of  the  variable  field  in  the  ex¬ 
pression  for  L  -  L*  whose  coefficients  are  the  differences  A,  on  the  left-hand 
sides  of  the  incompatible  equations  (8.22)  all  have  the  same  physical  signifi¬ 
cance.  This  is  undoubtedly  the  vulnerable  point,  of  the  method.  Evidently, 
instead  of  the  function  So,  we  should  consider  the  function  of  a  more  general 
type: 


(8.26) 
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where  is  the  weight  of  the  term  characterizing  the  physical  signifi¬ 
cance  of  the  corresponding  term-^^-  in  the  e:xpre3sion  for  L  - 

The  principal  difficulty  here  lies  in  the  determination  of  the  numbers  c,  . 

We  shall  first  give  an  elementary  example  of  the  choice  of  the  coefficients  /235 
Cji  j  based  on  the  classical  theory  of  shells. 

The  Kirchhoff-Love  hypotheses  lead  to  the  conclusion  that,  in  the  Lagrange 
functions  L  and  U'-,  we  may  neglect  all  terms  containing  variable  fields  con¬ 
nected  with  the  components  e^2  the  strain  tensor  and  of  the  stress  ten¬ 
sor#  Consequently,  in  eq.(8#26)  we  should  equate  the  coefficients  c,  of  the 
corresponding  to  zero.  If  we  put  the  remaining  coefficients  c,  as  equal  to 
unity,  then  we  find 


S,o=lAo{p)-{2/vnP"T  +  i 


[• 


+  l^»(p)-y(2A1V"r+4 


—P^: — )_i-(2A*)»X 

X  +  }  2  '  ’ 
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P*x»  Y 


X*+2n 

-\-\aJ  — ^ — 1—  —  (2h*) 


2  r 
+  A 

4  ] 
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U+2!i,' 
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(2h-'Y 


(X*4-2ix*]*.  '^.'^®U  +  2p  j 


+ 


/  2tiX  \ 


X 


X*-|-2p* 


+ 


U+2(x; 


2j^X  \  1  2p*X*  1* 


(2A' 


X4-2(1  y  3  X*+2|1* 


X*+2p.*J 

+  M,(2ix)-(2A*)2!x*r+ 


+  4U  (2(1)  -l(2A*)*2|i*''* 


+  [^,(2p)-l(2A*)32ji*f 

O 


(8.27) 


In  contrast  to  eq.(8.23),  we  introduced  the  coefficient  2^  in  certain 
terms  of  eq.(8.27),  bearing  in  mind  the  numerical  coefficients  of  the  corres¬ 
ponding  terms  in  the  expressions  for  2T  and  211,  This  again  corresponds  to  the 
assumption  of  the  same  physical  significance  of  the  functions  of  the  variable 
fields  for  all  coefficients  of  the  form  aA,(f)  where  a  in  this  case  equals 
unity  or  two. 


•s:-  Of.,  for  example,  V.Ya. Goncharov,  Theory  of  Interpolation  and  Approximation 
Functions,  ONTI,  1934,  p.l6l 
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We  now  consider  the  case  when  the  components  £1^°  (i,k  =  1,2)  vanish  on  de¬ 
formation  of  the  shell.  In  this  case,  we  cannot  neglect  the  terms  containing 
the  components  Tjst*)  of  the  stress  tensor. 

The  determination  of  the  required  parameters,  characterizing  the  proper¬ 
ties  of  a  homogeneous  shell  approximately  equivalent  to  a  layered  shell,  is 
again  reduced  to  the  solution  of  the  system  of  equations: 


=0; 

dm* 


=  0; 

dG* 


—  0 

dH‘^  ’  dh^ 


(8.28) 


The  methods  based  on  the  consideration  of  the  sums  Sq  and  defined  /23_6 
by  eq.(8.27)  yield  the  result  of  averaging  incompatible  values  of  the  required 
unknowns  obtained  from  the  system  of  equations  (8.22). 

This  result  of  averaging,  as  will  be  seen  from  the  above  discussion,  per¬ 
mits  constructing  of  an  equivalent  shell  with  rough  approximation,  since  the 
physical  meaning  of  the  quantities  entering  into  T  and  D,  which  are  factors 
of  Aa ,  differ  substantially.  We  must  therefore  consider  in  greater  detail  the 
coefficients  c^  of  eq.(8.26). 

2.  Evaluation  of  the  Weights  c^ 

We  admit  that  the  technique  proposed  below  for  evaluating  the  weights  cj 
in  eq.(8.26)  is  quite  imperfect.  However,  it  permits  an  introduction,  into 
the  calcTilations,  of  quantities  approximately  characterizing  the  significance 
and  physical  properties  of  various  groups  of  terms  entering  into  the  func¬ 
tion  L  -  Here,  as  before,  it  is  necessary  to  refine  the  region  of  varia¬ 

tion  of  the  variable  field,  since  this  region  is  at  the  same  time  the  region 
of  approximation  of  the  function  L  by  the  function  L->". 

We  shall  assume  that  the  shell  undergoes  stationary  vibrations  at  a  fre¬ 
quency  (JO  lying  in  the  interval  ((u^^ ,  cug).  The  quantities  and  ojg  are  assumed 
to  be  known.  To  determine  the  frequency  (JOj^  we  may  use  any  approximation  meth¬ 
od,  for  example  the  Ritz  method.  The  upper  value  of  the  frequency  (aj  may  be 
selected  arbitrarily.  We  will  show  the  influence  of  this  choice.  Let  us  as- 
svme,  for  instance,  that  the  displacements  Ui  are  expressed  by  the  eqTiations 


sin  (at 
cos  lot 


(8.29) 


Let  us  substitute  eq.(8.29)  into  eqs. (8.17b)  and  (8.19)  and  then  aver¬ 
age  the  results  over  the  two-dimensional  region  ^  u)i ,  ;  0,  “  )  • 

bear  in  mind  the  equations 
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(0.  ti) 


2;r 

<0,  <i> 


2« 
<o.  (O 


J  J  cos^  Hit  dt  ^  ^  sln^wM^rfo)—  j' 

OJ,  0  a)|  0  tOj  0 


dtd{a  =  'ti\n 


'2  . 


2ir 


<:os^ts\ni^itdt=0\ 


(a) 


(b) 


2n 

<0,  (1) 


2n 

o>,  u> 


Z222 


Hr*  r* 

cos'^  (i)t  dt  dii)  =  CO 2  sin®  0)/ r/if  dto  “ (o)^  —  (1)2).  (c) 


'iu,  0 


oj,  0 


Let  us  temporarily  introduce  into  the  consideration  the  variable  Yf ,  de¬ 
fined  by  the  relation 

h  —  (d) 


The  variables  Yf  are  defined  by  the  values  taken  by  the  ratio  (dif)  :  (f) 
on  the  basic  surface,  where  f  is  the  general  symbol  for  the  functions  charac¬ 
terizing  the  stress-strain  state  of  the  shell.  Obviously  the  variables  Yf  are 
in  particular  connected  with  the  variational  indices  of  the  function  f  (Bibl.5) 

In  considering  specific  problems  on  the  vibrations  of  layered  shells,  we 
can  sometimes  determine  in  advance  the  approximate  limits  ci  and  Cg  within 
which  the  values  of  the  variables  Yf  will  lie,  from  the  known  solutions  of 
similar  problems  for  homogeneous  shells,  and  then  average  over  Yf  the  differ¬ 
ence  L  -  L*  on  the  intervals  ( c^ ,  Qb  ) . 

As  a  result,  the  constants  C(,) ,  defined  by  the  equation 

1  r' 

V)  =  7 - -r\{'^frd^,.  (e) 

‘•2  ‘•1  J 


enter  the  equations . 

Since  the  quantities  C(,)  have  a  definite  meaning  only  for  very  narrow 
classes  of  problems,  we  shall  below  apply  various  methods  permitting  their 
exclusion  from  the  eqmtions  solved. 

Let  us  continue  our  study  of  the  variational  integrals  of  the  variable 
fields  entering  into  the  Lagrange  functions  of  homogeneous  and  layered  shells, 
assuming  that  the  components  Uj  (j  =  1,  2,  3)  of  displacement  vary  over  the 
intervals  (-2h>  +2h).  It  is  well  known  that,  if  this  interval  is  further  ex¬ 
tended,  the  linear  theory  becomes  unsuitable. 
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The  greatest  difficulties  are  connected  vath  indicating  the  variational 


intervals  of  the  qxiantities 


and  Tj^3^ 


(i,  k  =  1,  2;  m  =  0,  1,  2).  These 


intervals  depend  largely  on  the  special  properties  of  the  solutions  of  definite 
classes  of  boundary  problems.  We  shall  start  out  from  the  hypotheses  that 
3d.eld  results  in  the  general  form,  admitting  of  further  simplification  and  con¬ 
nected  with  the  special  properties  of  specific  problems. 


Assume  that  the  components  (i,  k  =  1,  2)  of  the  strain  tensor  vary 

oyer  the  interval  (-a,  +a)  where  a  is  the  greatest  value  taken  by  this  quan-  /238 
tity  (cf.  Sect. 2)  in  the  various  layers.  The  exceptions  are  the  cases  in  which 
we  know  in  advance  that  the  are  small  or  zero,  when  that  range  of  varia¬ 

tion  contracts  to  a  point. 


Assume  further  that  the  components  of  the  stress  tensor  vary  over 

the  interval  (-cq,  +Cq).  If  there  is  reason  to  suppose  that  the  stressed  state 
of  the  shell  is  almost  momentless,  then  the  quantity  Cq.  must  be  determined 
from  the  relation 


(8.30a) 


in  accordance  vd.th  the  interval  of  variation  •  Here  o,  is  the  maximum 
yield  point  of  the  materials  of  the  layers  and  k^^jj  the  greatest  value  of  the 
principal  curvature  of  the  basic  surface. 

In  purely  flexural  deformations  of  the  shell,  taking  place  in  the  absence 
of  loads  on  its  boundary  surfaces,  the  absolute  values  of  the  components 
(i  ^  Ij  2,  3j  m  =  0,  1,  2)  are  small.  In  this  case,  to  obtain  approximate 
solutions,  the  interval  (-c^^,  Cq)  must  be  contracted  to  a  point. 

Assume  further  that  all  the  nonzero  quantities  (i,  j  =  1,  2;  m  =  1,2) 

vary  over  the  range  [-(-2h)"a,  (2h)“a]  while  the  quantities  (i  =  1,  2,  3; 

m  =  1,  2)  vary  over  the  interval  from  [-(2h)‘co,  (2h)'ca].  This  is  equivalent 
to  the  assumption  that  the  terms  actually  entering  into  the  approximation  poly¬ 
nomials  of  the  form  (8.3)  are  of  the  same  relative  order. 

All  the  above  compels  the  conclusion  that  weighted  quadratic  approxima- 
bions  shoTild  be  introduced  after  sufficiently  complete  concretization  of  the 
content  of  the  problem  of  shell  mechanics. 

Let  us  turn  now  to  a  consideration  of  the  special  case  of  the  determining 
of  the  elastic  constants  of  the  homogeneous  shell,  approximately  equivalent 
to  a  layered  shell. 

3*  Application  of  the  Weighted  Quadratic  Approximation 

Let  us  form  the  sum  ,  assuming  that  among  the  terms  of  the  difference 
L  -  !■«■  there  are  no  zeroes  and  that  an  averaging  has  been  made  over  the  above 
intervals  of  variation  of  the  variable  fields  and  over  their  time  derivatives 
entering  into  the  composition  of  the  kinetic  energy. 


In  considering  the  terms  in  2T,  which  contain  derivatives  with  respect  to 
the  coordinates  x‘ ,  with  a  comma  in  the  indices,  let  us  use  the  variable  Yf 
according  to  eq.(d),  followed  by  averaging.  Thus  the  final  result  will  con¬ 
tain  the  constants  C(,^  ,  defined  by  eq. (e). 


Let  us  introduce  the  notation 


Ato  = 


0)2 


2  (In  o)< 


(8.30b) 


Now,  based  on  eqs. (8.17b)  and  (8.19),  let  us  form  the  sum  Si  of  the 
squares  of  the  deviations  from  zero  of  the  averaged  values  of  the  independent 
summands  entering  into  the  difference  L  -  L-»-. 

As  before,  let  us  consider  the  variable  fields  introduced  by  us  and  their 
derivatives  as  independent  variables.  We  have 


Si  =  2  =  (Aco)^  {l6/i‘  [4  (p)  -  2h*  p=^]*  + 1  (p) 

-  j  P*]’+  ^  - 1  (24T  ^] ’  + 1  X 


—  (2A*)3- 

s'  (k*  +  2v.- 


X 


2(1.*  X* 


3  P* 

1*  4 

+  -a* 

^2 

(X=^•-l-2(l=*=)^ 

9 

. 

aJ 

‘J  J  9 

v^+2ii; 

aJ  f 

)  -  —  f2A*)3 

\  X4-2(1 

/  3 

(X  +  2!xf 

-(2A=i^jX 

2(1.*  X* 


X*  +  2(x^ 


-f- 


+  a'  [A,  (2(1)  -  (2A^)  (2(i^--)]*  +  16A-^a^  |  A,  (2[i)  --  i  (2A^f  2(1*]*+ 

o 


A, 


+  — 


(  1  +  2(1.  ) 


(2A*) 


X*  +  2(i*  J  '  9 


*  16 

•  A  o 


(  ^  +  2(1  ) 


_±(2A=^)3 - — 

3  ^  ^  X*  +  2(i’ 


+ 


—  A-vI^l  j  f — )  -  —  (2  A*)5  ^  . 

9  1  'WJ  3^  ’  2(i*J 


1 

2p.* 


+ 


(8.31) 


The  following  short  remarks  apply  to  the  sum  Si ,  supplementing  the  state¬ 
ments  in  Subsection  2  of  this  Section. 
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a)  The  sum  contains  a  smaller  number  of  summands  than  the  sum  Sq, 
since,  on  averaging  over  symmetric  intervals,  the ^ terms  containing  odd  powers 
of  the  variable  fields  will  cancel  out* 

b)  As  already  noted,  a  term  containing  a  factor  0(2)  ,  can  receive  a  defi¬ 
nite  meaning  only  for  distinctly  restricted  classes  of  dynamic  problems. 

In  static  problems  it  will  not  be  necessary  to  investigate  the  variables 
Yf ,  and  the  constant  C(2)  will  not  enter  into  the  equations.  In  the  remain-  /2k0 
ing  cases  an  attempt  must  be  made  to  eliminate  the  terms  with  the  factor  c^2)  • 

The  most  general  method  of  eliminating  one  of  the  terms  with  such  a  factor  is 
to  choose  the  basic  surface  in  the  equivalent  homogeneous  shell  such  that  the 
coefficient  will  vanish  if  the  factor  C(2)  occurs  in  the  selected  term. 

Equation  (8. 31)  contains  only  one  term  with  the  factor  C(2)  .  Let  us  de¬ 
note  by  h^  the  z  coordinate  determining  the  new  position  of  the  basic  surface 
relative  to  the  above-selected  surface.  To  determine  h^^ ,  let  us  set  up  the 
following  equation  resulting  from  eq.(8.31)i 


t(2A*~/zJ-'  +  /23]p*  =  34(p). 


(8.32) 


If  eq.(8.3l)  still  contains  another  term  with  the  factor  C(2)  >  the  posi- 
tion  of  the  basic  surface  would  also  have  to  be  changed  in  the  layered  shell. 

c)  Introduction  of  the  frequencies  (Di  and  shows  that  the  approximate 
replacement  of  the  layered  shell  by  a  homogeneous  shell  permits  investigation 
of  only  a  limited  region  of  the  frequency  spectrum.  The  higher  frequencies 
cannot  be  determined  by  this  method. 

d)  Equation  (8. 31)  was  obtained  under  certain  assumptions,  which  might 
fail  to  correspond  to  the  physical  content  of  individiaal  problems.  But  the 
form  of  the  relation  (8.3I)  permits  its  adaptation  to  a  number  of  special 
cases.  This  has  already  been  mentioned  above. 

To  supplement  the  above  we  note  that  in  the  case  of  plates,  the  coeffi¬ 
cient  cq  must  be  taken  as  zero,  and  for  flat  shells  close  to  zero,  in  accord¬ 
ance  with  eqs. (8.30a).  These  cases  approximate  the  assumptions  under  which 
the  sum  Sio  was  obtained. 

If  a  plate,  under  certain  boundary  conditions,  has  no  chain  stresses, 
then  the  evaluation  of  the  variational  interval  of  the  stress  tensor  compon¬ 
ents  Ti3  by  means  of  the  quantity  Cq  defined  by  the  difference  (8.30a)  loses 
its  meaning.  In  these  cases,  one  must  start  out  from  the  special  conditions 
of  loading  of  the  boundary  siirfaces  of  the  shell.  At  considerable  surface 
densities  of  the  load,  c^  may  be  taken  as  equal  to  Og ,  i.e.,  we  may  average 
the  stress  tensor  components  over  their  natural  interval.  Of  course,  this 
applies  also  to  the  corresponding  cases  of  deformation  of  shells. 

We  emphasize  in  conclusion  that  the  expression  obtained  by  us  for  the 
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sum  S,  should  be  regarded  merely  as  an  example  of  the  application  of  the  gen¬ 
eral  method.  In  solving  special  problems  one  must  strive  toward  a  preliminary 
individualization  of  the  field  variables,  permitting  different  variational  in¬ 
tervals  to  be  prescribed  for  them  and  permitting  their  relative  mgnitude  to  be 
estimated,  as  noted  above.  For  this  reason,  the  formal  application  of 
eq.  (8.31)  to  arbitrary  problems  cannot  be  recommended. 

e)  Eqtiation  (8.3I),  as  was  assumed,  approximately  reflects  the  physical 
significance  of  the  individual  terms  entering  into  the  sum  Sj  . 

Of  course  in  a  comparative  estimate  of  the  magnitudes  of  the  individual 
summands  of  the  sum  3^  one  must,  as  already  noted,  start  from  the  physical  con¬ 
tent  of  the  problems  of  a  definite  class.  This  permits  an  introduction  of 
further  simplifications  into  eq.(8.3l).  Let  us  consider  one  version  of  these 
simplifications,  starting  out  from  the  basic  assumptions  made  in  deriving 
eq.(8.3lK 

There,  we  assumed  that  the  tangential  components  of  the  stress  tensor  and 
the  strain  tensor  differ  from  zero  and  that  the  relative  magnitudes  of  the 
flexural  and  chain  stresses  are  the  same.  Comparing  under  these  conditions  the 
expressions  containing  the  operators  Ao  and  Ag ,  we  first  of  all  note  that  the 
orders  of  Aq  and  Agh"^  are  the  same.  Therefore,  in  comparing  terms  contain¬ 
ing  As  and  Aq,  the  factor  h*  must  be  attributed  to  the  terms  containing  Ag . 
Then,  we  note  that  the  order  of  the  ratio  ca  s  equals  a  •  Finally, 

we  must  bear  in  mind  the  numerical  coefficients  of  the  summands  entering  into 
the  sum  . 

We  mentioned  above  that  the  terms  containing  the  factor  Cjg^  had  to  be  ex¬ 
cluded  from  the  equations  by  various  methods,  for  example,  by  a  ration^  choice 
of  the  basic  surface  in  the  layered  shell  and  in  the  approximately  equivalent 
homogeneous  shell.  Here,  however,  we  shall  not  change  the  position  of  the 
basic  surface,  but  shall  directly  equate  to  zero  the  coefficient  of  Cfgj  in 
eq.(8.3l).  Then,  retaining  the  dominant  terms  in  (under  the  above  assump¬ 
tions),  we  find  the  following  simplified  expression  for  the  sum  3^: 


Si  ,16/i^  (Aaj)2  [^0  (P)  —  2A*  P^l-  +  16A-'a‘  (2ii)  - 


'  ,  64,  ,  , 
-j - -h-'a* 

9 


—  [2h*f 
3 


2ixn*  Y 


(8.33) 


As  will  be  seen  from  the  simplified  expression  for  ,  the  terms  depending 
on  the  chain  stresses  have  been  dropped  from  it.  This  is  a  consequence  of  the 
assumptions  we  made  on  the  region  of  approximation  and  the  neglect  of  a  number 
of  terms  entering  into  eq.(8.3l).  It  is  clear  that  the  results  obtained  from 
eq. (8.33)  are  only  roughly  approximate. 

For  3j  to  vanish  it  is  sufficient  to  equate  to  zero  the  expressions  in  the 
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brackets.  Also  bearing  in  mind  tne  condition  for  the  vanishing  of  the  coeffi¬ 
cient  of  C(2)  in  the  right-hand  side  of  eq.(8.3l)j  we  find  the  following  /2U2 
simultaneous  system  of  equations : 


Hence,  we  find 


2A*p^  =  /l,(p), 


^[2h*Y2^*==A,(2^), 


l*  +  2\>.* 


aJ-^] 


^1(pL 

V^A,{p} 


» 


3/i,(2|x)^;^-(p) 

[34  (P)]”'*  ’ 


X* 

34Mp)4(2f)4| 

(J 

2!xX  ^ 

}-2h.  J 

1 

A,[2p.)-A,\ 

f  2<xX  \ 
1  X-l-21.  ), 

[34  (p)!’/. 

(8.34a) 

(8.34b) 

(8.34c) 

(8.34d) 

(8.35a) 

(8.35b) 

(8.35c) 


Of  course,  if  and  X*  are  determined  by  eqs.(8.35b)-(8.35c),  we  may  in 
special  cases  obtain  **physically  impossible”  values  of  the  Poisson  constant  v, 
which  may  above  all  indicate  the  unsuitability  of  the  simplified  expres¬ 
sion  (8.33)  the  sum  . 

Here,  we  will  not  investigate  the  question  as  to  the  impossibility  of  de¬ 
termining  the  parameters  of  the  homogeneous  shell  from  eq.(8.3l)* 

We  shall  likewise  not  investigate  in  detail  the  question  whether  it  is 
permissible  to  formally  apply  the  equations  with  ^physically  impossible”  values 
of  Poisson* s  constants  and  the  physical  meaning  of  such  equations.  We  recall 
merely  that  negative  values  of  Poisson* s  constant  correspond  to  the  loss  of 
stability  of  the  shell  considered  in  Sect. 6-  The  "physically  impossible”  values 
of  Poisson* s  constant  for  actual  materials  may  prove  to  be  possible  for  a  /2U'i 
medium  approximately  equivalent  to  the  real  medium,  and  may  reflect  the  specif¬ 
ic  peculiarities  of  those  problems  of  mechanics  for  which  this  medium  has  been 
constructed. 

f)  Let  us  consider  an  example  of  application  of  eqs. (8.35a)-(8*35c)*J''*  Let 
a  bimetal  shell  of  thickness  2h  consist  of  a  layer  of  aluminum  of  2/3h,  adjacent 


■^•This  example  is  merely  of  an  illustrative  value. 

2kk 


Table 


to  the  basic  sirrface,  and  a  layer  of  duralumin-^  in 

thickness.  Required,  to  find  2h'5f',  and  p."*-". ^ 

Table  6  gives  the  principal  physical  characteristics 
of  aluminum  and  diiralumin. 

From  eq. (8.15)  we  have: 


AJp]  =  ^0,267- 10-»  +  y  0,12- 10-3 j  (2/1)  •=  0,283-  10-*(2A), 

.  0,267- !()->“+  ^  -  0, 12- 10-3  j  (2/[)3  =  0,929- 10-3  (2A)3, 
^  2  (2p)  =  •  0,52 1  - 1  OH-  ^  0,0 1 4  - 1 0“  j  (2A)3  =  0, 1 78  - 1 0®  [2fi)\ 

j  -  0,223  - 1 0®  H-  p  -  0,007  - 1 O^  j  (2/»)3  = 


X -1-2(1. 


81 

=  0,763-103  [2hY. 


Making  use  of  eq3.(8.35a-)-(8.35c),  we  find 
2A’ =  0,985  (2A)  [rffil;  p»  =  0,284- 10-* 

[  cm^ 

2(1*  =  0.544 -10*  dar-,  X*  =  0,408-10«  bar 


These  results  show  in  particular  that  the  values 
of  the  elastic  constants  X*  and  p-K-  found  here  will  de¬ 
pend  on  the  density  of  the  layer  material. 

Comparing  the  obtained  values  of  2p*  and  X^f-  /2ff4 
with  those  for  2p  and  X  given  in  Table  6,  we  see  that 
they  cannot  be  termed  "averaged",  since  they  are  out¬ 
side  the  variational  limits  of  '4i  and  X  in  the  ma¬ 
terial  layers.  Obviously,  this  is  primarily  a  conse¬ 
quence  of  the  method  of  determination  adopted  here  for 
the  reduced  thickness  of  the  homogeneous  shell,  2h^^. 

This  thickness  was  found  to  be  somewhat  less  than  the 
thickness  2h  of  the  layered  shell.  Besides,  the  ex¬ 
clusion  of  the  terms  depending  on  the  chain  stresses 
also  had  a  considerable  influence. 

Let  us  consider  a  simpler  static  problem.  Of  the 
system  of  equations  (8.34a)-(8.34d)  there  remain 
eqs.(8.34c)-(8.34d).  Putting  2h^^  ■=  2h,  we  find 
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j^3(2ix) 

V  2pX~Y[- 

+  (8.36) 

From  eqs.(8.36)  and  the  data  in  Table  6,  we  find 

2p.*  ss  0,535- 10'=  bar-  I*  s  0,392- 10«  bar. 


3,4,  f 

2„*  _  3/^2  (2p')^  \  ^  2[x 

^  f2/zi*  ’  ~  r  ~ 

^  (2/z)-->  4(2l^)-4 


where  the  values  of  and  do  not  go  beyond  the  limits  of  the  variational 
interval  of  and  X  for  layer  materials  almost  coinciding  with  the  values 
of  these  quantities  for  duralumin,  owing  to  the  fact  that  the  duralumin  layer 
occupies  2/3  of  the  thickness  of  the  shell  and  that  there  are  no  terms  depend¬ 
ing  on  Aq  in  the  approximate  expression  (8.33). 

g)  We  remarked  repeatedly  that  it  is  possible  to  simplify  the  sum  by  a 
rational  choice  of  the  basic  surface  in  the  layered  shell  and  in  the  equiva¬ 
lent  shell.  We  may,  for  example,  select  the  basic  surface  in  special  cases 
such  that  the  conq^onents  ej(g)  (i,  k  =  1,  2)  on  it  shall  vanish^“.  This  choice 
of  the  basic  surface,  however,  is  mandatory  in  solving  static  problems,  since 
in  dynamic  problems  one  must  first  eliminate  the  terms  with  the  coefficients 
C(«)  ,  whose  meaning  is  not  sufficiently  definite  in  the  general  case. 

h)  It  is  easy  to  establish  that  the  approximate  expression  (8.33)  for 

the  sum  is  also  suitable  if  the  quantities  ej^  (i,  k  =  1,  2)  vanish,  since 
this  expression  does  not  contain  terms  depending  on  ,  Of  course,  if  the 
conqjonents  vanish,  the  accuracy  of  eq.(8.33)  and  of  the  resultant  con-  /245 

sequences  increases. 

i)  In  the  general  case,  the  quantities  P*>  2h*  are  determined 

from  the  conditions  that  the  right-hand  side  of  eq.(8.3l)  shall  be  minimum, 
i.e.,  from  the  conditions: 


The  conditions  (8.37)  must  be  associated  with  the  condition  (8.32)  that 

Suggestions  as  to  the  rational  choice  of  the  basic  surface  are  given  else¬ 
where  (Bibl.l5a,  b,  21,  25). 
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the  coefficient  of  C(2)  shall  vanish  in  eq.(8.3l)» 

The  system  of  algebraic  equations  (8.32)  and  (8.37)  is  nonlinear  in  the 
required  quantities  m-*!-,  G*,  H-s:-,  h-!<-,  and  h^ .  Its  solution  clearly  invo  ves^ 
considerable  difficulties.  We  may,  for  example,  use  the  method  of  successive 
approximation,  substituting  in  the  second-power  terms  of  eqs.^8.32;  and 
the  solutions  (8.35a)  -  (8.35c)  of  the  simplified  system  and  determining  the 
next  approximation,  but  in  this  case  there  can  be  no  guarantee  that  the  pro- 
cess  will  converge.  Such  calculations  would  be  outside  the  scope  of  ^his  booK. 

4.  Application  of  Boundary-Problem  Solutions  of  the  Dynamics  of  Homgg.^ 
eous  Shells  to  the  Construction  of  a  Homogeneous  Shell  Approximately, 
Equivalent  to  a  Layered  Shell 

As  can  be  seen  from  the  above,  the  principal  difficulty  in  solving  the 
problem  of  the  approximation  of  the  Lagrange  function  L  of  a  layered  shell  by 
a  Lagrange  function  L*  of  a  homogeneous  shell  lies  in  the  indeterminacy  of  the 
variational  limits  of  the  variables  of  the  field.  This  indeterminateness 
forces  us  in  many  cases  to  consider  the  approximation  over  "natural"  laterals, 
determined  by  the  requirement  of  the  applicability  of  the  laws  of  elasticity 
theory.  Clearly,  the  introduction  of  the  natural  intervals  of  approximation 
reduces  the  accuracy  of  the  results. 

The  continuous  field  variables  introduced  by  us  yield  still  another  method 
of  constructing  a  homogeneous  shell  approximately  equal  to  a  layered  shell 
which  is  free  from  the  above  handicap# 

Let  us  assume  that  we  have  solved  a  certain  dynamic  boundary  problem  of 
the  theory  of  homogeneous  shells,  approximately  corresponding  in  boundary  con¬ 
ditions  and  in  loading  conditions  to  the  problem  of  vibrations  of  a  layered 
shell.  We  shall  assume  that  in  the  initial  approximation  the  variable  fields 
are  determined  from  the  solution  of  the  problem  for  the  homogeneous  shell. 


Applying  the  formula  of  transformation  of  the  components  of  tensor  quan¬ 
tities,  we  find  according  to  eqs. (8.17b)  -  (8.19)  the  approximate  expression 
for  the  Lagrange  function  L  for  the  layered  shell  with  variable  coeffic-  LI 
ients  for  the  operators  A,(f)  which  are  functions  of  the  coordinates  of  the 

basic  surface. 

The  problem  of  determining  the  parameters  P*,  h-^-,  and  the  coordi¬ 

nates  of  the  new  basic  surfaces  in  the  layered  and  homogeneous  shells  reduces 
to  a  consideration  of  the  minimum  standard  deviation 


L^fdSdtdt^i, 


(8.38) 


where  the  internal  integral  extends  over  the  area  S  of  the  basic  surfaces,  ^ 
common  to  the  layered  shell  and  its  equivalent  homogeneous  shell.  The  meamng 
of  the  remaining  notation  has  been  indicated  above.  The  question  again  reduces 


247 


to  the  solution  of  a  system  of  nonlinear  algebraic  equations : 


df 

dm* 


=  0; 


(8.39) 


Selecting  the  new  basic  surfaces  in  the  layered  shell  and  its  approxi¬ 
mately  eqTiivalent  homogeneous  shell,  we  can  exclude  from  the  integral  I  the  two 
dominating  terms,  and  then  set  up  eqs.(8.39)- 

Let  us  consider  two  elementary  problems  on  the  equilibrium  of  a  circular 
closed  cylindrical  shell  of  radius  R,  to  illustrate  the  latter  method. 

As  the  first  example,  let  us  consider  the  subcritical  axisymmetric  de¬ 
formation  of  this  shell  due  to  the  longitudinal  compressive  forces  T  uniforaily 
distributed  over  the  lines  of  intersection  of  the  middle  and  face  surfaces.  We 
shall  assiame  that  the  boimdary  conditions  do  not  prevent  radial  dilatation  of 
the  tube. 


Confining  ourselves  to  the  approximation  formulas  of  the  classical  theory 
of  shells  and  to  the  notations  given  in  Sect. 6,  we  find  (Bibl.23d)  that  the  de¬ 
formed  state  of  the  shell  is  determined  here  by  only  a  single  function 
From  the  condition  that  the  annular  forces  shall  vanish,  we  obtain 


du 

W  —  *^R - . 

dx 


(8.40) 


We  recall  that  w  and  —  belong  to  the  field  variables.  We  therefore 

assume  that  these  quantities  are  the  same  in  the  layered  and  homogeneous 
shells . 


For  metals  such  as  steel  or  aluminum,  the  Poisson  constant  differs  72/4.7 
little  from  0.3.  Let  us  put  v  =  0.3  in  eq.(8.40). 

In  the  second  elementary  problem,  let  us  assume  that  the  longitudinal 
forces  are  zero.  Then,  with  the  other  boundary  conditions  arbitrary,  we  find 
that  the  deformed  state  of  the  shell  is  described  by  the  function  w.  Here, 


du 

dx 


(s.a) 


Since  eq.(8.19)  is  set  up  in  a  local  Cartesian  system  of  coordinates,  let  us 
consider  the  formulas  for  the  direct  and  inverse  transitions  between  the  in¬ 
ternal  coordinates  of  the  shell  and  the  local  Cartesian  system.  These  formu¬ 
las  are  of  the  following  form: 


Xi  —  X  —  JCo;  X2  —  [R~  z)  sin 


R 


=  R  —  {R  —  z)  cos 


s  —  s^ 
R 


(8.42a) 
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;ci  =  ;t:  =  A:i  + V)JK’  =  s  =  «o+/?tan 


^z  =  R-Y[Xi  —  R?-\-x\.  (8.42b) 


where  Xi  are  the  local  Cartesian  coordinates  and  the  internal  coordinates 
of  the  shell.  In  this  case,  the  internal  coordinates  are  determined  by_ 
eqs.(6.l).  The  coordinates  xb  and  sq  determine  the  position  of  the  origin  of 
the  coordinate  bases  of  the  local  Cartesian  system  on  the  middle  surface  of 
the  shell. 

Making  use  of  eas.(l,  5.17),  let  us  express  the  displacement  vector  com¬ 
ponents  in  the  local  Cartesian  system  of  coordinates  in  terms  of  the  compon¬ 
ents  u  and  w.  We  obtain 


dx  dz  dz 

;  ttj  ==«»  —  ;  u^  =  w  —  . 
OXi  0X2  0X3 


(8.42c) 


On  the  basis  of  eqs.(8.Z.2b)  -  (8.Z.2c)  and  putting  x  =  x©  and_  s  -  Sq  after 
differentiation,  we  find  all  the  quantities  characterizing  the  axisymmetric 
stress-strain  state  of  the  shell  entering  into  eq-(8*19)* 

Since  eqs.(8.40)  -  (8.4I)  were  obtained  from  the  classical  theory  of 
shells,  we  must  make  use  of  them  in  determining  the  quantities  .  We  obtain 


e(i) 


d^w 


;  £(2)^0;  eW 


22 


w 

'r 


w 


^22  - 


W 


e(f>)  =  e(i)  =  e(2)==0 
^12  ^12  ^12 


(8-iv3a) 


Further,  on  the  basis  of  the  Kirchhoff-Love  hypotheses,  we  put 
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^{m)  ^  0 

(i=l,  2,  3;  /rt  =  0,  1,  2). 


(8.43b) 


Of  course,  it  is  also  possible  to  use  equations  that  do  not  rely  on  the 
Kirchhoff-Love  hypotheses,  but  the  illustrative  character  of  the  examples  con¬ 
sidered  here  and  the  general  object  of  constructing  an  approximate  solution  do 
not  justify  the  complications  which  these  methods  would  involve. 

Let  us  consider  the  first  elementary  problem.  In  axisyimetric  compres¬ 
sion  of  a  cylindrical  shell  under  the  conditions  of  free  radial  dilatation,  the 
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flexural  moments  are  zero,  so  that  the  derivative 
eqs. (8.43a)  and  (8.4O)  it  follows  that 


also  vanishes, 
dx^ 


From 


«»  =  —  ;  •lV  =  *S?-o; 

dx 


£(')  = 
22 


V  au 
/?  dx 


e&  — - —  •  e'®)  =  £(')  =  el2)  —  n- 

H^dx’ 


0(0)  =(1  —  v' 


du 

dx 


0(1)  =  — 


V  du  _ 
'R~d^'' 


0(2)  = _ L  ^ 


dx 


(8.44a) 

(8.44b) 


Making  use  of  eq.(8.19)  and  noting  that,  in  static  problems,  the  Lagrange 
function  L  equals  -11,  we  find 


47= 


2|x*X* 


2|x*X*  ]v(l— v) 

X*  +  2|x*  J  R 


1(2A)0X 

O 


X 


2ix*  X*  1  2v0  —  V 

X»4-2[i.*J 


[/l,(2ix)-(24)2(x*](l+v0)  + 


+  2 


7l,(2|x)--^(2/0^2ix* 


R 


+  2 


4(2tx) 


(24)0  2iJ. 


■]^-F 


X 


(8.45) 


Here,  it  has  been  assumed  that  h‘^-  =  h.  If  we  also  assume  that  v  "=  0.3> 
then  X-?;-  ^  H*.  This  permits  us  to  find  by  equating  to  zero  the  expres¬ 

sion  in  the  braces  in  eq.(8.45)”'.  The  equation  determining  p,-)--  will  be  lin-  /249 
ear.  The  result  will  not  depend  on  the  fiinction  u.  Rejecting  the  terms  that 
depend  on  the  ratio  2h  :  R  and  approximately  setting  the  factor  (l  -  v)®  as 
equal  to  0.5,  we  find 


* 


35  l-’^o(2,x]  +  0.5/lo(y^] 
92  24 


(8.46) 


-)(•  In  this  case  I  reaches  its  exact  lower  boundary* 


250 


The  methods  of  further  refinement  in  this  case  are  so  obvious  that  we 
shall  not  discuss  them  here.  Equation  (8.46)  determines  by  means  of  an  op¬ 
eration  close  to  a  simple  averaging  of  the  elastic  constant  of  the  layers  over 
the  thickness  of  the  shell. 

Consider  the  second  elementary  case.  Making  use  of  eqs.(lll,  10.1a)  - 
(III,  10.3a),  and  (8.43a),  we  find 


£(0)  g{l) 

II  11 


d  w 


g(2)  _  O.  p(0)  ^ 

n  '•22 


w 


(1)  —  —  —  .  e(2)  = 


'22 


'22 


W 


12  ^12  ^12 


0; 


(8./,7a) 


GIO) 


(1 


w 

~R 


0(1) 


d^w 


0(2) 


dx^ 


w 


(8.47b) 


Here  we  confined  ourselves  to  the  approximations  corresponding  to  the 
Kir chhoff -Love  hypotheses.  From  eqs.(8.19)  and  (8.38)  we  find 


(S) 


2m.’ 


+  2 


+ 


X  -j-  2m 

2 

3 


(l-v)*  + 

(1 


X*  +  2|m*J  R 

2m*  X»  1  (2-v) 


_i_ 


_  1  (24)3  ^1^1  ^  (2,,)  _ 

X  +  2m  )  3  ^  X*  +  2|x*J  "" 


(24)2^.*](l+v3)  + 


R 


R^ 

/!i(2ix)-l(24)*2|.*1  +  -|^ 


—  (24)3  2(x* 


X(l-v)  + 


I  ^  U  ‘U  +  2m  I  2 

/  2ixX  \ 

Hx  +  2m  j 


A.J2V-) 
2m*  X* 


(24)3 

2  X*  4-  2m* 


X 


2^^  1(24)3-^ 

3'  ’  X*  +  2m*J 


2  V  , 


X-f-  2ix 

w  d~w 


( 


+  k(2f)-y(2/0*2M*]}( 


A.  (2m)  - 

„?l^)_I(24)3-2i^!-^-— 
X  +  2m  /  3  X*  +  2m* 

d*w  '  3 


+■ 


dx^ 


dS. 


(8.48) 


Here,  as  above,  we  have  assumed  that  h-K-  -  h. 
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3 

If  we  put  V-J5-  0.3  and,  consequently,  ~  and  also  neglect  the  /250 

terms  containing  the  ratio  w  :  R,  then  we  find  from  eq.(8.48)^  on  equating  I 
to  zero, 

.  2, 

20  (2hf  ■  (8.49) 


We  omit  a  comparison  of  the  numerical  values  of  M--”-  determined  from 
eqs.(S.48)  and  (8.49). 

The  determination  of  on  the  basis  of  eq.(8.48)  can  be  further  refined 
by  assimiing,  for  example,  that  w  is  expressed  by 


ini^x 

T”' 


and,  consequently,  that 


(8.50a) 


(8.50b) 


(8.51) 
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Equating  I  to  zero  and  taking  v*  =  0,3j  we  find  as  a  function  of  the 
ratio  m  :  1.  At  high  values  of  m  we  again  arrive  at  eq.(8.Z^9). 

Section  9.  Construction  of  the  Approximate  Solution  to  Problems  of  the  /2^1 

Dynamics  of  Layered  Shells.  Application  of  the  Method  of  Per- 
turbations  and  Nonremovable  Errors 


An  analysis  of  the  problem  of  the  approximate  replacement  of  a  layered 
shell  by  a  homogeneous  shell  shows  that  this  leads  to  considerable  difficul¬ 
ties.  The  major  difficulty  is  the  absence  of  means  permitting  us  to  establish 
the  universal  region  of  approximation  of  the  Lagrange  function  L  of  the  layered 
shell  by  the  Lagrange  function  L^-  of  the  homogeneous  shell,  which  frequently 
forces  us  to  turn  to  the  "natural"  region  of  approximation  determined  by  the 
requirement  that  all  quantities  shall  vary  within  the  region  of  applicability 
of  the  linear  theory  of  elasticity. 

The  absence  of  individualization  of  the  variational  intervals  of  the  prin¬ 
cipal  variables  may  decrease  the  accuracy  of  the  results,  particularly  when 
special  problems  are  being  considered.  Even  the  absence  of  individualization 
of  the  variational  regions  of  the  variables  must  be  considered  as  a  preliminary 
hypothesis  on  the  stressed  state  of  the  shell,  which  we  have  emphasized  in  our 
derivation  of  eqs.(8.3l),  (8.33)  and  of  formulas  (8.35a)  -  (8.36).  For  this 
reason,  the  method  indicated  in  Sect. 8./+  is  the  most  justified.  This  method 
is  based  on  a  preliminary  consideration  of  the  solutions  of  concrete  boundary 
problems,  although  in  a  number  of  cases  this  method  may  lead  to  unwieldy  cal¬ 
culations,  specifically  in  the  solution  of  systems  of  nonlinear  algebraic  equa¬ 
tions,  as  noted  above. 

Let  us  consider  now  the  general  order  of  the  approximate  solution  of  prob¬ 
lems  of  the  dynamics  of  layered  shells. 

The  first  stage  of  the  solution  consists  in  the  construction  of  a  homo¬ 
geneous  shell  approximately  equivalent  to  the  layered  shell.  Here  it  is  most 
expedient  to  start  from  the  solution  of  the  boundary  problem  for  the  homogen¬ 
eous  shell.  This  boundary  problem  shoxild  be  so  selected  that,  for  the  pre¬ 
scribed  loads  and  boundary  conditions,  it  shall  exactly  or  approximately  cor¬ 
respond  to  the  problem  of  the  dynamics  of  the  layered  shell.  Then  we  must  use 
the  technique  given  in  Sect. 8. 4  for  determining  the  quantities  characterizing 
the  homogeneous  shell. 

If  this  method  involves  unnecessary  difficiiLties,  we  must  use  the  pro¬ 
cedure  indicated  in  Sect. 8. 3.  In  determining  the  variational  intervals  of  the 
field  variables,  we  must  also  attempt  to  match  these  and  all  other  assumptions, 
necessary  for  deriving  a  weighted  sum  of  the  form  of  eq.(8.3l),  with  the  con¬ 
ditions  of  the  concrete  problem  of  mechanics.  Obviously,  the  first  stage  of 
solution  of  the  problem  has  practical  meaning  only  if  the  difference  between 
the  values  of  the  physical  constants  of  the  layer  materials  is  substantial.  If 
these  differences  are  slight,  we  may  confine  ourselves  to  the  weighted  averag¬ 
ing  of  the  physical  constants  over  the  thickness  of  the  shell,  taking  the 
weights  equal  to  the  thicknesses  of  the  corresponding  shells.  However,  our 
analysis  shows  that  such  a  method  of  determining  the  physical  constants,  I'Zb'l 
while  quite  logical  at  first  glance,  does  not  correspond  to  the  optimum  quad- 
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ratio  approximation  of  the  function  L  by  the  function 

The  first  stage  of  the  approximate  solution  is  completed  by  determining, 
from  the  solution  of  the  boundary  problem,  the  field  variables  in  the  homogen¬ 
eous  shell.  These  variables,  as  noted  at  the  beginning  of  Sect. 8^  approximate¬ 
ly  represent  the  field  variables  of  the  layered  shell.  Then,  using  these  field 
variables,  we  construct  the  fields  of  displacements,  strains,  and  stresses  in 
the  layered  shell  according  to  eqs.(8.3)  -  (8.10b).  In  this  case,  we  must 
first  establish  the  relation  between  the  coordinate  z'''“  in  the  homogeneous  shell 
and  the  coordinate  z  in  the  layered  shell.  This  relation  may  be  taken  in  the 
following  form: 

A  '  (9.1) 


Equation  (9.1)  is  not  connected  with  the  equations  of  motion  nor  with  the 
boundary  conditions.  This  equation  was  taken  arbitrarily  by  us,  as  the  simp¬ 
lest  form  of  the  relation  between  z  and  z--.  We  may  evidently  make  use  of  this 
arbitrariness  to  improve  the  approximate  solutions  sought.  We  will  not  further 
investigate  this  question  here. 

The  construction  of  the  fields  of  the  principal  tensor  quantities  com¬ 
pletes  the  second  stage  of  the  approximate  solution  of  the  problem  of  the  dy¬ 
namics  of  layered  shells. 

We  recall  that  the  solution  under  consideration  is  based  on  an  approxima¬ 
tion  involving  a  finite  segment  of  the  frequency  spectrum.  By  enlarging  this 
segment,  we  increase  the  ”weight‘^  of  the  terms  depending  on  the  kinetic  energy, 
as  is  shown  for  example,  by  eq.(8.3l),  and  thus  worsen  the  approximation  of  the 
quantities  depending  on  the  potential  energy.  These  quantities  are  the  compon¬ 
ents  of  the  strain  and  stress  tensors.  Thus,  the  approximate  solution  con¬ 
structed  by  us,  as  was  to  be  expected,  will  have  only  limited  value. 

Let  us  refine  the  meaning  of  the  approximate  solution  considered  here,  by 
comparing  it  with  the  exact  solution  of  the  linear  theory  of  elasticity. 

Assume,  for  definiteness,  that  the  problem  for  the  approximately  equiva¬ 
lent  homogeneous  shell  has  been  solved  by  the  first  method  of  reduction  con¬ 
sidered  in  Chapter  III,  i.e.,  by  the  method  of  expansion  in  tensor  series  in 
powers  of  z.  Then,  in  the  homogeneous  shell,  the  conditions  on  the  boundary 
surfaces  will  be  satisfied  as  well  as  the  relations  expressing  Hooke's  law  and 
Saint-Venant ' s  compatibility  conditions.  The  equations  of  motion  and  the  equa¬ 
tions  of  the  contour  surfaces  will  be  approximately  satisfied.  The  relative 
accuracy  of  satisfaction  of  the  boundary  conditions  on  the  contour  surfaces 
will  be  lower  than  the  relative  accuracy  of  representation  of  the  components 
of  the  displacement  vector  and  of  the  strain  tensor  by  the  segments  of  the  /253 
tensor  series. 

The  fields  of  displacements  and  stresses  in  the  layered  shells,  construct¬ 
ed  in  the  second  stage,  satisfy  the  conditions  on  the  boundary  surfaces,  the 
conditions  on  the  interfaces  between  the  layers,  the  equations  resulting  from 
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the  generalized  Hookers  law^  and  Saint—Venant/' s  compatibility  conditions*  The 
equations  of  motion  and  the  boundary  conditions  on  the  contour  surfaces  are 
approximately  satisfied.  The  error  in  the  satisfaction  of  the  equations  of 
motion  and  of  the  conditions  on  the  contour  surfaces  will  depend,  in  this  case, 
not  only  on  the  rejected  terms  of  the  series  representing  the  displacement  vec¬ 
tor  components,  but  also  on  the  differences  between  the  physical  constants  of 
the  layer  materials  and  on  the  difference  between  the  thickness  of  the  layered 
shell  2h  and  the  thickness  of  the  equivalent  shell  2h-K 

The  error  can  be  decreased  by  appl^dLng  the  method  of  perturbations.  In 
fact,  knowing  approximately  the  stresses  on  the  boundaries  of ^the  layers,  we 
can  now  consider  separately  the  motion  of  each  layer .  Each  of  the  layers  per¬ 
forms  a  motion  under  the  action*  of  loads  on  the  surface  and  of  quasi-body 
forces,  which  can  be  found  by  substituting  the  approximately  determined  com¬ 
ponents  of  the  displacement  vector  into  the  equations  of  motion  (II,  5  •53* 
or  5.5b). 

We  can  then  apply  one  of  the  systems  of  equations  of  motion  of  homogen¬ 
eous  shells,  considered  in  Chapter  III,  to^each  layer  separately.  ^This  will 
permit  to  eliminate  part  of  the  error  arising  as  a  resixlt  of  the  differences 
between  the  quantities  h,  p,  u  in  the  layers  of  the  shell  and  the  quanti¬ 
ties  h'J<“,  p-''-,  in  the  homogeneous  shell.  There  still  remains,  however, 

the  error  depending  on  the  approximate  determination  of  the  surface  forces  on 
the  boundaries  of  the  layers  of  this  shell.  This  error  is  connected  with  the 
fact  that  the  function  L-x-  only  approximately  represents  the  function  L.  For 
this  reason,  the  ” exact’*  subdivision  of  the  general  problem  of  motion  of  a 
layered  shell  into  isolated  problems  of  motion  of  its  layers  cannot  be  carried 
out,  and  the  latter  error  will  be  irremovable. 

Further  studies,  going  beyond  the  scope  of  this  book,  must  obviously  cen¬ 
ter  on  the  search  for  means  of  decreasing  this  irremovable  error. 

Section  10.  Application  of  Optimum  Quadratic^ Approximations  to  the  Problem. 

of  Reduction  of  the  Three-Dimensional  Problem  of  the  Elasticity 
Theory  to  the  Two-Dimensional  Problem 

The  methods  used  by  us  in  solving  the  problem  of  constructing  a  system 
which,  according  to  some  criterion,  is  approximately  equivalent  to  the  pre¬ 
scribed  system  are  also  applicable  to  the  problems  considered  in  Chapter  III. 

We  have  stated  above  that  the  reduction  of  the  three-dimensional  problem  of 
the  theory  of  elasticity  to  a  two-dimensional  problem  of  the  theory  of  shells 
can  be  regarded  as  the  construction  of  a  system  approximately  equivalent  to^ 
a  three-dimensional  elastic  body.  The  objects  of  the  above-selected  approxi¬ 
mation  were  the  potential  strain  energy  and^ the  Lagrange ^ function  of  the  elas¬ 
tic  body,  using  systems  of  variables  that  yield  the  explicit  analytic  expres¬ 
sions  of  the  approximated  and  approximating  functions. 

The  variables  used  previously  are  unsuitable  for  solution  of  the  reduction 
problem.  Txhis  forces  us  to  abandon  the  potential  strain  energy  and  the  la- 
grange  function  of  an  elastic  body  as  objects  of  approximation.  As  the  objects 
of  the  approximations,  let  us  select  prescribed  body  and  surface  forces  and  pre¬ 
scribed  displacements  on  certain  portions  of  tne  surface  of  the  body. 
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We  shall  confine  ourselves  to  a  discussion  of  the  general  principles  of 
the  proposed  method  and  not  go  into  the  details.  We  will  start  from  the  non¬ 
linear  Lame  equations  in  the  form  of  (II,  7-6),  assuming  for  simplicity  that 
the  system  of  coordinate  axes  of  the  undeformed  basic  surface  of  the  shell  co¬ 
incides  with  its  lines  of  curvature. 

Let  us  select  two  coordinate  lines  as  the  lines  of  origin  of  the  coordi¬ 
nate  net.  We  shall  define  the  position  of  an  arbitrary  point  M  on  the  basic 
surface  by  its  arc  coordinates  ,  equal  to  the  absolute  values  of  the  dis¬ 
tances  of  the  point  M  from  the  lines  of  origin.  These  distances  are  measured 
along  the  coordinate  lines  passing  through  the  point  M  from  point  M  to  points 
of  their  intersection  with  the  origin  lines  of  the  coordinate  net^'^-.  The  s^ 
coordinates  are  connected  with  the  coordinates  by  means  of  curvilinear  in¬ 
tegrals  taken  along  the  coordinate  axes. 

y 

=  (i=l,  2)  (lO.l) 

4 

(do  not  Siam  over  il).  With  a  coordinate  system  selected  in  this  manner,  the 
metric  tensor  on  the  basic  surface  will  have  the  following  components: 


(10.2) 


where  6^  is  the  Kronecker  delta. 

It  follows  from  eq.(ll,  7*6)  that,  in  the  system  of  coordinates  selected 
by  us,  the  covariant  components  of  the  body  forces  may  be  represented  in  the 
following  form: 


+  (i,  k,p,r^  1,2,  3). 


In  eqs.(l0.3),  z)  and  z)  are  functions  of  the  coor-  /255 

dinates  of  the  undeformed  basic  surface  and  of  the  coordinate  z,  depending 
on  the  Christoffel  symbols  rj|j  and  on  their  first  derivatives  with  respect 
to  s*  and  z  (j  =1,  2). 

The  functions  are  components  of  the  additional  body  forces  considered 
in  (II,  Sect.?).  These  functions,  as  results  from  (II,  7»U),  have  the  follow- 


For  details,  see  (Bibl.6,  pp. 101-102). 
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ing  composition: 


dv  =  <5.  (sf,  z,  dpd^u„  uj).  ( 10 . 4 ) 


Here,  all  indices  except  j  take  the  values  1,  2,  3.  V/e  shall  not  write  out  the 
expressions  for  these  functions  in  expanded  form,  since  we  intend  hereafter  to 
confine  ourselves  only  to  a  discussion  of  the  general  principles  of  construct¬ 
ing  the  system  of  equations  of  the  theory  of  shells  by  means  of  the  method 
considered  here.  In  exactly  the  same  manner,  we  can  derive  the  components  of 
the  surface  forces  on  the  boundary  surfaces  of  the  shell  and  on  its  contour 
surfaces • 

Before  considering  the  conditions  on  the  boundary  surfaces,  let  us  assume 
that  the  surface  forces  acting  on  them  and  the  stress  tensor  components  cor¬ 
responding  to  them  have  undergone  parallel  displacement  to  the  basic  surface 
in  the  sense  of  Levi-Givita.  Making  use  of  (II,  8.13)  we  find  that  the  follow¬ 
ing  conditions  are  satisfied  on  the  boundary  surfaces  of  the  shell: 


±  [l  +  to(54  = 

(4  /),  g,  /•  =  1 ,  2,  3;  y  =  1 ,  2).  (10.5) 

where  the  scalar  iIjo  is  determined  from  (II,  8.12);  the  stress  tensor  compon- 
ents  displaced  to  the  basic  surface  are  denoted  as  in  Chapter  III;  the  sign 
corresponds  to  a  boundary  surface  on  which  the  direction  of  the  unit  vector  no 
of  the  external  normal  coincides  with  the  direction  of  the  vector  ea  on  the 
undeformed  basic  surface,  while  the  sign  (-)  corresponds  to  a  boundary  surface 
on  which  these  directions  are  opposite. 

In  eqs.(10.5)  the  coordinate  z  has  a  fixed  value.  Let 


—  — 4,. 


These  equations  determine  the  position  of  ‘•'he  boundary  surfaces  for  a 
prescribed  position  of  the  basic  surface  within  the  shell.  We  shall  hereafter 
assume  that  hi  and  hg  are  constants.  On  the  contour  surfaces,  the  following 
relations  are  satisfied : 


[1  +  2.  <h)]  4-/  =  fr 


(10.7) 


The  stress  tensor  components  are  connected  with  the  displacement  /2^ 

vector  components  by  the  equations  resulting  from  Hooke's  law  (II,  4.3): 


:  m  +  d.ju  +  d..u^)  -L  p  {d.Uj  +  djU,)  + 
z)  Up  -}-  [sJ,  z,  //,), 


(10.8a) 
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(10.8b) 


',:t  = 'l  +  1^/3  (a'A  s)  Wp  + ‘T>,-3  (s>,  2r,  3^1)^,  U^), 

'33  =  +  djh)  +  (^'  ■!■  2ll)  t^3'^3  +  ^/33  (5^,  2')  Op  +‘^^33  (5^,2",  dpll^,  tl^) 

(/,  7  =  1,  2;  p,  q,  r^\,  2,  3).  (10.8c) 

vfb^T'G  t^G  funct  ons  i  j  >  LJ^i3,  1^33  are  expresseci  in  terms  of  the  Christoff  el 
symbols  Tf^j,  The  functions  4ij^  4i3  aind  $33  are  nonlinear  in  the 

displacement  vector  components  and  their  derivatives  with  respect  to  the  co¬ 
ordinates  and  z  of  terms  entering  into  Hooke’s  law  (II,  4.3)  whose  composi¬ 
tion  may  be  established,  for  instance,  from  eq.(ll,  1.2).  These  functions 
have  a  similar  meaning  in  the  case  of  physical  nonlinearity,  i.e.,  of  a  Hooke’s 
law  determined  by  (II,  Zi.7). 

Section  11.  Approximate  Expressions  of  the  Displacement  Vector  Components 
and  the  Equations  of  Motion  of  the  Shell 

Let  us  assume  that  the  displacement  vector  components,  displaced  to  the 
basic  surface,  can  be  represented  by  approximation  formulas  similar  to  .those 
considered  in  Chapter  III. 

N 

~  Yi 

m  -0 

where  cpa(z)  are  prescribed  functions  ^above,  we  mostly  used  cpnC^)  “ 

while  the  coefficients  u/®^  are  unknown  functions  to  be  determined. 

The  right-hand  side  of  eq.(ll.l)  contains  a  finite  sum  such  that,  here  as 
above,  the  number  of  degrees  of  freedom  of  the  shell  in  the  direction  of  the 
coordinate  x  =  z  is  restricted.  Substituting  eqs.(ll.l)  into  eq.(l0.3),  we 
find  the  following  approximate  expressions  for  the  components  of  the  body 
forces : 


(11.1) 


m!  / 


N 


=-  Tm  (-]  P  -  +  1^)  X 

w-0 


k.-\ 


+  q>'rn{z) 


(/.+a)a./X''']-,up;;(x«'«)j._<r.(5/,  r,  up)]-, 


(11.2a) 
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^  f  r  ^ 

=  L  [z]  [p  -^r  -■- 1^  H  + M’:-^,d,  «r'  + 


+  II  p'^  4-  IZ)  tip"’'  -  ().  +  p)  S 

J  L  Jb  1 


—  (X4-2ix)(p”(2)M;'"j-'IJ'3(54  2,  u';"^) 

[i,  j,  k^\,  2;  p,  q,  /'=  1,  2,  3). 


(11.2b) 


The  functions  Yj  and  Ya  are  the  results  of  substitution,  into  the  functions  Ci 
and  i|3,'of  the  approximate  eq3.(ll.l)  for  the  displacement  vector  components. If 
we  confine  ourselves  to  studjdng  weakly  nonlinear  problems,  then  the  func¬ 
tions  Yi  and  Y3  will  be  polynomials  of  the  functions  %  and  their  derivatives. 

Let  us  now  consider  the  approximate  expressions  for  the  surface  forces 
on  the  boundary  surfaces  of  the  shell.  I'feking  use  of  eqs.(10.5)  and  (10.8a)  - 
(10.8c),  we  obtain 

N 

^(±)<=+  Yi  {'P-«(2'"’)[Ji5,K3'"’  +  L^/3(s4  + 


(11.3a) 


-±Y{^m  dA"')  +  433  (5>.  4">]  + 

m=0 

+  (X  4-  2u.)  (p;,  (ziii)  4™))  +  W33  (si  z(*),  I, 

(/,  J,  =  1,  2;  p,  q,  r=  1,  2,  3). 


(11.3b) 


The  quantities  z  are  determined  from  eqs.(l0.6).  The  fiinctions 

'F.3(s/,  2(i),  4'"i)  ==  Wfj* )  »F33  (s4  z('-'^),  d^iLf\  4"'>)  =  ''PiJ’ 


contain  the  set  of  nonlinear  terms  entering  into  the  surface  forces  X^-y  1 


(±)3- 


Let  us  set  up  the  functional: 

+ft, 

r  f!  {[(pf,-pf:y-^ 


'  [  f  [(p4  -  pFlY  +  (p4  -  p4)^  +  (P^3  -  pnf]  (1  -  k,z)  X 

fj  \  \J 


0  [S]  -A. 
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X  ( 1  -  k,z]  dz  +  (X,.,„  -  X,‘+|  ,)^  +  (^(-)  I  -  K-)  i)*  + 


+  ('^(  +  )2  —  ^i  +  )  if  +  (-^(-12  —  x*_)  2)2  -)-  (X(  +  )3  —  xr+)  3)*  + 


+  iX(-)3-  x^-^^Y\dSdt. 


(11.4) 


where  is  an  arbitrary  instant  of  time  and  the  integral  f  extends  over  /256 

(S) 

the  area  of  the  basic  surface.  The  other  symbols  are  known  from  Chapter  III. 

We  shall  determine  the  generalized  coordinates  Up^“^  of  a  system  replacing 
the  shell  from  the  conditions  of  the  minimijm  of  the  functional  I.  It  is  well 
known  that  here  we  may  use  the  direct  methods,  for  example  the  Ritz  method  and 
the  classical  method,  by  setting  up  the  Euler-Lagrange-Ostrogradskiy  equa¬ 
tions^-.  We  shall  not  consider  the  Ritz  method  but  discuss  the  Euler-Lagrange- 
Ostrogradskiy  equations.  Let  us  introduce  the  notation: 


211/  ==  J  ((pFx  -  +  ipFi  -  PFIY  -f  (PF3  -  pFlf  J  (1  -  k,z]  X 

X  (I  .  dz  1  ^(+)  1)* (^(— )  1  —  -^{—1 1)^  “h 

(^(+)  2  -^(+)  2)“  (^(— )  2  -^{— )  2)^  'j'  ('^(+)  3  — ■  .^(+)  3)^  “-f- 

+  (11-5) 


The  Elxiler-Lagrange-Ostrogradskiy  equations  can  be  represented  in  the  fol¬ 
lowing  form: 


dW^ 

'duf^ 


dW 


I  yi  d^ _ dW 


{p^\,  2,  3;  /«  =  0,  1,  2...  ,  A^J. 


(11.6a) 


•s:*  Cf.,  for  example,  V. I. Smirnov,  Course  in  Higher  Mathematics,  Vol.IV, 
Gostekhizdat,  1951* 
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We  shall  consider  the  left-hand  side  of  en. (11.6a)  as  the  functional  de¬ 


rivative 

formula 


ou 


\m)  ' 


Then  the  system  of  eq.(ll.6aj  can  be  replaced  by  the  short 


-^-  =  0. 
OH),"" 


(11.6b) 


Equations  (11.6a)  or  (11.6b-)  approximately  determine  the  motion  of  an 
element  of  the  shell.  Making  use  of  eq.(ll.5)  for*  "the  function  W,  let  us  / 
put  eqs. (11.6a)  into  the  follovdng  form: 


or 


-/II 


m) 


(1  —  ( 1  —  “4" 


H-jl 

q^\ 


V 

2  ^ 
g-\ 


Oil 


[m] 


0, 


h. 


-ft. 


[9F,  -  9F<, 


duT' 


1  d 


9-1 


^  r  p'\  ^fP^/) 


+ 


2  2 


+ 


V 


^  ^s^ds>‘  [ 


ipF,-pK)X 


(11.7a) 


X 


3. 

kiZ)  ( 1  —  Fz)  dz  -j- 

9-1 


{Xi±),-X 


(±)9J 


X 


X 


dx;^u 


2 


y-1 


ax 


(  +  )  9 


a(a,«r’) 


=0 


(p  =  l,  2,  3;  /rt  =  0,  1,  2 . N). 


(11.7b) 


Let  us  now  consider  in  more  detail  eqs. (11.7b),  separating  their  linear 
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part.  V/e  shall  not  vrrite  out  the  nonlinear  terms  in  their  e:xpanded  form,  since 
they  are  too  unvdeldy.  Making  use  of  eqs. (11.2a)  -  (11.3b),  we  find 


(^)  +  <Pm  (2')  —  jup,,,  {z}  of 


dWi 


=cp,„  (^1  (/■+2:x)<p;  (2)  ss  - 


(^)  <  -  (1  +  ,)  9™  (.)  b;  oJ  -  ; 


dfpF’) 


(^) 


=±9«  («'*')  l.w3±|i<Pm  (»'^>)  5?  + ; 


aa;"' 


=  ±T™  (^'*>)  1^331  (X+2,x)  9;  (z(*))  5f  + 1^’ ; 


=  ±  P<P.  -  >)  B?  Bj  +  ; 


ax 


±  (*'*’)  *? + 5^ij ; 


[i,J.  fe  =  l,  2;  /7  =  1,  2,  3). 


(11.8a) 

(11.8b) 

(11.8c) 


/26O 

(11. 8d) 


(11. 8e) 
(11.8f) 

(ll.Sg) 

(11.9a) 

(11.9b) 

(11.9c) 

(11.9d) 


Substituting  eqs. (11.2a)  -  (11. 3b)  and  (ll.8a)  -  (11. 9d)  into  eqs.(ll.7b),  we 
obtain  the  equations  of  motion  of  an  element  of  the  shell  in  expanded  form. 

Even  the  linear  parts  of  these  equations,  however, will  be  highly  cumbersome. 

The  equations  of  motion  can  be  somewhat  simplified  by  changing  the  metric  on 
the  coordinate  axis  x  ,  and  by  an  appropriate  selection  of  the  functions  cp,  (z). 
Let  us  assume  that  the  basic  surface  of  the  shell  coincides  with  its  middle 
surface, ,  i.e.,  that  hj^  =  hg  =  h.  Let  us  put 
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1 1  —  (''^1  +  Ih)  ^  =  dC. 


(a) 


Hence,  we  find 


C  —  C  z 


2 


(b) 


Selectinec  the  constant  C  such  that,  on  variation  of  z  over  the  interval 

(-h,  **-h),  the  variable  C  varies  over  the  symmetric  interval  we  obtain 


r 


2 


-f 


(c) 


From  eq.(a)  results 


dz 


ds^=--g,,(K, 
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(11.10a) 


where  ds^  is  an  element  of  arc  of  the  third  coordinate  intersecting  the  unde¬ 
formed  basic  surface  at  a  right  angle,  and 


^^33=l^  - (^1+ ^2)  ^+^1^22^']  b 


(11.10b) 


In  the  last  relation,  z  must  be  regarded  as  a  function  of  C  determined 
by  eq.(c).  Of  course,  for  a  sufficiently  thin  shell,  at  small  values  of  the 
product  zkj ,  we  can  approximately  put 


z. 


(11.10c) 


The  introduction  of  the  variable  C  somewhat  simplifies  eq.(ll.7b).  This 
transformation  of  the  coordinate  x  =  z  does  not  affect  the  form  of  the  nota¬ 
tion  of  the  original  equations  (11.2a)  -  (11.3b),  although  the  meaning  of  the 
variable  coefficients  of  the  functions  iip"^  and  the  first  derivatives  will 
differ  from  their  meanings  in  the  original  system  of  coordinates*.  In  partic¬ 
ular,  the  quantities  9b(C^^0  'wiH  be  functions  of  the  coordinates  s  ,  i.e., 
the  shell  of  constant  thickness,  on  introduction  of  the  variable  £,_will  be,  in 
a  manner  of  speaking,  transformed  into  a  shell  of  qua si -variable  thickness.  It 
is  obvious  that,  at  the  internal  points  of  the  shell,  the  coordinate  C,  on 


*  The  introduction  of  a  new  metric  on  the  third  coordinate  axis  would  permit 
simplifying  the  notation  for  certain  of  the  equations  considered  in  Chapter  III 
In  this  way,  the  terms  explicitly  containing  the  curvature  kj  of  the  basic 
surface  would  be  eliminated  from  these  eqmtions. 
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differentiation^  must  be  regarded  as  an  independent  variable.  We  will  not  an¬ 
alyze  the  question  of  the  best  method  of  selecting  the  functions  9b(z),  which 
now  must  be  replaced  in  the  equations  by  the  functions  cp,  (£), 

In  view  of  the  relatively  small  thickness  of  the  shell,  the  choice  of 
9m (C)  in  the  form  of  a  power  monomial  C®  has  considerable  advantages.  This 
case  was  essentially  considered  by  us  in  Chapter  III.  Here  we  shall  use  a 
different  partial  selection  of  the  functions  cpm(£)*  Let  us  put 


(P2„  COS 


I 


(11.11) 


Consequently, 

(Po  =  I;  (p,  =  0;  (p,  =  cos  =  sin  ^ =  cos  etc. 

I-  L  I 

We  recall  that  the  quantity  L  is  a  function  of  the  coordinates  s^  .  The 
system  of  functions  9b(£)  introduced  by  eqs.(ll.ll),  is  orthogonal  over  the 
interval  (--t,  t).  The  same  property  is  possessed  by  the  derivatives  cpJ(C) 
and  q);'(C). 

We  also  note  the  following  relations  which  result  from  eqs.(ll.ll):  /262 


.  //^  ,  HKY  fin 

Y  T2/J  +  I  >  To/I  (  yj  T2n4.i  “  ~y 


To. 


+  1 


fl'i 


T2rt  +  1. 


(11.12) 


Consider  now  the  equations  of  motion  resulting  from  eqs. (11.7b).  As  will  be 
seen  from  eqs. (11. 7b),  this  system  of  equations  is  an  infinite  system  consist¬ 
ing  of  nonlinear  differential  equations  of  the  fourth  order.  It  is  clear  that 
a  direct  application  of  such  a  system  is  unpromising.  For  this  reason,  we 
must  define  the  conditions  under  which  this  system  is  resolved  into  separate 
subsystems  containing  a  finite  number  of  equations. 


The  infinite  system  of  equations  resulting  from  eqs. (11.7b)  can  be  de¬ 
composed  if,  in  setting  up  the  Euler-Lagrange-Ostrogradskiy  equations,  we 
eliminate  the  necessity  of  variation  of  the  nonlinear  terms  and  of  the  terms 


with  the  coefficients  I^fq, 


Nfa  entering  into  the  composition  of  the  body 


forces  pF-''-<j,  and  also  eliminate  the  variation  of  the  surface  forces 


In  order  to  eliminate  the  variation  of  terms  with  the  coefficients  1^,5 
and  Nj’q  as  well  as  the  nonlinear  terms,  we  must  replace,  in  these  terms,  the 
functions  Up  by  expansions  of  the  form 
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(11.13) 


where  are  constant  coefficients  to  be  determined,  and  represent  a 

system  of  functions  satisfying  the  kinematic  boundary  conditions  and  the  con¬ 
ditions  of  completeness,  ensuring  the  possibility  of  approximation  of  solu¬ 
tions  of  the  equations  of  the  theory  of  shells  by  expressions  of  tne  form  of 
eq.(ll.l3)'*f-.  The  second  method  of  approximate  representation  of  these  terms, 
based  on  the  method  of  successive  approximations,  will  be  given  below. 


To  make  it  unnecessary  to  vary  the  surface  forces  ,  let  us  employ 
the  following  method:  Let  us  resolve  the  components  of  the  prescribed  body 
forces  into  the  components  and(l  -  k^^^,  )X  (;±),  .  The  first 

summand  will  be  regarded  as  a  component  of  the  body  force  ^  X,)k  ^^^qX  , 

where  6(C,  i  J^)  is  the  delta  function.  These  body  forces  will  be  associated 
with  the  prescribed  forces.  Let  us  also  associate  with  the  body  forces  the  / ^63 
terms  of  the  body  forces  pFf  containing  the  components  Uj}“^  expressed  by 
eqs. (11.13).  Let  us  denote  the  new  components  of  the  body  forces,  for  brevity, 
by  the  symbol  pRq ,  but  remember  that  they  depend  on  the  coefficients  a^J,  . 

Then,  instead  of  the  factional  I  expressed  by  eq.(11.4),  we  obtain 


2WdSdt. 


(11.14) 


where,  in  distinction  to  eq.(ll.5). 


2^  = 


J  1 


(11.15) 


where  pRq*  are  components  of  the  body  forces  which  can  be  determined  from 
eqs. (11. 2a)  -  (11.2b)  if  the  terms  entering  with  opposite  signs  into  the  quan¬ 
tities  pRq  are  cancelled  out  from  the  right-hand  side  of  these  equations. 
Equating  to  zero  in  eq. (11.15)  the  terms  containing  the  surface  forces,  we 
find 


'(±)  Q 


X 


(+)? 


(11.16) 


Equation  (11.16)  shows  that  the  coefficients  k^^^q  characterize  the  accur¬ 
acy  with  which  the  boundary  conditions  are  satisfied'^on  the  boimdary  surfaces 
of  the  shell.  If  these  conditions  are  satisfied  exactly  on  the  boundary  sur- 


1  *  More  detailed  information  on  the  conditions  which  must  be  satisfied  by  the 
!  functions  can  be  found  by  the  reader  in  manuals  on  the  theory  of  elas- 
!  ticity,  where  the  Ritz  method  is  set  forth. 
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faces  of  this  shell,  then  the  quantities  will  vanish.  In  accordance 

with  the  Kirchhoff-Love  hypotheses,  the  components  will  vanish  and  the 

coefficients  j,  of  the  nonvanishing  X(±),,  will  be''equal  to  unity. 

The  conditions  of  a  minimum  for  the  functional  lead  to  the  E\aler- 
Lagrange-Ostrogradskiy  system  of  equations,  which  in  this  case  will  be  of  the 
following  form: 


3 


(pRg  —  pf^l) 


d  ipRq) 


y-1 


djpRg)  ' 
d{djuT). 


+ 


4* 


1.  J  torJ  ds'ds’^ 

J  ,l  k.,i 


(pRa  —  pR 


^,±(p_Rl)_  1  , 

d{d^d,nr)r 


d  ipR^,) 


[  dt^ 


d;  =  0 

(p  1 ,  2,  3;  m  =  0,  1,2,...  n). 


/26k 


(11.17) 


In  addition  to  eqs. (11.17),  we  must  also  bear  in  mind  the  conditions  de¬ 
termining  the  coefficients  in  eqs.(ll.l3).  These  conditions  have  the 

following  form,  well  known  from  the  Ritz  method: 


=  0. 


(11.18) 


Thus,  the  complete  sysi  of  equations  of  the  theory  of  shells  now  con¬ 
sists  of  eqs. (11.16),  (11.17),  and  (11.18).  This  system  combines  the  classi¬ 
cal  Euler-Lagrange-Ostrogradskiy  equations  with  the  eqiiations  resulting  from 
the  Ritz  method.  Let  us  now  consider  eqs. (11.17).  We  shall  first  introduce 
an  abbreviated  notation  for  several  differential  operators: 


k^l 
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(^'4-  :>■)  ( -y-  1  =  pf"’  (a); 


(11.19a) 


v,; 


“  ■  or- 


f  Q-  +  !^)  -j  ^i«3 +  [>■  i/-~  +  -=  Pfni-X) 


(11.19b) 


+  {>-+2|0  "J-  = 


(11.19c) 


^  5|h3'”^'’  +  (^4'!’)  I  j\l^k 


(X  +  2|x)  «3''”  '-’>-P3-'”^’  («)• 

\  I 


Ml 


(11.19d) 


The  operators  (q  =  1,  2,  3)  depend  on  the  curvature  kj  of  the  basic 
surface,  since  these  curvatures  enter  into  the  parameter  i.  However,  this 
dependence  can  be  termed  weak,  especially  for  the  case  of  thin  shells  with  the 
ratio  2h  :  R  ^  0.01.  The  operators  are  apparently  close  to  the  opera¬ 

tors  describi^  the  linear  stress-strain  state  of  a  given  plate. 

Further,  let  us  denote  the  operators  depending  on  the  curvature  of  the 
basic  surface  of  the  shell  and  on  the  coordinate  C  as  follows: 


(11.20a) 


«r  ’ + ('-^j  = Qr’  («); 


(9  =  1.  2,  3). 

Then,  bearing  in  mind  eqs. (11.12),  we  find 


(11.20b) 


PRg—  S  + + 


'2m  +  l),. 


(11.21a) 
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?R<, = + 

m=(i 


+  S  (C  —  /)  k[  +  )q  X^^.)  ?  +  5  (C  —  /)  ft(_ A'(_)  , 
(^=1,  2,  3). 


(11.21b) 


Let  us  continue  our  consideration  of  the  quantities  entering  into 
eqs.(ll.l7).  Again  bearing  in  mind  eqs. (11.12),  we  find 


dipR'i) 


djpR]) 


Pf2 


n+1 


Tp'- 


— —  A  -1_  9,, )  „  •  ^(pRs)  n  in 

dw)?"'  ^  ^  \  y;  =  (^ + %n.,i  ( yj  03 ; 


didjur) 


d(pR*) 


IJ 


=  -(x  +  ;-)(7)»„5isJ; 


d{pR^)  _  ^k>p,  djpRl) 

4(3^4")  ^  a(a//f+‘>) 


djoRi) 

3  (3,3,4^: 


<p„  fiJ-Sf  By  -|-  (X  -|-  !>•)  5y  S*  J ; 


d(pRl) 


d(3jd,4) 

d{pRp) 


-  P9nS3  B,^; 


^2,.l'i)\  — P9n5? 


dr-  ) 


{i,  _/,  k=\,  2;  p,  9  =  1,  2,  3). 


(11.22a) 


(11.22b) 


(11.22c) 
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(ll.22d) 

(11.22e) 

(11.22f) 

(11.22g) 


Equations  (ll.2la)  -  (ll.22g)  yield  the  meaning  of  the  abbreviated  nota¬ 
tion  [eq. (11.17)]  for  the  system  of  equations  of  motion  of  an  element  of  the 
shell.  For  this,  it  is  sufficient  to  give  to  the  index  p  the  values  1,  2,  3, 
and  to  take  m  successively  equal  to  2n  and  2h  +  1.  In  this  way,  we  obtain  the 
system  of  equations 
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(11.23) 


\ 


(/«  =  0,  1,  2.  ,  A^). 


where  are  the  operators  whose  meaning  is  given  by  eqs. (11.19a)  -  (11.19d). 

The  components  of  the  vector  v  are  determined  in  the  following  manner: 


-f/ 

(/i==0,  1,  2,...;  r=\,  2,  3). 


(11.24) 


Equations  (11.23)  constitute,  at  N  -  an  infinite  system  of  fourth- 
order  equations.  If  no  components  of  the  multi-dimensional  vector  v  enter  in 
the  function  R,  ,  then  the  system  of  equations  (11.23)  is  resolved  into  auto¬ 
nomous  subsystems,  each  containing  six  equations.  This  resolution  will  take 
place  directl3''  only  in  problems  of  the  mechanics  of  plates  or  shells  with  zero 
curvatures  ki  of  the  basic  surface. 

In  the  remaining  cases,  no  decomposition  takes  place.  It  is  therefore 
necessarj'-  to  determine  the  components  of  the  vector  u  entering  into  the  quan¬ 
tities  pR,  by  eqs. (11.13).  In  this  case,  as  already  noted,  eqs. (11.23)  will 
contain  indeterminate  coefficients  ap^^"'  .  To  determine  these  quantities  we  /267 
must  use  eqs. (11. 18),  which  are  algebraic  equations  that  are  linear  for  the 
linear  statement  of  the  problem  and  nonlinear  in  the  general  case.  We  will  not 
give  the  expanded  form  of  these  equations.  We  call  attention  only  to  one  of 
the  features  of  the  method  developed  by  us. 

This  method  is  based  on  the  combined  use  of  eqs. (11.23)  -  (11.24)  deter¬ 
mining  the  wanted  functions  as  solutions  of  a  certain  boundary  problem,  and  on 
eqs. (11.18)  which,  when  taken  together  with  eqs.(11.13),  yield  the  approximate 
analytic  form  of  the  solution.  The  method  of  combination  of  eqs. (11. 23)  “ 

(ll.2iV)  and  eq. (11.18)  together  with  eq.(ll.l3)  depends  on  the  scope  of  the 
problem  of  mechanics  involved.  In  any  particular  approach  to  investigation  of 
the  problem,  however,  we  will  obtain  an  approximate  representation  of  the  mo¬ 
tion  of  a  shell  element,  which  differs  from  solutions  that  are  analogous  but 
are  obtained  from  other  equations  in  that,  in  this  case,  the  necessary  condi¬ 
tions  of  the  minimum  of  the  quadratic  deviation  from  the  solutions  of  the 
three-dimensional  theory  of  elasticity  will  be  satisfied. 

We  note  finally  that  the  condition  of  minimum  of  the  functional  I^  deter¬ 
mined  by  eq. (11.14),  actually  'coincides  with  the  Gauss  principle  of  least  con¬ 
straint  Z  of  the  system,  if  the  constraint  Z  is  averaged  over  the  time  inter¬ 
val  (0,  ti ). 
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Section  12.  Boundary  Conditions.  Various  Versions  of  the  Solution  of  the 
General  Problem  of  the  Dynamics  of  Shells.  Initial  Conditions 

1.  Remarks  on  Boundary  Conditions 

Let  us  consider  the  boundary  conditions  that  terminate  the  statement  of 
the  problem  and  briefly  discuss  the  various  versions  of  its  solution. 

To  obtain  a  system  of  boundary  conditions,  let  us  find,  on  the  contour 
surface  of  the  shell,  the  components  of  the  displacement  vector  and  stress 
vector  resulting  from  the  approximate  representations  (11. l).  Then,  consid- 
ering  the  shell  as  a  three-dimensional  body,  let  us  set  up  the  boundary  condi¬ 
tions  on  the  contour  surface  of  the  shell  in  accordance  with  the  statement  of 
the  three-dimensional  problems  of  the  theory  of  elasticity  considered  in  Chap¬ 
ter  II#  Finally,  using  the  method  of  least  squares,  let  us  require  that  the 
quantities  resulting  from  the  approximate  representations  (11.1 )  shall  satisfy, 
on  the  contour  surface  of  the  shell,  the  requirement  of  the  least-square  devi¬ 
ation  from  the  corresponding  functions  prescribed  on  the  contour  surface  in 
the  formulation  of  the  three-dimensional  boundary  problem  of  the  theory  of 
elasticity. 

This  program  requires  consideration  of  the  following  functionals :  /26£ 


3 

J  Jin 

0  (c.)  -‘z  1-'^ 

(12.1a) 

0  (C-C.)  -/  9-1 

(12.1b) 

where  C  is  the  contour  of  the  middle  surface  of  the  shell,  C^  is  that  part  of 
the  contoiir  on  which  the  displacements  are  prescribed,  u^^  and  fq  are  the  com¬ 
ponents  of  the  displacement  and  stress  vectors  prescribed  on  the  respective 
parts  of  the  contour  s’orface,  and  and  f-'^-q  are  the  approximate  expressions 
of  these  components  determined  by  eqs.(ll#l)-.  For  definiteness  we  may  assume 
that  the  functions  9b(C)  are  expressed  by  eqs. (11.11).  Let  us  denote 


(12.2) 


The  conditions  of  a  minimiun  for  the  functionals  Ig  and  I3  lead  to  the 
following  conditions  of  the  middle  surface  of  the  shell: 


dW^ 

dup^^ 


V  ^--^1- 

L  ds^d(djuf)) 


I  ==--0, 


(12.3a) 
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or 


(12.3b) 


(p  =  l,  2,  3;  m  =0,  1,  2,...,  N).  (12. 3c) 

6 

We  recall  that,  on  the  contotir  C,  the  derivatives  must  be  expressed 

OS^ 

in  terms  of  the  derivatives  along  the  tangent  and  along  the  principal  noi^l 
to  the  contour  C.  We  shall  not  consider  the  conditions  (12.31 )  (12. 3c)  in 

the  expanded  form  and  confine  ourselves  to  brief  remarks  on  the  statement  of 
the  boundary  problem  of  the  dynamics  of  shells  considered  here. 

a)  We  cannot  directly  assert  that  the  boundary  conditions  (l2.3l)~(l^*3c) 
are  natural  for  the  variational  problem  considered  in  Sect. 11,  at  least  not  /.26^ 
vdth  respect  to  the  method  by  which  they  were  obtained.  We  must,  therefore,^ 
define  their  connection  with  the  natural  boundary  conditions.  We  will  do  this 
later  in  the  text. 

b)  Naturally  the  question  arises  as  to  the  existence  and  uniqueness  of  a 
solution  of  the  boundary  problem  under  consideration. 

2.  On  the  Existence  and  Uniqueness  of  Solutions  of  the  Boundary  Problem 
Posed 


It  is  well  known  that  theorems  for  the  uniqueness  of  solutions  of  linear 
static  and  dynamic  three-dimensional  problems  of  the  theory  of  elasticity  for 
finite  regions  have  long  since  been  proved-''-.  Theorems  of  the  existence  of  so¬ 
lutions  have  been  proved  for  three-dimensional  linear  problems  of  the  statics 
of  an  elastic  problem  and  also  for  a  number  of  problems  of  dynamics^-'^*. 

Since  we  are  here  investigating  only  the  results  of  the  approximation  of 
the  equations  of  the  three-dimensional  internal  problem  of  the  theory  of  elas¬ 
ticity,  leading  to  equations  of  the  elastodynamics  of  shells,  we  may  in  ad¬ 
vance  assimie  with  considerable  certainty  that  these  theorems  on  the  existence 
and  uniqueness  of  solutions  can  also  be  extended  to  the  boundary  problems  under 
consideration.  Of  course,  this  is  merely  a  working  hypothesis. 


Cf.  for  instance,  E.Trefftz,  Mathematical  Theory  of  Elasticity,  ONTI,  1934 

See  preceding  footnote  and  also  V.D.Kupdraze,  Boundary  Problems  of  the 
Theory  of  Vibrations  and  Integral  Equations,  Gk)stekhizdat,  1950 
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We  will  not  further  discuss  the  proofs  of  these  theorems  with  respect  to 
the  theory  of  shells;  confining  ourselves  to  the  following  remark:  If  we  do 
not  require  satisfaction  of  the  necessary  conditions  (12. 3b)  -  (12. 3c)  for  the 
extremum  of  the  functionals  Is  and  Is,  then  it  can  be  asserted  that  there  ex¬ 
ists  a  solution  of  eqs. (11.18)  and  (11.23)  for  which  the  sum  Ig  +  I3  will  have 
a  minimum.  The  question  of  the  uniqueness  of  such  a  solution  remains  open. 

3.  Natural  Boundary  Conditions 

There  is  no  difficulty  in  determining  the  natural  boundary  conditions  for 
the  problem  of  the  extremum  of  the  functional  Ij^ ,  expressed  by  eq.(ll.l4). 
However,  we  will  not  investigate  these  conditions,  recalling  that  the  boundary 
conditions  for  the  three-dimensional  problem  of  the  theory  of  elasticity  con¬ 
sidered  inChapt.II  are  natural^«-.  The  conditions  (12. 3b)  -  (l2.3c)  found  by  us 
are  the  results  of  the  requirement  of  least-square  deviations  of  the  solutions 
of  the  problem  of  the  elastodynamics  of  shells  from  the  natural  boundary  con¬ 
ditions  of  the  three-dimensional  problem  of  the  theory  of  elasticity  on  the  /270 
contour  siirface  of  the  shell.  This  requirement  is  in  agreement  with  the  fund¬ 
amental  principle  of  constructing  the  equations  of  the  elastodynamics  of  shells 
as  applied  in  Sect. 11.  In  this  connection,  we  may  consider  the  conditions 
(12.3b)  -  (12.3c)  as  natural  conditions  for  the  extremum  of  the  functional 
in  an  extended  sense,  even  if  they  do  not  coincide  with  the  natural  boundary 
conditions  of  the  variational  problem. 

In  conclusion,  let  us  discuss  possible  versions  of  the  solution  of  the 
system  of  equations  (11.16),  (11.18),  (11.23),  Ul.24)  with  the  boundary  con¬ 
ditions  (12.3b)  -  (12.3c). 

First  let  us  concentrate  on  the  system  of  functions  Although  the 

system  of  equations  constructed  by  us  is  complete,  i.e.,  the  number  of  equa¬ 
tions  is  equal  to  the  number  of  functions  sought,  it  is  not  advisable  to  at¬ 
tempt  an  "exact**  determination  of  the  quantities  k{i)q  from  these  equations. 

The  iteration  method  should  be  used.  For  the  beginning,  let  us  put  the  func¬ 
tions  k(i)q  equal  to  zero  or  unity,  zero  corresponding  to  the  exact  satisfac¬ 
tion  of  the  boundary  conditions  on  the  boundary  surfaces  of  the  shell,  and 
unity  to  the  application  of  the  Kirchhoff-Love  hypotheses.  Then,  adopting  one 
or  the  other  method,  let  us  proceed  to  the  solution  of  the  boundary  problem. 

In  Section  11  we  mentioned  one  of  the  procedures  for  this  solution,  based 
on  eqs. (11.13)*  A  different  version  of  the  solution  is  possible,  permitting 
us  to  exclude  from  consideration  the  approximate  expressions  for  the  compon¬ 
ents  u^"^  and,  consequently,  eqs. (11.18).  This  version  is  based  on  an  itera¬ 
tion  process. 

Assigning  to  the  coefficients  k(±)q  definite  values  and  rejecting  in  the 
quasi -body  forces  pRp  all  terms  depending  on  the  quantity  u/*)  ,  let  us  solve 
the  boundary  problem  of  the  shell  theory.  Then,  from  eqs. (11.16), we  find  the 
corrected  values  of  and  introduce  into  pRq  the  terms  depending  on  the 


Cf.,  for  instance,  V. I. Smirnov,  Course  in  Higher  Mathematics,  Vol.IV,  p*295, 
Gostekhizdat,  1951 
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quantities  Up^“^  found  as  a  result  of  the  original  approximation.  The  process 
is  then  repeated.  Evidently,  we  can  expect  positive  results  when  this  method 
is  applied  to  the  calculation  of  plane  shells,  since  most  of  the  terms  rejected 
in  obtaining  the  original  approximation  depend  on  the  curvature  of  the  middle 
surface  of  the  shell. 

As  in  the  preceding  Chapter,  we  note  the  correlation  of  the  solution  of 
the  elastodynamic  equations  of  the  theory  of  shells,  found  by  the  method  under 
study,  with  the  general  methods  of  the  mathematical  theory  of  elasticity.  When 
determining  the  components  of  the  displacement  vector  by  the  approximate  for¬ 
mulas  (11.1),  we  are  evidently  able  to  find  the  components  of  the  strain  ten¬ 
sor,  and,  from  Hookers  law,  the  components  of  the  stress  tensor. 

The  Saint -Venant  compatibility  conditions  will  be  satisfied.  The  equa¬ 
tions  of  motion  on  the  boundary  conditions  will  be  approximately  satisfied. 

Here  the  satisfaction  of  the  boundary  conditions  on  the  boundary  surfaces  of 
the  shell  can  be  improved  by  selecting  the  fiinctions  k  ^  .  The  introduction 
of  the  functions  k(±)<j  is  one  of  the  features  of  the  proposed  method.  /271 

We  shall  now  take  up  a  question  not  yet  discussed.  The  equations  obtained 
in  Sect. 11  differ  from  (III,  24.27  ~  24-29)  found  from  the  general  equation  of 
dynamics,  in  being  of  a  higher  order.  This  results  in  certain  complications  in 
stating  the  initial  conditions.  It  is  natural  to  use  here  a  method  based  on 
the  approximate  satisfaction  of  the  initial  conditions,  starting  from  the  re¬ 
quirements  of  the  least-square  deviation  of  the  approximation  functions  from 
the  functions  describing  these  conditions. 

Let  us  assume  in  accordance  with  (ll,  8.1a  -  8.1b)  that,  at  the  initial 
time  to,  the  components  of  the  displacement  vector  u^o  and  of  the  velocity 
vector  Uo  are  assigned  as  functions  of  the  coordinates  of  a  point  of  the  shell. 

If  these  functions  are  differentiable,  then,  by  differentiating  them  we  shall 
find  the  field  of  the  initial  rate  of  deformation. 

In  certain  problems  of  dynamics,  the  functions  Ujo  and  are  not  differ¬ 
entiable.  An  example  is  given  by  the  initial  values  of  the  longitudinal  ve¬ 
locities  in  a  rod  under  longitudinal  impact.  If  the  functions  Uio  and  u^o  are 
not  differentiable,  the  initial  fields  of  deformation  and  of  the  rate  of  de¬ 
formation  must  be  independently  prescribed. 

To  set  up  the  initial  conditions  of  the  problem,  let  us  consider  the  four 
functionals : 


^1  J  J  [«<0  -  «;or-  dS;  4  =  J  1 1«/0  -  <0]'  dC  ds- 


{S)  -I 


{S)  -/ 

^0  +  ^ 


^3  =  J  I  ^lL~L*]^dt:ciSdt;  ^4  =  J  j*  (lL~L^]*d^dSd(. 

‘0  (•^1  4  (S)  -/ 


(12.4a) 


(12.4b) 
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vfhere  e  is  an  arbitrary  small  time  interval.  The  Lagrange  function  L  is  es¬ 
tablished  from  the  components  of  the  velocity  vector  of  a  shell  element  ,  just 
as  the  function  L  is  established  from  the  components  of  the  displacement  vec¬ 
tor.  The  other  notation  is  familiar  from  the  preceding  discussion. 

We  will  define  the  initial  conditions,  starting  from  the  conditions  that 
the  functionals  Iq  ,  I3  and  I4  shall  be  minimum.  The  physical  meaning  of 
this  requirement  is  obvious.  As  for  the  functional  I4 ,  it  contains  the  '*ener- 
gy  of  acceleration"  which  enters  into  the  Gauss  principle  of  least  constraint, 
and  the  rate-of-strain  energy.  Thus,  this  fixnctional  is  connected  with  the 
quantities  characterizing  the  minimum  properties  of  the  accelerations  of  the 
actual  motion  of  the  system.  It  would  also  be  possible  to  introduce  direct-  /272 
ly  the  Gaussian  constraint  Z  of  the  system,  but  this  would  make  it  impossible 
to  use  the  analytic  apparatus  employed  above. 

The  requirement  for  minimizing  the  functionals  Ii ,  Ig ,  I3 ,  and  I4  is  ob¬ 
viously  equivalent  to  the  optimum  simulation  of  the  initial  mechanical  state 
of  the  shell  by  the  quantities  resulting  from  the  approximate  equations  (11. l). 

If  we  introduce  the  notation 


■f/ 


+  l 

— / 

■hi 

r,„  =  j*[L-Z*]2< 


(12.5) 


then  the  necessary  conditions  for  the  functionals  I^ ,  I2 ,  I3  and  14  to  be  min¬ 
imum  will  take  the  following  form: 


dW,, 

du',V  ’  dt?JS^ 

=  0; 

(12.6a) 

dWso 

V  d  dW,o 

d 

1 

_ 0* 

[duT 

.7;  dsJ  d(djuT) 

dt 

diif'  J 

—  u, 

(12.6b) 

.di>T 

1 

fo 

-  >1 1 

1 

d 

dt 

50^., «  ■ 

=  0 

(12.6c) 

=  2,  3;  m 

=  0 

1.  2.  .. 

^Eq^uations  (12.6a)  permit  a  direct  determination  of  the  initial  values 
and  Upo  .  Substituting  these  values  into  eqs.(l2.6b),  we  obtain  the  initial 
values  Up^o^  and  then,  passing  to  eqs.(l2.6c),  the  initial  values  .  Of 
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course,  there  may  be  other  approaches  to  the  determination  of  the  extended 
system  of  initial  conditions. 

In  this  Chapter,  we  have  considered  the  method  of  linear  approximation  of 
the  components  of  the  finite— deformation  tensor.  Such  an  approximation  per¬ 
mits  eliminating  only  a  part  of  the  nonlinear  terms  from  the  Lame  equations, 
but  does  not  exhaust  the  problem  of  linearization,  since  other  sources  of  non¬ 
linearity  still  remain,  including  the  Christoff el  symbols  ljVj  Lagrangian 

coordinates  of  a  medium  with  extensive  deformations  and  nonlinearity  in  the 
boundary  conditions.  For  this  reason,  we  must  apply  the  method  of  linear  ^  /^72. 
approximation  to  the  quasi-body  forces  containing  nonlinear  terms  entering  into 
the  Tame  equations.  The  complexity  of  the  analytic  expressions  for  these 
quasi-body  forces,  however,  prevents  us  for  the  time  being  from  developing  the 
method  of  linear  approximation  in  a  general  form. 

Section  13 .  Approximate  Methods  of  Investigating  the  Equilibrium  and  Oscilla¬ 
tions  of  Shells  as  Discrete-Continuum  Systems^ 

In  concluding  our  discussion  of  the  problem  complex  connected  with  the^ 
general  problem  of  constructing  a  mechanical  system  closely  related,  according 
to  certain  criteria,  to  some  prescribed  system,  let  us  briefly  discuss  the 
method  of  reducing  the  problems  of  the  theory  of  shells  to  problems  of  the 
study  of  motion  of  systems  with  a  finite  number  of  degrees  of  freedom.  We 
shall  call  such  a  system  a  discrete-continuous  system. 

The  concept  of  "discrete-continuous  system"  was  introduced  into  the  theory 
of  shells  by  V.Z. Vlasov  (Bibl.3b).  In  his  terminology  such  a  system  is  a  thin- 
walled  elastic  two-dimensional  system  possessing  a  finite  number  of  degrees  of 
freedom  along  one  of  the  coordinates  and  an  infinitely  great  number  along  the 
other. 

We  will  also  use  this  term  in  what  follows,  but  shall  give  it  a  different 
meaning.  By  the  term  "discrete-continuous  system"  we  shall  understand  a  con¬ 
tinuous  medium  whose  dynamic  state  is  approximately  determined  by  a  system  of 
functions  of  time  related  to  a  discrete  set  of  points  on  the  basic  surface  of 
the  shell.  Whatever  other  aspects  of  the  concept  of  discrete-continuous  sys¬ 
tems  are  possible,  will  not  be  considered  here. 

The  investigation  in  the  final  part  of  this  Chapter  proposes^ to  give  a 
method  of  reducing  the  problem  of  deriving  quantities  that  determine  the 
stress-strain  state  of  a  shell  to  the  solution  of  finite  systems  of  algebraic 
equations  if  the  shell  is  in  equilibrium,  and  to  the  solution  of  a  system  of 
ordinary  differential  equations  of  second  or  higher  order  if  vibrations  of  the 
shell  are  to  be  studied. 

The  principle  analytic  approach  to  the  construction  of  equations  describ¬ 
ing  the  state  of  a  shell  as  a  discrete— continuous  system  is  the  use  of  inter— 


The  substance  of  this  and  the  following  Sections  was  presented  to  the  All 
Union  Conference  on  the  Theory  of  Plates  and  Shells  held  at  Kazan  in  I960. 
Cf.,  the  author's  paper  in  the  Transactions  of  the  Conference. 
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polation  formulas  that  express  the  values  of  the  functions  sought  in  terms  of 
a  discrete  set  of  their  values  at  the  nodes  of  a  certain  net^?-.  Consequently, 
here,  too,  as  in  the  earlier  part  of  this  Chapter,  we  intend  to  use  one  of  /27/^ 
the  methods  of  approximation  functions. 

The  choice  of  such  a  method  is  arbitrary.  We  have  not  investigated  the 
comparative  effectiveness  of  the  various  methods  of  approximation  functions  in 
application  to  the  basic  problem,  the  replacement  of  the  shell  by  a  system  with 
a  finite  number  of  degrees  of  freedom. 

Section  14.  The  Fundamental  Discrete  System  of  Unknowns 

To  construct  the  discrete-continuous  system  replacing  the  shell,  one  of 
the  above-considered  reduction  methods  must  be  used. 

We  shall  apply  the  methods  studied  at  the  beginning  of  Chapter  III.  This 
method  is  closest  to  the  method  based  on  the  Kirchhoff-Love  hypotheses.  Our 
resialts  discussed  below  can,  therefore,  be  extended  without  fundamental  com¬ 
plications  to  the  classical  theory  of  shells. 

As  shown  previously  (ill.  Sect. 5),  the  three-dimensional  problem  of  the 
theory  of  elasticity  can  be  reduced  to  a  determination  of  six  functions  of  a 
point  of  the  basic  surface  of  the  shell.  These  functions  are  the  displacement 
vector  components  Uj  of  a  point  of  the  basic  surface  of  the  shell,  and  the  co¬ 
variant  derivatives  VaUj  . 

Assume  that  the  values  of  the  six  functions,  determining  the  state  of  the 
shell,  are  known  at  the  nodes  of  some  net  on  the  basic  surface.  Then  the  value 
of  these  functions  at  the  intermediate  points  can  be  determined  by  one  of  the 
interpolation  formulas.  This  permits  us  to  express  the  strains  and,  by  means 
of  Hookers  law,  the  stresses  at  an  arbitrary  point  of  the  shell  in  terms  of 
the  values  of  unknowns  at  the  nodes  of  the  net. 

The  interpolation  method  involves  the  relative  order  of  the  terms  re¬ 
tained  on  reduction  of  the  three-dimensional  problem  of  the  theory  of  elas¬ 
ticity  to  a  two-dimensional  problem  in  expansions  of  the  form  of  (ill,  4*2), 

(III,  A, 5a),  (III,  4.5b)  and  subsequent  relations  resulting  from  those  enum¬ 
erated. 

Making  use  of  eqs. (ll,2.1l)  and  expansions  of  the  form  of  (ill,  4-2),  /275 

let  us  consider,  for  example,  elementary  and  ro\aghly  approximate  representa— 'h?- 


We  recall  that  the  use  of  interpolation  formulas  was  given  in  the  theory  of 
shells  by  I.Ya.Shtayerman  in  his  work  *»0n  the  Application  of  Interpolation 
Methods  to  the  Approximate  Integration  of  the  Differential  Equations  of  Equi¬ 
librium  of  Elastic  Shells'*,  Visti  KPI^  Vol.2,  1927  and  in  the  problems  of 
structural  mechanics,  by  N .V .Kornoukhov  in  his  paper  "An  Interpolation-Itera¬ 
tion  Method  of  Solving  the  Differential  Equations  of  Strength  and  Stability  of 
Prismatic  Rods'*,  Sbornik  trudov  Inst,  stroit.  mekhan  AN  UkrSSR,  Vol.ll,  1949 
"'Hf  This  approximation  corresponds  to  the  accuracy  of  determination  of  the 
strain  tensor  components  adopted  in  the  classical  theory  of  shells. 
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tions  of  the  components  of  the  strain  tensor. 


^  VyK*  +  VftHy  +  VyK.Vi^'  +  ^  [  Vy»ft  +  Vft»y  + 

+  +  Vy«3V/<^'l  (/,  ft  =  l,  2),  (14.1a) 

2D‘;I  =  V^«3  +  (P  =  1 .  2.  3).  (14.1b ) 

where 

^y  =  V3Hy  iz-O  .  (14.2) 


The  meaning  of  the  other  symbols  has  been  given  in  Chapter  III. 

In  setting  up  eqs.(l4»l9')  “  (l4.1b),  we  retained  in  the  nonlinear  part  of 
the  strain  tensor  components  only  those  terms  with  the  greatest  significance^ 
according  to  the  well-known  postulates  that  can  be  traced  back  to  the  investi¬ 
gations  by  T.Karman. 

The  right-hand  sides  of  eqs.(l4.1a)  -  (14.1b)  contain  first-order  deriva¬ 
tives  with  respect  to  the  coordinates  (  i  =  1,  2) .  For  this  reason,  remain¬ 
ing  at  least  within  the  limits  of  accuracy  adopted  in  the  net  method,  let  us 
apply  the  following  interpolation  methods:  Let  us  cover  the  basic  surface  with 
a  triangulation  net,  and  within  each  triangle  let  us  interpolate  the  unknown 
fvinctions  by  linear  functions  of  the  coordinates  of  the  basic  surface,  taking 
values  equal  to  the  values  of  the  unknown  functions  at  the  vertices  of  the 
triangle. 

Consider  for  exanple  the  triangle  Mj^(p,  q),  ^^3(p  +  1,  q)j  ^t3(p>  Q  1). 
Here,  p  and  q  are  the  numbers  of  the  nodes  of  the  net  on  the  coordinate  lines. 
The  component  of  displacement  Uj  within  the  triangle  Ife  will  be  ex¬ 

pressed  by  the  equation 


or 


Zfy—  My(/Mi) 

Uj  {M2)  II j  (■'^i) 
Uj{M^--  Uj{M^ 


x'  -  (Af,) 

x'  (M,)-X'(yw,) 

x'{M,)-x'{Mi) 


X*  -  (M,) 

x*(/M,)  -  x*  {M2) 
xHM2)-xHM2) 


(14.3a) 


Uj  =  (fly,  a:'  +  ^yiA:*  +  Cyi)  «y  (Afi)  +  i^j-zX^  +  I’jW  +  ^2)  “y  (-^2)  + 

+  (P/-3-*:'  +  I’jiX*  +  CJ3)  Uj  (Af  3).  (14.3b) 


The  coefficients  of  the  linear  trinomials  which  are  the  factors  of  the 
components  Uj (Mp )  in  eq.(l4.3b)  can  be  found  from  a  comparison  of  eqs.(l4.3a) 
with  eq.  (14.3b).  We  will  not  give  the  expressions  for  these  components.  The 
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functions  vd-thin  the  triangle  are  similarly  deteraiined. 

The  quantities  Uj  (1"^  )  and-&j(]^)  in  the  problems  of  dynamics  are  functions 
of  the  time  t.  In  problems  of  statics,  they  do  not  depend  on  the  time.  /276 

Approximating  the  displacements  u/*)  by  linear  functions  of  z,  we  complete 
the  construction  of  the  quantities  that  approximately  characterize  the  state 
of  a  prismatic  element  of  the  shell  resting  on  the  triangle  M^N52^^3. 

Making  use  of  eqs.(l4.1a)  -  (l4.1b),  we  can  approximately  determine  the 
strain-stress  state  of  the  shell  in  the  prismatic  element  resting  on  the  tri¬ 
angle  In  relative  accuracy,  this  determination  corresponds  (for  ex¬ 

ample)  to  the  accuracy  with  which  the  stress-strain  state  is  determined  for  a 
one-dimensional  rod  in  longitudinal  vibration,  if  the  rod  is  replaced  by  a  sys¬ 
tem  of  concentrated  masses  connected  by  weightless  springs.  The  difference  is 
primarily  that,  in  the  rod,  when  this  method  of  approximate  solution  of  the 
problem  of  longitudinal  vibrations  is  used,  the  single  component  of  the  strain 
tensor  has  discontinmties  at  the  points  at  which  the  mass  is  concentrated, 
while  in  the  case  under  consideration  the  faces  of  the  prismatic  elements  will 
be  surfaces  of  separation  of  the  strain  tensor  components.  The  six  principal 
quantities,  however,  will  retain  their  continuity  on  these  siirfaces. 

Further  refinements  will  lead  to  an  increase  in  the  nuiriber  of  terms  re¬ 
tained  in  expansions  of  the  form  of  eqs.(l4.1a)  -  (l4.1b)  and  the  consequences, 
as  we  know  from  Chapter  III,  will  introduce  into  the  expansion  derivatives  of 
second  and  higher  order  with  respect  to  the  coordinates  of  the  basic  surface, 
so  that  the  linear  approximations  of  the  form  of  eqs.(l4.3a)  -  U4.3b)  will 
become  insufficient.  We  must  take  recourse  to  interpolation  formulas  in  the 
form  of  polynomials  of  the  coordinates  x^ ( j  =1,  2)  of  the  second,  third,  and 
higher  orders.  This  will  complicate  the  base  region  of  approximation. 

In  an  approximation  by  linear  trinomials,  such  a  region,  as  already  men¬ 
tioned,  is  a  triangle.  For  an  approximation  by  polynomials  of  the  second  de¬ 
gree  we  may,  for  instance,  use  a  "double"  triangle  M^Cp,  q),  ^p  +  i,  q^, 
ffe  (p  1>  q)  M4  ^  p,  q  +  i  ^fe(p,  q  +  1),  ^  p  +  ^  »  q  +  5  approxi¬ 

mate  the  polynomials  of  the  third-degree  "triple"  triangle  with  an  additional 
internal  point,  etc..  The  "fractional"  numbering  of  the  interpolation  nodes 
indicates  the  position  of  an  auxiliary  node  between  the  nodes  of  the  main  re- 
gion,  which  remains  a  triangle  with  integers  used  in  numbering  its  nodes.  For 

example,  the  node  I^fe^p  +  2  ’  lies  on  the  straight  line  joining  the  /2ll 

nodes  Mi(p,  q)  and  MbCp  +  1,  q).  All  these  cases  lead  to  approximation  formu¬ 
las  for  the  six  principal  functions  that  are  linear  with  respect  to  the  values 
of  these  functions  at  the  nodes  of  the  net. 

The  coefficients  of  the  values  of  the  principal  unknowns  at  the  nodes  of 
a  net  are  polynomials  of  the  coordinates  x^i  =  1,  k),  eqvial  to  unity  at  the 
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respective  node  and  equal  to  zero  at  all  other  nodes.  We  have 


uj  =  Y^i‘'j{p>  9) (•*');  (14.4a) 

[p.  <?) 

= S  '•'/’«  (14.4b) 

<7) 


The  sums  are  extended  to  the  base  regions  of  approximation  indicated  above. 

Let  us  denote  the  coordinates  of  the  nodes  by  Xp  and  x, .  Then 

=  =  0  {r.s^p.qy, 

=  =  0  {r,s^p,q).  (14.5b) 


where,  as  mentioned  above,  cpp,  and  are  polynomials  of  the  coordinates  x^  of 
the  basic  surface  of  the  shell. 

The  expressions  (I4.4a)  -  (14. 4b),  as  well  as  the  reduction  formulas  con¬ 
sidered  in  Chapter  III,  yield  approximate  expressions  for  the  potential  and 
kinetic  energy  of  the  shell  and  make  it  possible  to  construct  the  Lagrange 
function  L*.  The  generalized  coordinates  here  will  be  the  quantities  Uj (p,  q; 
and^j(p,  q)*-  Among  these  generalized  coordinates,  however,  there  may  also  be 
redundant  coordinates,  since  the  boundary  conditions  of  the  problem  impose, 
on  the  quantities  uj  (p,  q)  and^j(p,  q),  restrictions  which  are  analytically 
expressed  by  the  equations  of  geometric  connectivity,  and  in  the  general  case, 
of  kinematic  connectivity.  Let  us  consider  this  question  in  greater  detail. 

Section  15.  Boundary  Conditions  and  the  Equations  of  Connectivity.^ 

Initial  Conditions 

In  considering  the  boundary  conditions  we  shall  start  from  the  concepts 
of  the  three-dimensional  stress-strain  state  of  the  shell,  as  adopted  in  Chap¬ 
ter  III. 

The  various  boundary  conditions  introduce  no  additional  complications  into 
the  solution  of  the  problem  by  this  method.  Kinematic,  kinetic  and  mixed  boun¬ 
dary  conditions  may  be  prescribed  on  the  contour  surface.  These  conditions  .  ^ 

lead  to  equations  of  linear  and  nonlinear  geometric  and  kinematic  connectiv-  lZ]3. 
ity. 

vathout  going  into  detail,  let  us  consider  the  cases^  of  the  principal 
boundary  conditions  prescribed  on  the  contour  surface  of  the  shell  . 


Here  L  is  the  Lagrange  function  for  the  shell  as  a  whole,  rather  than  the 
density  of  the  Lagrange  function  considered  above,  and  is  termed  for  brevity 
the  "Lagrange  function". 
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1.  First  Boundar3'-  Condition 


On  the  contour  surface  C,  let  the  displacements  *  be  given: 

=  z,  t)  {i=\,  2,  3;y=l,  2). 


(15.1) 


Making  use  of  the  notation  adopted  in  Chapter  III,  and  setting 


it 


(15.2) 


we  find^  from  (III,  6./4.a)  -  (III,  6#4b),  equations  valid  over  the  entire  basic 
surface,  including  its  conto^Jir  C. 


II j  —  II 4-  Z^j  -f-  —  02  I  jyi  ^ 


Ur,  __  u^  -j-  ^  z^ 


+  2(1  ^3]  +  •  • . 


(A  5  ^1,  2] 


(15.3a) 


(15.3b) 


Again  making  use  of  the  expansions  (ill,  13.3)  and  confining  ourselves  to  three 
terms  of  the  expansions  on  the  right-hand  sides  of  eqs. (15.3a)  -  (15.3b)  we 
obtain 


K)c  =  q),UA  0,  f);  (0,.)c=(pl'>(y,  0,  t) 

(/=1,  2,  3;y=l.  2). 


(15.4a) 


(15.4b) 

(15.4c) 


The  condition  (I5.4a),  after  application  of  the  interpolation  formulas, 
will  lead  to  equations  of  geometric  connectivity  relative  to  the  generalized 
coordinates  Ui  (p,  q)  and  (p,  q).  In  fact,  making  use  of  eqs.(l4.4a)  -  /279 

(14.4b),  we  obtain  from  eq.( 15.4a): 


*  We  recall  that  on  the  contour  surface  the  coordinates  x^  are  connected  by 
the  equation  of  the  contour  of  the  basic  surface. 
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^  i  {P i  (/)  C  ^)* 

ip>  q) 


q)  0,  /) 

{p>  q) 

(t  =  l,  2,  3;y  =  l,  2). 


(15.5) 


Equations  (15.5)  must  be  set  up  for  segments  of  arc  of  the  contour  C  be¬ 
longing  to  the  base  regions  of  approximation  to  which  the  sums  z  are  ex- 

ipi) 

tended.  It  can  be  similarly  shown  that  the  connectivity  determined  by 
eqs. (15.4b)  -  (15.4c)  in  the  general  case  is  not  geometrical.  We  shall  tern 
it  kinematic,  although,  in  contrast  to  the  kinematic  connectivity  of  classical 
dynamics,  its  equations  contain  derivatives  of  the  second  order  with  respect 
to  the  time  t  of  the  generalized  coordinates,  if  we  confine  ourselves  to  the 
three  first  terms  of  the  expansions  on  the  right-hand  sides  of  eqs. (15.3a)  to 
eqs. (15.3b). 

2.  Second  Boundary  Problem 

This  problem  has  been  considered  previously  (HI,  Sect.  13 )  in  the  formula¬ 
tion  that  best  corresponds  to  the  method  under  study. 

I'feking  use  of  the  boundary  conditions  in  the  form  of  the  equations  of 
Chapter  III  (ill,  13.9a),  (III,  13.9b)  we  again  find  equations  of  connectivity 
analogous  to  those  considered  above.  V/e  note  here  that,  retaining  only  the 
two  first  terms  on  the  right-hand  sides  of  the  expansions  (HI,  13.6)  we  ob¬ 
tain,  in  the  general  case,  one  equation  of  geometric  connectivity,  and  one 
equation  of  kinematic  connectivity,  which  results  directly  from  a  considera¬ 
tion  of  the  left-hand  sides  of  eqs. (HI,  I3.9a),  (HI,  13.9b). 

V7e  will  not  write  out  the  equations  of  these  connectivities.  Let  us  dis¬ 
cuss  only  the  cases  in  which  the  kinematic  connectivity  degenerates,  as  already 
discussed  in  our  consideration  on  the  basic  boundary  problems. 

If  the  conditions  of  attachment  of  the  contour  of  the  basic  surface  in¬ 
clude  in  themselves  the  conditions  that  some  displacement  component  on  the 
contour  C  shall  vanish,  then  the  wave  operator  M  for  this  component  will  be 
transformed,  as  will  be  seen  from  (HI,  6.3a),  into  a  Laplace  operator  on  the 
contour  C.  In  this  case  the  equations  of  kinematic  connectivity  resulting  from 
the  conditions  (15*46)  —  (15.4c)  are  transformed  into  equations  of  geometrical 
connectivity.  Obviously,  this  does  not  apply  to  the  derivatives  of  the  opera¬ 
tor  M  with  respect  to  the  coordinates  x* (1  =1,  2).  These  derivatives  appear 
when  introducing,  into  the  expansions  of  uj*'  in  powers  of  z,  terms  contain-  /280 
ing  z  in  degrees  higher  than  the  second. 
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In  conclusion,  we  will  make  a  brief  statement  on  the  correspondence  be¬ 
tween  the  boundary  conditions  and  the  equations  of  motion.  Let  us  turn  again 
to  (III,  Sect. 13).  There,  we  showed  that  the  boundary  conditions  obtained  as 
a  result  of  the  method  of  successive  approximation  cannot  be  satisfied  with  the 
same  relative  accuracy  as  the  system  of  equations  determining  the  displacements 
of  the  points  of  the  basic  siorface. 

These  conclusions  do  not  extend  to  the  method  studied  here,  since  we  do 
not  exclude  the  components  by  means  of  successive  approximations.  The  val¬ 
idity  of  the  above  becomes  obvious  from  a  comparison  of  the  number  of  equations 
Df  motion  and  the  number  of  equations  of  connectivity. 

3.  Initial  Conditions 

The  initial  conditions  were  considered  previously  (ill,  Sect.l4)^  where 
we  used  the  method  of  successive  approximation,  i^rhich,  as  already  mentioned, 
will  not  be  applied  here. 

Making  use  of  the  conditions  (ill,  I4.I)  and  their  expansions  in  series 
in  ascending  powers  of  z  of  the  form  (ill,  14.2a),  and  also  making  use  of 
eqs.(l5.3a)  -  (l5.3b),  we  find  a  system  of  initial  conditions  similar  to  the 
system  considered  above  (III,  Sect.l4).  Without  writing  out  these  conditions 
again,  let  us  first  pose  the  question  whether  the  initial  conditions  correspond 
to  the  order  of  the  system  of  differential  equations  of  motion  mentioned  before 
(ill.  Sect. 14).  A  definite  answer  can  be  given  here  only  for  the  case  of  a 
linear  dependence  between  the  displacements  and  the  coordinates  z.  This 
case  corresponds  to  the  representation  of  the  strain  tensor  components  by 
9qs.(l4*la)  -  (l4*lb)*  Then  the  number  of  initial  conditions  containing  the 
initial  values  Uio(p,  q),  ^io(P,  q),  Uio(P>  q)>  ^io(p,  q)  (i  =  1,  3)  will  be 

twelve  for  each  pair  of  n'oitibers  (p,  q).  The  system  of  equations  of  motion  con- 
sisting  of  six  differential  equations  of  the  second  order  for  each  pair  of  num¬ 
bers  (p,  q)  will  be  of  an  order  equal  to  the  number  of  initial  conditions. 

If,  into  the  expansions  of  the  displacement-vector  and  strain-tensor 
components,  we  introduce  terms  with  the  factor  z^ ,  then,  considering  the  cases 
of  degeneration  of  the  kinematic  boundary  conditions,  we  find  that  the  number 
of  initial  conditions  will  increase  to  eighteen,  while  the  system  of  differ¬ 
ential  equations  of  motion,  as  shown  in  the  following  Section,  will  consist  of 
three  equations  of  the  sixth  order  and  three  of  the  second  order,  for  each  pair 
of  numbers  (p,  q). 

The  initial  conditions  here  will  contain  Uio(p^^  q)^  ^o(P^ 

'^io(P^  q)^  ^io(P>  q)  and4io(p>  q)*  There  are  not  enough  of  these  condi-  /2S1 
tions,  and  we  must  consider  the  next  terms  of  the  expansions  of  the  displace¬ 
ment  vector  components  with  the  factor  z^  .  If,  in  this  case,  the  relative  ac¬ 
curacy  of  the  equations  of  motion  and  the  equations  of  connectivity  remains  un¬ 
changed,  then  the  number  of  initial  conditions  increases  to  twenty-four  for 
each  pair  of  numbers  (p,  q);  these  will  now  include  the  initial  values  of  the 
derivatives  of  the  fourth  and  fifth  order  with  respect  to  time,  u^^g^  (p,  q) 

and  u/o^  (p,  q).  Thus,  to  solve  the  problem,  the  initial  conditions  must  be 
satisfied  with  a  higher  degree  of  accuracy  than  the  relative  accuracy  of  the 
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equations  of  motion  and  the  equations  of  connectivity. 

Section  16.  Equations  of  Motion  of  the  Shell 

If  the  boundary  conditions  lead  to  equations  of  geometric  or  degenerate 
kinematic  connectivity/,  we  can  make  use  of  the  Ostrogradskiy-Hamxlton  principle 
to  set  up  the  equations  of  motion  of  the  nodes  of  the  interpolation  net  on  the 
basic  surface  of  the  shell. 

The  Ostrogradskiy-Hamilton  principle  is  expressed,  as  we  know,  by  the 
following  variational  equation: 


J(8/l  +  5i)rf(‘  =  0,  (16.1) 

where  6,.\  is  the  elementary  work  of  the  nonconservative^  forces  performed^  on 
passage  of  the  points  of  the  system,  .from  the  trajectories  of  actual  motion  onto 
the  trajectories  of  comparison,  and  L  is  the  Lagrange  function  of  the  shell  ’^as 
a  whole". 

If  we  confine  ourselves  to  the  first  two  terms  on  the  right-hand  sides  of 
eqs. (15.3a)  -  (15.3b),  and  represent  the  strain  tensor  components  by  eqs.(l4.1a) 
-  (1/4. lb),  then  the  equations  of  motion  of  the  discrete-continuous  system  re¬ 
placing  the  shell  will  be  of  the  form  of  Lagrange  equations  of  the  second  kind: 


^  dL _ dL 

dt  dd;  [p,  q)  dill  Q) 


=  Qi  {P, 


<l). 


d  dL _ dL 

dt  q)  d\>i[p,  q) 

(/=1.  2,  3). 


=  q), 


( 16 .  iia  ) 

(16.2b) 


where  Qi  and  (ij  are  generalized  nonconservative  forces. 

However,  as  we  know,  we  have  the  right  to  include  also  conservative  forces 
in  these  generalized  forces,  if  this  can  help  to  simplify  so.lution  of  the  prob¬ 
lem. 

If  the  equations  of  kinematic  connectivity  degenerate  on  consideration  /282 
of  three  terms  in  the  expansions  of  the  displacement  vector  in  powers  of  the 
coordinate  z,  then  we  can  again  make  use  of  the  Ostrogradskiy-Hamilton  prin¬ 
ciple  (16.1)  in  setting  up  the  equations  of  motion,  but  in  this  case  the  La— 
ftrange  function  L  will  contain  the  second  and  third  time  derivatives  of _  the 
generalized  coordinates  Uj  (p,  q)  and,  as  before,  the  firs'Ji  time  derivatives  of 
the  generalized  coordinates Cp,  q).  We  can  convince  ourselves  of  this  by 
considering  the  ri,r!:ht-hand  sides  of  eqs. (15.3a)  -  (15*36).  Thus,  under  the 
adopted  assumptions  on  the  equations  of  connectivity,  the  equations  of  motion 
of  the  discrete-continuous  system  replacing  the  shell  w3.11  now  be  of  the  fol- 
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lowing  form: 


_ d_L _ ^ _ dl _ _ 

df'  on^[p,  q'  dt-  dn^{p,  q]  '  dt  dti^{p,  q) 

_ dL  _ 

dii.(p,  q]  ^i^P'  ^1'  (16.3a) 

d  dL  dL  T  /  X 

- ^ - —  ij)  (p  (f\ 

dt  di).{p,  q)  q] 

(j=l,  2,  3).  (16.3b) 


We  call  the  reader's  attention  to  the  difference  in  the  orders  of  the 
equations  entering  into  the  subsystems  (16.3a)  -  (16.3b).  This  difference  of 
orders,  under  the  method  of  reduction  here  adopted,  will  occur  when  an  odd  nirni- 
ber  of  terms  is  retained  on  the  right-hand  sides  of  the  expansions  in  tensor 
series  of  the  displacement  vector  components  in  ascending  powers  of  z. 

With  an  even  number  of  terms  retained  in  the  expansions,  the  order  of  the  equa¬ 
tions  entering  into  the  sx4)systems  (16. 3a)  -  (16. 3b)  will  be  the  same^-f-.  This 
assertion  is  in  particular  illustrated  by  eqs. (16.2a)  -  (l6.2b). 

If  a  shell  has  a  part  of  the  contour  surface  free  of  connectivity,  then 
the  equations  of  kinematic  connectivity,  resulting  from  the  conditions  (15.4b) 
to  (15.4c)  will  not  degenerate  into  equations  of  geometric  connectivity,  and 
the  Ostrogradskiy-Mamilton  principle  will  not  be  applicable,  at  least  not  with¬ 
out  additional  investigation. 

In  these  cases,  we  may  give  up  the  method  of  reduction  based  on  consid¬ 
eration  of  six  functions  of  Uj  and  of  a  point  of  the  basic  surface  of  the 
shell,  permitting  us  to  carry  the  reduction  problem  to  completion;  instead,  we 
may  use  approximate  representations  of  the  displacement  vector  by  polynomials 
arranged  in  powers  of  z,  which  were  considered  in  Chapter  III  in  our  study  of 
reduction  methods  relying  on  the  general  equation  of  dynamics.  In  this  case, 
such  difficulties  will  not  arise,  since  the  wave  operator  M  appears  in  the  /28'i 
relations  (15. 3a)  -  ( 15.3b)  as  a  result  of  application  of  the  Lame  equations  in 
order  to  eliminate,  from  the  expansions  in  Taylor  tensor  series,  the  covariant 
derivatives  of  the  component  u^  of  the  second  and  higher  orders  with  respect 
bo  X  z.^  At  the  same  time,  it  can  be  stated  that  application  of  the  Lame 
equations  improves  the  accuracy  of  the  approximations. 


We  will  not  develop  a  version  of  the  discrete-continuous  method  that  is 
not  connected  with  the  use  of  Lame  equations. 

Section  17.  Concluding  Remarks 

Chapter  IV  covered* a  group  of  questions  connected  with  the  fundamental 

This  statement  supplements  our  paper  read  at  the  Conference  on  Shell  Theory 
at  Kazan  in  I960 
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problem  of  the  shell  theory,  which  reduces  to  the  construction  of  a  mechanical 
system  approximately  equivalent,  according  to  some  criterion,  to  the  shell  as 
a  three-dimensional  elastic  body. 

As  the  analytic  criterion  of  approximate  equivalence,  we  selected  the 
magnitude  of  the  quadratic  deviation  of  some  function  characterizing  the  state 
of  the  mechanical  system  to  be  constructed  from  the  corresponding  function 
characterizing  the  state  of  the  three-dimensional  body,  namely,  the  shell.  As 
the  function  we  chose  the  density  of  the  Lagrange  functions,  the  body  forces, 
or  the  surface  forces,  depending  on  the  specific  problem  involved.  The  solu¬ 
tion  of  various  physical  problems  was  unified  by  the  general  requirement  that 
these  quantities  for  the  approximately  equivalent  system  show  minimum  deviation 
from  the  same  quantities  for  the  three-dimensional  body,  the  shell. 

Thus,  Chapter  IV  contains  the  solution  of  a  series  of  problems  of  approx¬ 
imation  functions,  which  are  reflected  in  the  mechanics  of  shells.  We  have 
therefore  also  included  in  Chapter  IV  the  first  principles  of  the  theory  of  the 
construction  of  a  discrete-continuous  system  replacing  the  shell,  and  used  in¬ 
terpolation  formulas  to  find  the  required  approximation. 

In  meaning,  the  construction  of  a  discrete-continuous  system  replacing  a 
shell  is  close  to  the  finite-difference  method. 

The  proposed  method  differs  from  the  finite-difference  method,  however, 
in  being  more  exact,  since  construction  of  the  equations  of  motion  is  based  on 
the  operations  of  integration  required  for  the  calc\ilation  of  both  kinetic  and 
potential  energy.  The  operation  of  integration  somewhat  smoothes  the  errors 
introduced  by  the  interpolation  formulas.  One  of  the  major  error  sources  still 
persists,  namely,  the  approximation  formulas  of  connectivity  that  result  from 
the  boundary  conditions. 

A  shortcoming  of  the  method  is  the  complexity  of  the  equations  of  motion 
and  the  boundary  conditions.  The  field  of  applicability  of  the  method  there¬ 
fore  encompasses  all  problems  where  the  use  of  methods  of  the  Bubnov-Galerkin 
type  involves  fundamental  difficulties  in  constructing  the  systems  of  approxi¬ 
mation  functions.  l2Bk 

An  elementary  example  of  such  problems  is  the  problem  of  the  vibrations 
of  a  rectangular  plate  with  mixed  conditions  on  each  side  of  the  rectangular 
contour  of  its  middle  surface. 

An  advantage  of  the  method  is  the  simplicity  of  programming  in  calctilation 
on  high-speed  electronic  computers. 
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INTBCRAL  AND  INTEGRO-DIFFERMTIAL  EQUATIONS 
OF  THE  THEORY  OF  SHELLS 

Section  1.  General  Characteristics  of  the  Contents  of  the 
Concluding  Chapter 

The  last  Chapter  contains  a  discussion  of  part  of  our  results  in  the  meth¬ 
ods  of  solving  the  boundary  conditions  of  shell  theory,  relying  on  the  integro- 
differential  and  integral  equations  of  the  statics  and  dynamics  of  shells,  re¬ 
sulting  from  the  theorem  of  work  and  reciprocity*  These  studies  were  begun  by 
us  in  1939-1940  and  are  still  going  on  at  present  (Bibl.23b-j). 

During  the  past  five  years  the  possibility  of  applying  the  apparatus  of 
integro-differential  and  integral  equations  to  the  solution  of  boundary  prob¬ 
lems  of  the  shell  theory  has  attracted  the  attention  of  many  workers*  Besides 
the  methods  indicated  above,  they  have  used  other  methods,  based  particiilarly 
on  the  integral  relations  generalized  in  the  Green  formulas  of  the  theory  of 
the  Newtonian  potential  function*  Limited  space  prevent  us  from  giving  a  de¬ 
tailed  analysis  of  the  various  methods  of  reducing  the  boundary  problems  of  the 
shell  theory  to  equivalent  systems  of  integro-differential  and  integral  equa¬ 
tions^*  Many  questions  of  the  theory  of  this  reduction,  including  the  problem 
of  equivalence,  existence,  and  iiniqueness  of  the  solutions  of  the  equations  set 
up  by  us  will  not  be  exhaustively  answered  here*  We  intend  to  return  to  them 
in  the  second  part  of  this  book* 

The  last  Sections  of  this  Chapter  will  contain  the  integro-differential  7286 
and  integral  equations  of  the  dynamics  of  shells,  together  with  special  applica¬ 
tions  of  the  generalized  reciprocal  theorem  proved  in  Chapter  II* 

Section  2*  Elementary  Solutions  of  Three-Dimensional  Problems  of 
Elasticity  Theory  Containing  Singular  Points  and  Lines 

In  the  first  Section  of  this  Chapter  we  applied  the  method  of  constructing 
integro-differential  equations  of  the  shell  theory  based  on  the  introduction  of 
solutions  of  the  three-dimensional  problem  of  elasticity  theory  containing  sin¬ 
gularities  arranged  along  a  certain  segment  of  a  straight  line*  We  used  this 
method  earlier  (Bibl*23b)  in  1939  -  1940,  and  will  take  the  results,  given  be¬ 
low,  from  that  work*  We  shall  consider  solutions  with  singularities  of  the 
three-dimensional  static  problem  of  the  theory  of  elasticity  found  for  a  lin¬ 
early  deformed  medium* 

During  preparation  of  this  work  for  the  press,  the  book  by  D*V*Vaynberg  and 
A.L.Sinyavskiy  (Bibl*17)  appeared  which  contains  a  brief  discussion  of  the 
method  of  construction  of  integro-differential  and  integral  equations  of  the 
shell  theory  given  by  us  and  other  authors,  together  with  several  applications 
to  the  theory  of  specific  boundary  problems,  including  the  problems  of  the  equi¬ 
librium  of  cylindrical  notched  shells*  It  also  gives  (Bibl*17)  a  bibliography 
which  is  incomplete  but  still  deserves  attention* 
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It  is  well  known  that  displacements  in  an  unbounded  elastic  medium,  due  to 
the  action  of  a  single  concentrated  force  directed  along  the  OYi  of  a  rec¬ 

tangular  Cartesian  coordinate  system  y^  and  applied  to  the  point  with  coordi¬ 
nates  Tlii  are  of  the  following  fon#; 


1  (  5-6v  1  ^(LW- 

7+^037) 'a,?  Ujr 

0((} »{)'/.  ’’>*“24-0  {  "^2(1  — v)  (>■)} 

(/,  y,  ^==1,  2,  3),  (/  ¥=  k]- 

where 

’’  ==  Viyi  -  + 0'2  -  + (ya  - 


(2.1a) 

(2.1b) 

(2.2) 


If,  instead  of  a  single  force,  we  apply  at  the  point  M(71j  )  the  arbitrary 
forces  directed  along  the  coordinate  axes,  then  the  displacements  correspond¬ 
ing  to  these  forces  will  be  expressed  by  the  equalities: 

3 

(*  =  1,2,3).  (2.3) 

k-i 


The  stresses  corresponding  to  the  displacements  (2.1a)  —  (2.1b)  have  the/2^ 


form; 
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(2.4b) 


(2.4c) 


<■  Cf.,  for  instance  (Bibl.9b)  or  E.Trefftz,  Mathematical  Theory  of  Elasticity, 
ONTI,  1934,  pp.39-40. 
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(2.Ud) 
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The  arbitrary  system  of  forces  applied  at  the  point  M(T|j  )  creates  a 
field  of  stresses  defined  by  the  equalities 


3 

{i.j=h  2,  3). 


(2.5) 


Let  us  now  consider  the  expressions  for  the  displacement  vector  components 
01  and  the  corresponding  stress  tensor  components  in  a  curvilinear  system  of 
coordinates  by  means  of  which  the  space  inside  the  shell  is  arithmetized,  under 
specification,  as  indicated  below,  of  the  direction  of  the  single  concentrated 
force* 

Between  the  Cartesian  coordinates  y^  and  the  internal  curvilinear  coordi¬ 
nates  xi  of  the  points  of  the  shell  there  exist  relationships  expressed  by  the 
formulas  of  direct  and  inverse  transformation: 

x'  =  ,;<•  (y y.  =  y.  {y)  (/_  y  _  J  ^  g,  3) 

If  we  put  X?  »«  0,  then  their  relations 

y>=yM\x\o)  (/  =  i.  2,  3) 

will  be  the  equations  of  the  basic  surface  of  the  shell »  Below,  we  will  pri¬ 
marily  consider  shells  of  constant  thickness.  In  this  case,  the  basic  surface 
will  coincide  with  the  middle  surface,  and  the  boundary  surfaces  of  the  shell 
will  be  Included  in  the  system  of  coordinate  surfaces. 

Let  us  now  assiime  that  at  some  point  M  of  the  shell  a  force  is  applied 
having  the  components 


(2,6) 

(2,7) 


=8* 
(<•)  ■  /• 


(2.8) 


directed  along  the  tangent  to  the  coordinate  line  x* ,  Let  us  find  its  com-  /288 
ponents  in  the  rectangular  Cartesian  coordinate  system  yj ,  Making  use  of  the 
formulas  for  the  transformation  of  the  contravariant  vector  components  (l,  5.5) 
and  the  equalities  (2,6),  we  obtain 
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The  index  (i)  of  the  force  components  in  the  rectangular  system  of  Cartesian 
coordinates  shows  that  they  are  force  components  directed  along  a  tangent  to 
the  coordinate  line  x?  of  the  curvilinear  coordinate  system. 

Equations  (2.3),  on  choice  of  the  force  determined  by  eqs.(2,8)  -  (2,9), 
take  the  following  fom: 


3 

k^\ 


\h)j 


(2.10) 


where  are  the  components  of  the  vector  of  the  displacements  caused  in  the 

elastic  medium  by  the  concentrated  force  defined  by  eqs,(2,8)  -  (2,9).  These 
components  express  the  displacement  vector  in  the  rectangxilar  Cartesian  coor¬ 
dinate  system  OYi . 


Returning  again  to  the  coordinate  system  x* ,  let  us  find  the  covariant 
components  U(i^  j  of  the  vector  of  displacements  caused  by  the  action  of  the 
force  .  We  obtain 


ti 


dyk 

dx^ 


n  -lllL 
dx^ 


(2.11) 


A  comparison  of  eqs,(2,ll)  with  (l,  6,3)  shows  that  the  quantities  u^j^j 
found  by  us  possess  peculiar  tensor  properties.  These  quantities  may  be  con¬ 
sidered  as  covariant  components  of  the  vector  at  the  point  N(x*  ).  But  being 
functions  of  the  pair  of  points  M  and  N,  they  are  components  of  the  covariant 
tensor  of  rank  two,  connected  with  these  points*’.  Further,  from  eqs,(2,5)  and 
(2.9)  we  find: 


3 

^('1  Jk  ~  S  ^(‘1  P  ^'■P'lJk  ~ 


(2.12) 


Again  applying  the  transformation  foraiulas  (l,  6,3 )>  we  obtain  the  contra- 
variant  components  of  the  stress  tensor  in  the  curvilinear  coordinate  system  /289 


•*  We  shall  not  dwell  on  the  analogy  between  these  quantities  and  the  so-called 
"intermediate”  tensor  components,  Cf.I.Schouten  and  D.Struik,  Introduction  to 
New  Methods  of  Differential  Geometry,  ONTI,  1939,  p,29. 
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connected  with  the  shell 


djc-'  dx*  /  dy  \ 

0-JI‘  = _  _  {>.« 

dy'^  dy^  \  dx'  Jm 

(i,  j.  k,  p,  r,  s^\,  2,  3). 


(2.13) 


We  recall  that  in  a  rectangular  Cartesian  coordinate  system  the  noninvari¬ 
ant  equality 

^1/?}  ^(/7)  rS 

is  satisfied. 

Equations  (2.13)  show  that  the  quantities  components  of  a  third- 

rank  tensor  of  two  points.  At  point  M,  these  quantities  are  components  of  the 
vector  with  the  subscripts  (i)  and  (p).  At  point  N,  however,  they  are  compon¬ 
ents  of  a  second-rank  tensor. 

Let  us  pass  now  to  the  construction  of  new  solutions  of  the  three- 
dimensional  problem  of  the  theory  of  elasticity  with  singularities.  The  solu¬ 
tions  we  have  considered  for  the  homogeneous  static  equations  of  the  elasticity 
theory  satisfy  these  equations  for  all  values  of  the  coordinates,  except  for 
the  coordinates  of  the  point  of  application  of  the  concentrated  force.  This 
point  is  singular.  In  it,  the  displacements  become  infinite  of  the  order  r“^ 
as  r  0,  and  the  stresses  become  infinite  of  the  order  r“"^.  Such  singulari¬ 
ties  are  encountered  in  the  Newtonian  potential  function.  On  the  basis  of  the 
derived  solutions  we  can  find  a  series  of  new  solutions  of  the  homogeneous  sta¬ 
tic  equations  of  the  theory  of  elasticity  with  a  continuous  distribution  of  the 
singular  points  along  a  certain  line. 

Let  us  assume  that  this  line  is  a  segment  of  a  straight  line,  of  length 
2Mh,  where  M  >  1.  Let  the  coordinates  of  the  middle  of  this  segment  in  the 
rectangular  Cartesian  coordinate  system  be  Ci  (i  “  1#  2,  3)#  Then,  the  coordi¬ 
nates  of  the  points  of  the  segment  can  be  expressed  by  the  equalities: 

where 

3 


(/=1,  2,  3j, 


=  1 


(2.14) 


(b) 


(a) 


Here,  aj  are  the  direction  cosines  of  the  segment,  and  o'  is  the  distance  from 
the  middle  of  the  segment  with  fixed  positive  direction. 
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Let  us  distribute  on  this  segment  the  force  load  of  linear  density  <1(0; )» 
directed  along  one  of  the  axes  of  the  local  coordinate  basis.  Assume  that  in 
the  rectangular  Cartesian  coordinate  system  yj ,  the  direction  of  the  forces  /2g0 
q(a)d(a)  coincides  vd.th  the  direction  of  the  axis  OYj ,  Then,  the  displacements 
caused  by  these  forces  will  be  expressed  by  the  equalities 


+  Mh 


[a)  da 


U,  k=\,  2,  3). 


(2.15) 


where  the  functions  9(j)it(a)  are  determined  by  the  relations  (2,1a)  -  (2,1b)  if 
the  coordinates  of  the  point  of  application  of  the  forces  are  expressed  by  the 
equalities  (2,14), 

The  functions  satisfy  the  homogeneous  static  equations  of  the  elas¬ 

ticity  theory  for  all  values  of  the  coordinates,  except  the  coordinates  of  the 
points  on  the  segment  bearing  the  force  load.  These  coordinates  are  expressed 
by  eqs,(2,14).  This  segment  is  thus  a  sing\ilar  line  for  the  functions  wq^^. 

The  load  density  can  be  selected  under  very  wide  assumptions  relative  to  the 
analytic  pix>perties  of  the  functions  q(Q'), 

Consider  the  functions  q(a)  causing  the  local  perturbations.  In  other 
words,  let  us  select  a  fvinction  q(Q')  such  that  the  displacements  and  stresses 
due  to  the  respective  load  will  rapidly  attenuate  with  increasing  distance  of 
the  point  N(yi  )  from  the  segment  on  which  the  load  is  distributed.  We  shall 
call  such  a  load  a  focusing  load,  since  it  will  subsequently  permit  us  to  sep¬ 
arate  part  of  the  wanted  field  of  displacement  in  the  neighborhood  of  the  sin¬ 
gular  line,  and  to  ’*liquidate»»  the  residual  .  For  the  construction  of  the  fo¬ 
cusing  load  we  employ  the  method  given  elsewhere  (Bibl,23b),  Of  course  this 
method  cannot  be  consideared  optimum,  but  we  will  not  further  discuss  the  meth¬ 
ods  of  optimum  choice  of  the  focusing  load. 

First  let  us  analyze  the  conditions  whose  satisfaction  enables  us  to  repre¬ 
sent  the  functions  ,  (a)  in  the  form  of  series  in  ascending  positive  powers 
of  O', 


It  will  be  clear  from  eqs.(2.1a)  -  (2.1b)  that  the  singularity  contained 
in  the  functions  e(j))t  (j,  k  »  1,  2,  3)  depends  on  a  factor  of  the  form  r““  ,  The 
question  of  the  possibility  of  expanding  these  functions  in  series  in  ascending 
powers  of  or  therefore  reduces  to  an  analysis  of  the  possibility  of  such  expan¬ 
sion  for  the  function  r““ ,  From  eq,(2,2)  we  find 

(a)  =  —  aa^)-  +  (^2  —  C2  —  “^2)’  +  (ya  ~  “^>'3)*.  (  C  ) 


*  This  term  is  borrowed  from  the  book  by  C.Lanczos  "Practical  Methods  of  Applied 
Analysis",  Fizmatgiz,  I96I,  p.220.  The  meaning  of  this  term  is  extended  by  us. 
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or,  in  other  words. 


where 


and 


r"-  (a)  =  /■’  —  2aro  cos  (p  +  a*, 


r?  =  (y.  -  C.)^  +  (y,  -  y  H  (>'3  -  Ca)^ 


25croCOS  tp  — 2ro-a 

is  the  doubled  scalar  product  of  the  vectors  ro  and  a. 
From  eq,(d),  we  find 


2a  cos  (p  .  a^\  2 

~  I  2 

fQ  ro 


(d) 
/291 

(e) 

(f) 


(2,l6a) 


The  expansion  of  r"” (or)  in  a  series  in  ascending  powers  of  a  is  possible 
when  the  inequality 


2a  cos  cp  a‘ 


rl 


<  1, 


(2.16b) 


is  satisfied,  or,  strengthening  the  inequality. 


2M 


ro 


(g) 


Hence,  we  find-**- 


ro  > 


V2  —  \ 


2,5 


(2.17) 


Here,  of  course,  we  have  taken  a  positive  value  for  7*2.  The  may-l rmnn  value  of 
I  Of  I  is  Mh.  Consequently,  at  the  points  satisfying  the  condition 


_  ro>  2,5  Mh,  (2.18) 

*  The  estimate  [eq.(2.17)]  is  too  high;  cf.  Sect.3.  See  also  M.A.Lavrent»yev 
and  B.V.Shabat,  Methods  of  the  Theory  of  Functions  of  a  Complex  Variable,  Gos- 
tekhizdat,  1951,  pp.501  -  502. 
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the  functions  6(j)k(<^)  represented  by  the  convergent  series  in  ascending 

powers  of  or: 


e(y)*(«)=  S  O"  (y,  *=  l.  2,  3). 

n-0 


(2.19) 


These  series  will  absolutely  converge  for  all  values  of  a  Isdng  on  the  segment 

+Mh)«-,  On  the  basis  of  eqs.  (2,19),  the  functions  w^j)  ^  defined  by  /292 
eqs,(2,15)  can  be  represented  by  expansions  of  the  form 


n-=0 


(2.20) 


where  the  coefficients  m„  are  defined  by  the  formulas 


+Mh 


-Mh 


(2.21) 


Let  us  assume  at  first  that  the  functions  q(ci')  are  everywhere  bounded  on 
the  interval  (-Mh,  +Mh)  and  are  continuous,  except  for  a  finite  number  of  points 
of  discontinuity  of  the  first  kind.  Assume  further  that  on  the  continuity  in¬ 
tervals  the  function  q(a)  is  represented  by  polynomials  of  degree  N,  where  N  is 
for  the  time  being  an  arbitrary  number.  Then,  coefficients  of  these  polynom¬ 
ials  can  always  be  selected  such  that  the  equalities 


m^  =  0  (/i  =  0,  1,  2,...,  yv  —  1) 


(2.22) 


shall  be  satisfied. 

Equations  (2,22)  form  a  system  of  linear  algebraic  equation  from  which  the 
N  coefficients  of  the  polynomial  representing  the  function  q(Q')  can  be  deter¬ 
mined  in  terms  of  the  (N  +  1)'*'^  coefficient  if  the  function  q(a)  is  continuous 
over  the  entire  interval  (-Mh,  +Mh),  We  shall  consider  the  case  of  the  discon¬ 
tinuous  function  q(Q')  somewhat  later. 

It  follows  from  eq, (2,21)  that  the  coefficient  mjj  is  of  a  relative  order 
not  lower  than  the  order  of  the  quantity  (Mh)^'*'^,  Consequently,  the  displace¬ 
ments  W(i)k  defined  by  eqs,(2,20)  will  be  of  an  order  not  lower  than  the  order 
of  the  ratio  (Mh)^'*’^  tro'*’^  over  the  entire  region  in  which  Tq  satisfies  the  in- 

On  absolute  and  uniform  convergence  of  these  expansions,  cf.,  for  instance, 
E.T.Whittaker  and  G.N .Watson,  Course  in  Modem  Analysis,  Vol.II,  Gostekhizdat, 
1934,  pp. 91-92, 
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equality  (2,17) 


Since,  in  this  region,  the  inequality 


Mh  1 
/•o  ^2,5’ 


(i) 


is  satisfied,  it  follows  from  the  above  that  in  this  region  we  can  construct 
displacements  w^jj^  which  are  negligibly  small  in  absolute  magnitude.  Let  us 
investigate  this  question  in  more  detail,  considering  the  concrete  construction 
of  a  function  q(Q')  with  the  above-noted  focusing  properties. 

Let  us  consider  the  density  of  the  load  q(Q')  determined  over  the  interval 
(-^,  +Mh)  as  follows; 

a)  the  function  q(Q')  is  piecewise-continuous  over  the  interval  (-Mh,  +Mh); 

b)  the  fxinction  q(a')  is  zero  over  the  interval  (-eh,  +eh);  (h  -  eh,  h  + 

+  eh),  (-h  -eh,  -h  +  eh),  where  e  «  1; 

c)  the  f\mction  q(Q')  is  normed  by  the  condition  /293 


+/I 


a.]d<x=\. 


-h 


(2,23) 


Let  us  denote  the  value  of  the  piecewise-continuous  function  q(a)  over  tne 
interval  (h  +  eh,  Mh)  by  qi(Q');  over  the  interval  (eh,  h  -  eh)  by  qs(Q');  over 
the  interval  (-h  +  eh,  -eh)  by  qg  (o' );  over  the  interval  (-h  -  eh,  -Mh),  by 
04  (a). 


Let  us  now  impose  on  the  functions  qi(Q'),  ,,,,  q4(Q')  the  condition  that 
the  load  on  the  intervals  (O,  Mh)  and  (-Mh,  O)  be  self-balanced: 


-Mh 


ct)  da  =  0 


0 


{n  =  0,  1,  2,  ,  N). 


(2,24) 


Consider,  for  example,  the  first  group  of  conditions  (2,24),  From  these 
conditions,  it  follows  that 
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(2.25) 


Mh  h-ih 

I Pn  {i)  (^)  dt=-^p„ (a)  q, (a)  da 

h+ih  eA 


where  p^Ct)  and  ?„(«)  are  certain  polynomials. 

Assume  that  the  function  qg (a )  is  assigned.  For  definiteness  and  certain 
simplifications  in  the  subsequent  calculations,  let  us  put 

Af  =  2  — e.  (k) 


Let  us  perform  the  substitution  of  the  variables  bringing  the  integration 
intervals  in  eq.(2,25)  to  the  standard  interval  (-1,  +1).  Let  us  put 


2e) 


(1) 


a=-/z(l 

2 


2e)  2  + 


1  -2e 


1 /Ml -23)^2' 


(m) 


Let  us  select  the  polynomial  p„(t)  such  that,  on  this  substitution  of  the  var¬ 
iable  t,  it  shall  be  transformed  into  the  Legendre  polynomial  Pa(z): 


pAt)=Pn(^)- 


Then  the  polynomial  PnCor)  is  transformed  as  follows; 


Let  us  put  further 


qx(t)  =  Q,(z):  q-lia)  =  Q-2(z). 


(n) 


(o) 

I23k 

(2.26) 


Then  eq,(2,25)  takes  the  following  form: 


1-1 


+1 


’/>,(2)Q,  [Z)dz  =  -^pj 

ti  kJ  \ 


z  — 


(2.27) 
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Equation  (2,2?)  determines  the  coefficients  of  the  expansion  of  the  func¬ 
tion  Qi(z)  in  Legendre  polynomials,  if,  as  already  specified,  we  prescribe  the 
function  (a  )• 

Assume  that  the  function  Qi(z)  can  be  approximately  represented  by  the 
polynomial  of  degree  N,  Then  this  polynomial  will  be  represented  by  an 

expansion  in  Legendre  polynomials 


N 

/z-0 


(2.28) 


where 


(2.29) 


By  increasing  N  in  formula  (2.28),  we  obtain  an  infinite  sequence  of  fimctions 

Qi(N)(z). 

Speaking  generally,  this  sequence  can  be  divergent,  but  it  always  retains 
a  certain  mechanical  meaning.  Now  let  us  consider  the  load  qi^'^Ht).  Let  us 
construct  the  function 


This  function  may  be  regarded  as  the  mean  value  of  the  resultant  of  forces  with 
a  distribution  density  qjC^^  (t)  applied  to  1/N  part  of  the  interval  over  which 
these  forces  are  distributed. 

If  there  exists  lim  (t)  “  P(t)  not  equal  to  zero,  then  we  may  assert 

that  the  singularities  corresponding  to  the  limiting  values  of  the  density 
qjCN) (t)  are  the  result  of  the  continuous  distribution  of  concentrated  forces 
of  finite  magnitude  over  the  interval  (h  +  eh,  2h  -  eh).  If  lim  Pi^’^)(t)  does 

N-* « 

not  exist,  on  this  interval  there  are  distributed  singularities  of  the  force 
field  of  the  type  of  force  dipoles,  etc..  Thus  the  limit  of  the  sequence  /295 
QiCN)  (z)  determines  the  singularities  of  the  force  field  constructed  by  us  bey¬ 
ond  the  limits  of  the  interval  (-h,  +h). 

The  function  qtCN)  (t)  is  constructed  similarly  to  the  fvinction  qi(N)  (t)  if 
the  function  93(0')  is  prescribed.  This  exhausts  the  question  of  construction 
of  the  function  q(a')  over  the  interval  (-Mh,  +Mh),  Of  co\irse,  this  extension 
of  the  class  of  functions  9(0?)  demands  a  corresponding  extension  of  the  inte^ 
grability  conditions  of  these  functions.  We  will  not  further  discuss  this  ques- 
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tion  and  will  assume  that  the  necessary  extension  of  the  integrability  condi¬ 
tions  can  be  found. 

Thus,  by  selecting  the  functions  qsioi)  and  qaCa)  such  that  the  condition 
(2,23)  is  satisfied,  we  can  construct  the  functions  OiCor)  and  q4(a),  starting 
out  from  the  conditions  (2.24),  But  then,  according  to  eqs.(2,20)  -  (2.21), 
the  displacements  W(,)k  will  vanish  beyond  the  sphere  S  of  radius  rg  >2.5  Mh. 

In  this  region  external  to  the  sphere  S,  the  stresses  corresponding  to  the  dis¬ 
placements  W(i^  I;  and  the  derivatives  of  those  quantities  will  also  vanish.  With¬ 
in  the  sphere  S  the  displacements  found  by  us  will  satisfy  the  continuity  con¬ 
ditions  and  the  equations  of  elasticity  theory  everywhere,  except  on  the  line 
on  which  there  are  singularities. 

The  density  q(Qr)  with  the  considered  properties  focuses  the  field  of  dis¬ 
placements  and  stress  near  the  segment  on  which  it  is  distributed. 

If  neither  lim  (z)  nor  lim  Q»  (z)  exist,  then  eqs,(2,22)  will  be 

satisfied  only  for  limited  values  of  N,  In  this  case,  the  field  of  displace¬ 
ments  and  stresses  will  not  disappear  beyond  the  limits  of  the  sphere  S,  i.e., 
the  focusing  properties  of  the  load  q(a)  will  be  weakened.  This  can  apjDarently 
take  place  everywhere  on  condition  that  |q(Qf)|  is  bounded  on  the  interval  (-Mh, 
+Mh). 


In  conclusion,  let  us  make  an  approximate  evaluation  of  the  variability  of 
the  displacements  w^^jj  y  and  of  the  corresponding  stresses  in  the  neighborhood 
of  a  segment  of  the  straight  line  over  which  a  load  of  density  q(a)  is  distri¬ 
buted,  Let  us  return  to  eqs,(2,la)  -  (2,1b).  These  formulas  can  be  repre¬ 
sented  in  the  following  form: 


where 


6(/)  /  =  --  cos®  (ryj)];  O,,,  *  =  —  cos  (ryj  cos  (ry*), 

r  r 


(2.30) 


A  = 


1 

24i:G’ 


B 


3 

2(l-v'j’ 


C  = 


9-  12v 
2(1 -v)' 


It  follows  that  the  displacement  vector  components  determined  by  eqs,(2,30)  /296 

can  be  represented  as 


Oii)  k 


» 


(2.31) 


where  4 (or)  is  a  certain  bounded  function  of  the  parameter  or. 

Of  course,  this  function  also  depends  on  the  coordinates  of  the  point  N(yj  ) 
at  which  the  displacements  are  determined  and  on  the  coordinates  Ci  'I'h® 


297 


ter  of  the  segment  on  which  the  load  is  placed. 

Further,  applying  the  theorem  of  the  integral  mean,  we  find 


b  b 


where  6  lies  in  the  interval  (a,  b). 

If  the  point  N(yi  )  at  which  the  displacements  are  determined  lies  outside 

^  da 

the  lines  bearing  the  load,  then  the  integral.  J  —  will  be  nonsingular. 

a 

Integrating,  we  find  from  eq»(p). 


'(/)  * 


'a)  da 


a  +  p-\-r{a) 


(2.32) 


where  p  ■=  -ro  cos  cp  and  r(a)  and  r(b)  are  the  distances  from  the  respective 
points  a  and  b  to  the  point  N(yi  ). 

If  cp  is  zero  or  tt,  then  the  point  N,  at  which  the  displacements  are 

determined,  lies  on  the  straight  line  bearing  the  load.  Two  cases  must  be  dis¬ 
tinguished  here.  If  the  point  N  does  not  lie  on  the  part  of  the  straight  line 
over  which  the  load  is  distributed,  then  the  interval  \inder  consideration,  as 
above,  will  not  be  singular. 

In  the  case  \<here  the  point  N  does  lie  on  the  interval  (a,  b ),  this  inte¬ 
gral  will  be  improper,  but  with  an  existing  Cauchy  principal  value.  If  the 
point  N  coincides  with  one  end  of  the  interval  (a,  b),  then  the  integral 
b 

J  —  will  be  divergent.  As  will  be  seen  from  eqs,(2,32)  and  (2,15),  at  these 
a  ^ 

points  the  functions  have  logarithmic  features. 

Of  course  all  these  conclusions  are  valid  only  for  narrow  classes  of  func¬ 
tions  q(a ),  which  in  particular,  admit  of  the  application  of  the  theorem  of  the 
integral  mean.  However  we  can  always  select  functions  c^ioe)  and  q3(ci')  such 
that  the  conditions  of  applicability  of  the  theorems  of  classical  analysis  will 
be  satisfied.  As  for  the  f'unctions  qi(Q')  and  q4(Qr),  they  lie  on  parts  of  the/297 
straight  line  numing  outside  the  region  filled  by  the  material  of  the  shell, 
which  permits  us  to  arrange  them  more  arbitrarily  than  the  functions  qg (o' )  and 
Qa  («). 
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Consider  now  the  variability  of  the  stress  tensor  components  corresponding 
to  the  displacements  ^  in  the  neighborhood  of  a  singular  line.  Equations 
(2,4a)  -  (2,4.d)  can  be  put  into  the  following  form; 


where 


,,  =  i-i  cos  (ryj  [l  +  B  cos*  (ry,)],  (2,33a) 

**  =  A  cos  (O'/)  (—1+5  cos«(/-yft)l,  (2,33b ) 

A  cos  (ry,)[l  +BcosMO/)U  (2,33c) 

(0/)  cos  fryy)  cos  (ry*).  (2.33d ) 


8n  (1  —  v) 


It  will  be  seen  from  eqs, (22,3a)  -  (2,33d)  that  the  components  of  the 
stress  tensor  can  be  described  by  the  following  formula; 


rs  (“•)  — 


'F(/)«(«) 


(2,34) 


where  is  ^  function  of  the  parameter  ot,  and,  of  course,  of  the  coordi¬ 

nates  of  the  point  N(yi  )  of  the  stress  field  ^(i)ri  and  of  the  parameters  de¬ 
termining  the  position  of  the  load-carrying  segments. 

Applying  again  to  the  theorem  of  the  integral  mean,  let  us  consider  the 
integral 

*  * 

J  q  (a)  »(,•) ..  («)  da.  =  W,/,  „  (P)  ?  (P)  J  ^ .  (, 

a  a 


The  meaning  of  the  notation  here  used  will  be  clear  from  the  above  exposition, 
1^ 

The  integral  J is  nonsingular  if  the  point  N(yi  )  lies  outside  the 
a  tT 
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straight  line  bearing  the  load  q(a')  or  lies  on  a  part  of  the  straight  line  free 
from  load*  If  the  point  N(yj  )  lies  on  a  segment  of  the  straight  line  over 
which  the  load  is  distributed  with  a  density  q(a),  then  this  integral  will  be 
Improper  and  divergent. 

Assum^g  at  first  that  the  point  N(yi  )  lies  outside  the  segment  of  the  /298 
straight  line  on  which  the  function  qCor)  differs  from  zei?o,  we  find  from  eq,  (q) 
that 


(a)  da.  = 


To  sin  9 


X 


X 


/■(,  cos  q) 


t  an 


/'oSin  (p 


t  an 


-  1  a  “ToCOScp 
/"o  sin  9 


(2.35) 


This  equality  confirms  the  above  assertions  on  the  properties  of  the  in¬ 
tegral  under  consideration,  if  we  investigate  the  limit  passage  of  the  point 
N(yi  )  on  the  straight  line  bearing  the  load.  In  particular,  when  the  point 
N(yi  )  approaches  the  segment  with  the  nonzero  load  density  q(o),  the  integral 
(q)  increases  without  limit,  but  not  more  rapidly  than  the  function  r”^  as 
r  -►  0. 

All  the  above  establishes  the  properties  of  variability  of  the  stress 
field  corresponding  to  the  displacements  w^j^^  determined  by  eqs.(2.15)  in  the 
neighborhood  of  the  singular  line  bearing  the  load  of  density  q(cy).  We  empha¬ 
size  again  that  the  analysis  given  here  by  no  means  exhausts  all  properties  of 
the  displacement  fields  w^j)^  and  of  the  corresponding  stress  fields,  since  it 
has  been  performed  under  simplified  ideas  as  to  the  analytic  properties  of  the 
function  qCa). 

Section  3.  Integrodifferential  and  Integral  Equations  of  the 
Statics  of  Shells,  with  Focusing  Kernels 

We  give  below  a  method  of  solving  the  boundary  problems  of  statics  of 
shells,  relying  on  the  theorem  of  work  and  reciprocity  ^I,  Sect. 12).  We  will 
confine  the  discussion  for  the  time  being  to  the  formulation  of  this  theorem, 
known  from  the  linear  theory  of  elasticity.  The  entire  method  can  be  consi- 
dei*ed  as  a  development  of  the  well-known  method  of  Somigliano'**’. 

It  is  well  known  that  the  theorem  of  work  and  reciprocity,  or  the  Recipro¬ 
cal  Theorem,  makes  it  possible  to  establish  an  interrelation  between  two  fields 
of  displacements  and  stresses  induced  in  an  elastic  body  by  two  systems  of 
forces  applied  to  it.  We  shall  distinguish  the  main  and  auxiliary  fields  of 
displacements,  stresses,  and  forces. 


A.Love,  Mathematical  Theory  of  Elasticity,  ONTI,  1935. 
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We  will  apply  the  term  "basic”  to  the  fields  of  displacements  and  stresses 
due  to  a  load  acting  on  the  shell  in  accordance  with  the  conditions  of  the 
boundary  problem  to  be  considered.  These  fields  are  usually  unknown  and  must 
be  determined.  The  notation  of  the  components  of  the  vector  of  basic  displace¬ 
ments  and  the  components  of  the  tensor  of  basic  stresses  are  known  from  the 
earlier  Chapters  of  this  book. 

Let  us  pass  to  the  consideration  of  the  auxiliary  displacement  and  stress 
fields  and  to  the  corresponding  surface  and  body  forces.  Let  us  again  con-  /299 
sider  an  uribormded  elastic  medium  and  imagine  that  part  of  this  medium  is  the 
shell  we  are  studying.  Let  the  unbounded  medium  be  under  the  action  of  forces 
applied  to  a  certain  segment  (-Mh,  +Mh)  of  a  straight  line  in  the  manner  indi¬ 
cated  in  the  preceding  Section, 

Let  us  direct  the  segment  (-Mh,  +Mh)  of  the  load-carrying  straight  line 
along  the  normal  to  the  middle  surface  of  the  shell.  Let  us  assume  that  a 
point  lying  on  the  middle  surface  corresponds  to  the  zero  value  of  the  parame¬ 
ter  a  on  the  load-carrying  segment. 

Let  us  further  assme  that  the  distribution  density  of  the  loads  qCa)  is 
determined  by  conditions  (a)  and  (b)  of  the  preceding  Section,  and  also  that  it 
satisfies  eqs,(2,23)  -  (2,24),  Under  these  conditions,  two  segments  of  the 
singular  line  on  which  the  function  q(ci')  does  not  vanish  will  lie  inside  the 
shell.  We  note  that  under  conditions  (a)  and  (b)  of  the  preceding  Section  the 
load-carrying  segments  do  not  intersect  the  middle  surface  nor  the  boundary 
surfaces  of  the  shell.  These  surfaces  are  free  from  singular  points  both  of 
the  displacement  field  and  of  the  stress  field  caused  by  the  load  distributed 
on  the  singular  line. 

Let  us  assume  that  the  forces  applied  to  the  singular  line  are  directed 
along  the  vector  ej  of  the  local  coordinate  bases,  wher^  the  index  i  is  fixed. 
We  recall  that,  under  the  assumptions  adopted  by  us,  the  vector  63  directed 
along  the  normal  to  the  undeformed  middle  surface  has  the  same  direction  as  the 
segment  of  the  straight  line  bearing  the  load. 

We  shall  apply  the  term  "auxiliary”  to  those  fields  of  displacements  and 
stresses  created  both  in  the  shell,  and  in  a  part  of  the  tmbounded  elastic  me¬ 
dium,  by  the  load  of  the  above-mentioned  singular  line.  For  these  fields  to 
exist  in  a  shell  cut  out  of  the  unbounded  elastic  medium,  a  system  of  stirface 
forces,  determined  from  the  known  stresses  by  the  formulas  (II,  8,2a  -  8,2b), 
must  be  applied  to  the  shell. 

The  surface  forces  so  found,  together  with  the  forces  distributed  on  that 
part  of  the  singular  line  lying  within  the  shell,  form  the  system  of  auxiliary 
loads. 


Let  us  consider  the  analytic  expressions  for  the  auxiliary  displacements 
in  the  curvilinear  system  of  coordinates  x^  connected  with  the  shell. 

To  avoid  difficulties  in  determining  the  field  of  auxiliary  displacements 
in  the  curvilinear  coordinate  system,  let  us  first  use  a  rectangular  Cartesian 
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coordinate  system,  and  then  apply  the  formulas  of  transformation  of  the  compon¬ 
ents  of  tensor  quantities. 

We  shall  retain  the  earlier  notation  for  the  loaid  density  q(cy).  The  vec¬ 
tor  of  the  corresponding  force  is  directed  along  the  tangents  to  the  coordinate 
line  ej  of  the  curvilinear  coordinate  system.  Let  us  find  the  components  of/300 
the  vector  density  of  the  load  qO)  (a)  in  this  system: 


<7^' (ot)  =-=  (/ (a)  0/  (i,  y  =  1,  2,  3). 


(3.1) 


Passing  to  rectangular  Cartesian  coordinates,  we  obtain  a  relation  analo¬ 
gous  to  eq. (2.9)  for  the  vector  density  components: 


M  («) 


(3.2) 


The  field  of  displacements  due  to  the  load  with  the  vector  density  x 

X  (o' )  in  the  rectangular  Cartesian  coordinates  will  be  determined  by  fomniLas 
analogous  to  eq3.(2.10)  and  (2.15): 


=  2,  3). 


(3.3) 


Let  us  return  now  to  the  curvilinear  coordinates.  The  covariant  compon¬ 
ents  of  the  vector  of  auxiliary  displacements  are  expressed  by  an  equality  anal¬ 
ogous  to  the  relation  (2.11): 


(/) ) 


dx^ 


dy 


■i-Mh 


dx’ 


V)*  (“)  do. 


(3.4) 


(4  J,  li,  1,  2,  3). 


The  signs  of  summation  over  k  and  p  are  omitted. 

Equation  (3.4)  can  be  simplified  by  using  a  moving  Cartesian  system  of  co¬ 
ordinates  and  assximing  that  the  axis  OY3  coincides  with  the  straight  line  bear¬ 
ing  the  load  I  directed,  as  already  stated,  along  the  normal  to  the  \mdeformed 
middle  surface,  i.e.,  along  the  coordinate  line  x?  of  the  curvilinear  coordi¬ 
nate  system.  In  this  case. 
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(a) 


and  eq,(3*4)  takes  the  following  form: 


+  Mh 


j)j 


=  I*  (K.?,;).Ula)7W0(/)*(“)cf5'- 

-Mh 


(3.5) 


This  expression  of  auxiliary  displacements  is  not  invariant;  the  displace¬ 
ments  are  defined  by  eqs,(2,15).  The  expressions  of  the  stress  tensor 

components  and  of  the  components  of  the  surface  forces  defined  according  to  /301 
the  components  j  from  Hookers  law  will  not  be  given  here. 

Applying  the  Reciprocal  Theorem  to  the  basic  and  auxiliary  systems  of  dis¬ 
placements  and  loads,  we  find 


a.  (a)  da  + 


S\^UjdS  = 


(5)  (V} 


(3.6) 


where  the  denote  the  components  of  the  auxiliary  surface  forces,  and  P 
are  the  components  of  the  surface  and  body  forces  of  the  basic  system,  while  Uj 
are  the  covariant  components  of  the  vector  of  the  principal  displacement.  The 

integrals  JJ  extend  over  the  boundary  and  contour  surfaces  of  the  shell  and 

the  integrals  JJJ  extend  over  its  volume. 

(n 

The  expression 


(y  =  i>  2) 


(3.7) 


can  be  regarded  the  average  value,  with  the  weight  q(Q'),  of  the  displacement 
vector  components  Uj .  This  quantity  is  a  function  of  the  coordinates  of  the 
point  M(xJ  )  intersected  by  the  straight  line  bearing  the  auxiliary  load,  and 
the  middle  surface  of  the  shell. 
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In  connection  with  eq.(2,23)  the  quantities  Uj  can  be  conventionally  re¬ 
garded  as  components  of  the  displacements  of  the  two-dimensional  continuvun  stu¬ 
died  in  the  shell  theory. 

The  function  q(Qr)  can  always  be  taken  such  that  the  condition 


(3.8) 


will  be  satisfied,  where  u/°'  (x* )  are  the  displacements  of  the  point  (x*  )  ly¬ 
ing  on  the  middle  surface,  and  A  is  a  constant. 

The  condition  (3,8)  assures  the  possibility  of  an  approximate  substitution 
of  the  integral  (3.7),  i.e.,  of  the  averaged  displacements  Ui ,  by  the  displace¬ 
ments  Uj®  of  the  middle  surface  of  the  shell.  This  solves  part  of  the  general 
problem  of  reduction  of  the  three-dimensional  problem  of  the  theory  of  elasti¬ 
city  to  the  two-dimensional  problem  of  the  theory  of  shells, 

Vfe  shall  now  indicate  an  elementary  method  of  constructing  the  function 
q(Q')  permitting  us  to  satisfy  condition  (3.8).  Assume  that  the  displacement 
Uj  (a )  can  be  approximated  by  the  polyonomial : 


U.  (a)  s  uf)  +  aw”)  +  +  .  . .  + 


(3.9) 


Then,  the  averaged  displacements  u^ (or )  can  be  represented  in  the  form:  /302 


where 


u.  j'  q  (a)  -f-  ^  ^ 


h 


(3.10) 


(3.11) 


or^  are  the  positive  powers  of  the  parameter  ot  (but  not  of  the  components  of  the 
contravariant  vectorl ), 

On  the  basis  of  the  properties  of  the  function  q(Q'),  considered  in  Sect, 2, 
let  us  select  the  functions  qz{a)  and  qg  (o )  in  the  form  of  polynomials  such 
that  the  conditions 


/V  =  0  0'-=  1,  2 .  N). 


(3.12) 


shall  be  satisfied. 

If  we  confine  ourselves  to  the  relative  accuracy  adopted  in  the  classical 
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theory  and  in  Chapter  III  of  this  book  in  setting  up  the  system  of  differential 
equations  of  motion  of  an  element  of  the  shell,  then  it  is  sufficient  to  put 

/ii==«2  =  0.  (3.13) 

Let  us  constmct  the  polynomials  cjg  (or )  and  Qa  (or )  such  that  the  functions 
q(a)  shall  be  even  over  the  interval  (-h,  +h).  In  this  case,  even  under  condi¬ 
tion  (3.13)  in  the  right-hand  side  of  eq.(3.10),  we  shall  have  nonvanishing  co¬ 
efficients  for  the  terms  containing  h®  and  higher  orders  of  h,  and  the  coeffi¬ 
cients  of  will  also  be  nonvanishing*  It  is  not  hard  to  see  that  for  this 
it  is  sufficient  to  put 


<72(=')  =  «o  +  -^“;  ?3(“)==«o— 

h  h 


(3.U) 


For  definiteness  vre  shall  assume  that  the  parameter  €  in  the 
and  (b)  imposed  on  the  fvinction  q(Q')  in  Sect. 2  is  ©•25.  Then,  we 


conditions(a) 

obtain 


-0,25/1 


-0,76/1 


0,75/1 

0,25/1 


-0.25/1 


~0,75/r 


0,75/z 

a  j  o?da.  -f-  “  j  a*rfa. 

0,33A 


(b) 


(c) 


All  the  coefficients  of  the  nj  with  odd  indicesj vanish  identically.  Equat¬ 
ing  the  coefficient  i^,,  according  to  the  condition  (2,23),  to  unity,  and  the  /303 
coefficient  to  zero,  we  find  the  coefficients  sfc,  and  ai*  Equation  (3.14) 
takes  the  following  form: 


72  (“) 


'  2A I  15  A 


(3.15) 


We  find  the  functions  qi(a)  and  q4(cir)  from  conditions  (2,24),  confining  our¬ 
selves  to  their  approximate  representation  resulting  from  eqs, (2,28)  -  (2,29). 

We  also  note  that  this  elementary  method  of  constructing  the  functions  q(Q') 
involves  analytic  restrictions  imposed  on  the  components  Uj  of  the  displacement 
vector.  These  restrictions  are  expressed  by  the  assumption  that  an  approximate 
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representation  of  these  components  by  polynomials  according  to  eq, (3.9)  is  pos¬ 
sible.  Of  course,  by  en^^loying  more  general  methods  of  constructing  the  func¬ 
tions  q(Qr)  than  those  just  described,  we  shoTild  be  able  to  eliminate  the  redun¬ 
dant  analytic  restrictions  imposed  on  the  displacement  vector  components  Uj •  We 
will  not  direct  our  investigations  along  this  line  and  rather  confine  ourselves 
to  a  res\ilt  of  the  same  relative  accuracy  as  that  given  in  Chapter  III.  The 
approximate  relation  (3*9)  will  enable  us  then  to  obtain  a  number  of  relevant 
conclusions  by  rather  elementary  means. 

Let  us  return  to  eq.(3.6).  Since  we  can  now  approximately  put 


« 


i 


Ilf' 


f 


(3.16) 


we  find  from  eq. (3.6) 


uW 


iS)  *  (* 


(/,  y  —  1,  2,  3). 


(3.17) 


where  the  superscripts  (O)  show  that  the  auxiliary  system  of  displacements  cor- 
iresponds  to  the  load  on  the  singular  line,  necessary  to  determine  the  coeffi¬ 
cients  u/°^ 

We  shall  now  show  that  by  varying  the  faction  qCor)  we  can,  to  within  re¬ 
quite  accuracy,  find  the  coefficients  Uj^^^  ,  etc.,  without  having  to  dif¬ 
ferentiate  eqs. (3.9). 

Indeed,  for  determining  the  coefficient  Uj^^  with  the  necessary  accuracy,it 
is  svLfficient  to  take  the  functions  q3(Q')  and  q3((y)  as  follows: 


72(a)  =  93(0)  ~  Gitt  + 


(3.18) 


and  to  determine  the  coefficients  a.^  and  Sq  from  the  conditions 


«i  =  1;  rt3  =  0. 


In  this  case,  all  coefficients  of  nj  with  even  subscripts  j  vanish. 

Putting,  as  before,  e  »  0.25,  we  find  the  coefficients  ai  and  ag  from  con¬ 
ditions  (3.19).  The  functions  q3(Q')  and  q3(Q')  will  be  of  the  form 


(3.19) 

3m 


(Jz  (a)  =  73  («)  =  - 


81975  ,  ,/  13552 

- /;-3 1  a - 

18256604  \  5465 


(3.20) 
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where  the  index  (l)  has  a  meaning  similar  to  that  of  the  supersciript  (O)  in 
eq.(3.17). 

Obviously,  for  an  arbitrary  coefficient  ,  after  a  suitable  selection 
of  the  function  q(Q'),  we  can  set  up  the  equation 


{V} 


(3.22) 


(i,J==\,  2,  3;  k  =  Q  1.  2,  A^). 


It  is  not  difficult  to  prove  that  eqs*(3#22)  yield  a  new  solution  of  the 
problem  of  reduction  of  the  three-dimensional  problems  of  the  statics  of  an 
elastic  body  to  the  two-dimensional  problems  of  shell  theory#  This  solution 
does  not  require  satisfaction  of  the  condition  that  the  components  of  the  vec¬ 
tors  of  the  forces  acting  on  the  shell  be  differentiable.  We  will  explain  the 
details  of  the  new  reduction  method  below. 

Let  us  study  the  integrals  on  the  right-hand  sides  of  eqs.(3»17),  (3*21), 

and  (3*22).  The  integrals  of  the  form  should  be  considered  as 

{V} 

prescribed  functions  of  the  coordinates  of  the  point  M(x^  ),  i.e.,  as  the  points 
of  intersection  between  the  straight  line  bearing  the  additional  load  and  the 

middle  surface.  The  integrals  over  the  surface  S  of  the  shell  can  be 

(6') 

represented  in  the  fom  of  sums  of  integrals  over  the  boindaiy  surfaces  S^^^of 
the  shell  and  its  contour  surface  S^.  .  Since  the  load  on  the  boundary  surfaces 

of  the  shell  is  usually  known,  the  integrals  of  the  form  jj  where  the 

(±) 

sign  (±)  has  been  introduced  instead  of  the  symbol  to  shorten  the  formulas, 

must  be  considered  known  functions.  The  integrals  contain  the /3 05 

(3:) 

covariant  components  of  the  required  displacements  on  the  boundary  surfaces  of 
the  shello  Finally,  the  integrals  over  the  contoiir  surface  Sc  of  the  shell  de¬ 
termine  known  and  unknown  functions. 


3C7 


The  integral  Jj  is  a  known  function,  if  the  forces  acting  on  the 

contour  surface  are  prescribed.  Usually  the  forces  acting  on  the  part  of  the 
contour  surface  that  is  free  from  connectivity  are  known.  On  the  parts  of  the 
contour  surface  with  connectivity  these  forces  are  unknown,  and  the  correspond¬ 


ing  part  of  the  integral  will  contain  derivatives  of  the 


compon- 


ents  of  the  required  displacements  of  the  points  of  the  contour  surface.  Simi- 


larly,  the  integral 


is  decomposed  into  two  parts.  That  part  of 


the  integral  taken  over  the  region  of  the  contour  surface  with  prescribed  dis¬ 
placement  components  is  a  knovm  function.  The  other  part  of  this  integral  con¬ 
tains  components  of  the  displacement  sought. 


On  the  basis  of  the  properties  of  the  auxiliary  displacements  considered 
in  Sect, 2,  it  can  be  asserted  that  the  surface  integrals  will  not  be  singular 
if  the  point  M(xJ  )  does  not  lie  on  the  contour  surface.  If  the  point  M(x^  ) 
does  lie  on  the  contour  surface,  then  these  integrals  will  be  improper,  but 
convergent.  The  volume  integral  will  likewise  be  improper  but  convergent, 

Bearijig  all  the  above  in  mind,  let  us  now  introduce  the  notation 


(;,/)  =  JJJ  r  cj.f ,  dV  +  J j  +  JJ  dS  - 

(t^)  (±)  (I) 

JJs'r«;d5  (/,  r  =  \,  2.  3;  y=l,  2;  k^O,  1,  2,  ,  N); 


(3,23) 


where 


(!) 


is  the  integral  over  that  part  of  the  contour  surface  with  pre¬ 


scribed  components  of  the  forces  of  the  basic  system,  and 


JJ  i 

(II) 


is  the  inte¬ 


gral  over  that  part  of  the  contour  surface  with  the  prescribed  components  of 
displacement  of  the  basic  system.  Then,  eqs,(3,22)  take  the  form: 


'^r  M  +  JJ  dS  -  J’J  5;*)  ^  n^dS  -  JJ  5'*)  ^  u,dS 


(II) 


(1) 


i±) 


(/,  2,  3;  j=\,  2;  k  =  1,  2,  ,  N), 


OM 


and  enable  us  to  find  the  approximate  expression  for  the  displacement  vector 
components  at  an  arbitrary  point  of  the  shell. 
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Making  use  of  eq. (3.9)»  after  substituting  the  parameter  a  by  the  coordi¬ 
nate  z,  we  obtain 


k=.o  '  (II) 


{i,  /'=1,  2,  3;  y  =  l.  2). 


(3.25) 


The  equalities  (3.25)  are  approximate  and  noninvariant.  The  latter  state¬ 
ment  is  connected  with  the  fact  that  the  scalar  products  in  these  equalities 
cannot  be  considered  as  absolute  scalars.  The  properties  of  the  integrals  en¬ 
tering  into  eqs, (3.25)  have  already  been  discussed. 

Thus,  for  an  approximate  determination  of  the  field  of  displacements  in 
the  shell  we  must  find  the  components  of  the  displacements  sought  on  the  boun¬ 
dary  surfaces  of  the  shell  and  on  part  (l)  of  the  contour  surface,  as  well  as 
the  components  of  the  basic  system  of  forces  on  part  (II)  of  the  contour  sur¬ 
face. 


To  solve  the  problem,  we  must  set  up  equations  in  the  above  unknowns.  Sev¬ 
eral  versions  for  constructing  the  required  systems  of  equations  may  be  given. 
We  confine  ourselves  in  this  Section  to  two  versions, 

1,  Let  us  put  z  “  *  h  in  eq, (3,25),  Introduce  the  notation 

K,  {x\  h)  =  «<•+';  K,.  [x^,  -h)  (3,26 ) 


Then,  from  eq,(3,25),  we  find  the  following  system  of  integrodifferential  equa¬ 
tions; 


r.o  ‘Jif/  ft-o  ‘1,)'^ 

-  f  f «/ ’  i;  r  r  «<->  ^ 

vv  b  VV 


(  +  ) 


;V 


(-) 


N 


(3,27a) 


^•A'^0  f  +  J|x-  J  (-l)Wt;W  WS 

(II)  *"•> 
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(-ly-h'^Sm'dS- 


JJ'wi 


i-l}VS«,'dS  -  uM  2 

(  +  )  *=--0  J  J 

(-)  *-0 


N 


(/,  r=l,  2,  3;  y-l,  2) 


(3.27b) 


Let  us  now  assume  that  the  system  of  auxiliary  displacements  is  due  to  the 
action  of  the  focusing  load  considered  in  Sect. 2,  Let  the  point  M(xJ ,  0)  on 
the  middle  surface  lie  outside  the  zone  of  width  2,5  Mh  bordering  its  contour. 
Then,  in  eqs,  (2,27a)  -  (3.27b)  we  may  omit  the  integrals  over  the  contour  star- 
face  of  the  shell,  and  confine  the  integration  region  in  the  integrals  over  the 
boamdary  surfaces  to  the  region  lying  within  the  circular  cylinder  of  radius 
2  Mh,  with  its  axis  coinciding  with  the  straight  line  bearing  the  load  of  den¬ 
sity  q(o'). 

The  system  of  equations  (3.27a)  -  (3.27b)  is  now  simplified  and  takes  the 

form: 


^  c  r  ^  r  ^ 

S  -  «'+>  ^  -  «(-)  ^  ^  dS, 

(+)  {-)  *-o  (3.28=>) 


N  ^ 

^  (— -  rr  uw  ^  (—i)k/ikswr^s 

•]+•)  *-o 


(/,  r=\,  2,  3;y  =  l,  2). 

where  the  regions  of  integration  (+)  and  (-)  are  bounded  as  noted  above. 


(3.28a) 


(3.28b) 


Let  us  assume  that  the  point  M(x’  )  lies  in  the  zone  of  vridth  2  Mh  border¬ 
ing  the  contour  of  the  middle  surface.  Then,  in  the  integrals  over  the  contour 
surfaces  we  must  retain  only  the  parts  that  correspond  to  the  integration  over 
the  region  enclosed  within  the  circtalar  cylinder  having  a  radius  2  Mh  and  an 
axis  coinciding  with  the  straight  line  bearing  a  load  of  density  q(a')o 
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Thus  the  application  of  the  focusing  load  permits  us  to  restrict  the  inte¬ 
gration  region  to  relatively  small  regions  with 

their  position  on  displacement  of  the  point  M(x»  )  over  ° 

the  shS.1.  In  the  following  Section,  we  malce  use  of  equations  with  the  inte- 

gration  regions  restricted  in  this  manner* 

2,  Let  us  now  consider  the  second  method  of  setting  up  the  system  of  inte- 
grodifferential  equations  based  on  the  application  of  eqs,(3.9)  and  (.3.^4;.  As¬ 
sume  that  the  right-hand  side  of  eq.(3.9)  contains  an  expression  ensuring  the 
approximate  displacement  of  the  vector  u^  to  the  middle  surface  of  the  shell. 
We  note  that  the  elements  of  area  on  the  boundary  surfaces  and  on  the  middle 
surface  are  connected  by  the  relations 


dS,  ,  ,  =  ll  :r-  {k,  +  /c,)  h  +  dS. 


(3.29) 


where  dSr+^  are  elements  of  area  of  the  boundary  surfaces,  dS  is  an  element  of 
area  of  the  middle  surface,  and  are  the  principal  curvatures  of  the  middle 
surface. 

Making  use  of  the  approximation  equation  (3.9)#  let  us  represent  the  con. 
ponents  of  the  surface  forces  in  the  region  (ll)  of  the  contour  surface  by  the 
expansions 


A''  Aio) "  +  2X0  ^ 


(3.30) 


Based  on  the  approximate  eqs.(3.9)  and  (3.30)  and  on  eq.(3.29),  we  give 
eqs.(3.24)  the  following  form; 


+  h  yV 


aW(xi)  =  <PfHxi)+  -y'^V 

(11) -ft  P-o 


--7i  ;V 


r  r  S zPtl'p'dzds  —  (*  (*1^  hPidP'^{\  —  (*i+/J2)A  + 

4  *^51  Wo 


4-  ^  ^  [1  -j-  (/?i  -j-  ^2)  I  dS. 


(3.31) 


where  the  integrals 


are  taken  over  those  parts  of  the  contour  of 


the  middle  surfaces  of  the  shell  lying  in  regions  (l)  and  (II )  of  the  contour 
surface;  the  components  are  equal  to  the  vector  components  on  the 


boundary  surface  z  =  +h,  which  vector  has  undergone  parallel  displacement  to 
the  middle  surface;  the  components  ''  are  equal  to  the  vector  components 
S|f)  ’’  on  the  boundary  surface  z  =  -h,  which  vector  has  undergone  parallel  dis¬ 
placement  to  the  middle  surface*--.  /309 

Let  us  introduce  the  notation: 


I 

=  J  SWr  _  J  ^PSW  r 


(3.32a) 


{[^  (^1  "i"  -{~  kikjh^  ( — 1]^  [1  "j”  (^i  -4“  Aj)  A-f" 


-hkA/tmn. 


(3.32b) 


Then,  we  obtain  from  eq, (3.3l): 


m  (x^)  =  0  f)  ^xi)  +  J  ^  X^P)r  _  J  S<^)^'u!f)dS  — 


(3.33) 


(i.  r=l,  2,  3;  y=l,  2;  k,  p  =  0,  1,  2,  ,  N). 


The  signs  of  summation  over  (...p)  are  omitted. 

Equations  (3.33)  must  be  regarded  as  a  system  of  integrodifferential  equa¬ 
tions  with  unknown  franctions  Ui^'')  of  a  point  of  the  middle  surfaces  of  the  shell, 
These  equations  are  the  integral  analogs  of  the  differential  equations  consi¬ 
dered  in  Chapter  III, 

There  is,  however,  a  substantial  difference  between  eq3,(3,33)  and  the 
equations  of  Chapter  III,  This  difference  lies  in  the  fact  that  eqs.(3,33)  do 
not  contain  the  differentiation  operation  for  the  components  of  the  vector 
forces  acting  on  the  shell.  Consequently,  these  equations  remain  valid  even  in 
cases  where  concentrated  forces  are  applied  to  the  boundary  surfaces  of  the 
shell.  Obviously,  this  remark  also  applies  to  eqs, (3,27a)  -  (3,27b), 

Now  let  us  assume,  as  above,  that  the  load  on  the  singular  line  is  focus¬ 
ing,  Then,  outside  of  the  strip  of  width  2,5  Mh  bordering  the  contour  of  the 
middle  surface  of  the  shell,  eqs, (3.33)  will  be  of  the  following  form: 

«?)  [x>)  =  '!> f  >  W)  -  J|  /(  w  ^  u^dS  _ 


_ _  m 

We  have  taken  advantage  of  the  fact  that  the  scalar  product  does  not  vary  un¬ 
der  parallel  displacement,  and  this  operation  can  be  performed  by  separately 
displacing  the  cofactors  (I,  Sect, 10.1), 
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(/,  r=^\,  2,  3;  7=1,  2;  k,p==0,  1.  2 . N) 

where  the  region  (r)  lies  within  a  circiolar  cylinder  of  radius  2.5  Mh  and  axis 
coinciding  with  the  straight  line  bearing  the  load  of  density 

If  the  point  M(x*  )  of  intersection  between  the  middle  surface  and  the  /2LQ 
load-carrying  straight  line  lies  in  the  strip  of  width  2,5  Mh  bordering  the  con¬ 
tour  of  the  middle  surface,  then  the  integration  region  (r)  and  the  segments  of 
arc  of  the  contour  to  which  the  curvilinear  integrals  entering  into  eqs,(3.33) 
extend  must  be  restricted  to  the  inside  of  the  circular  cylinder  having  a  radi¬ 
us  2,5  Mh  and  an  axis  coinciding  with  the  straight  line  bearing  the  load 

The  equations  of  the  form  (3»34)  ere  close  in  their  mechanical  meaning  to 
the  differential  equations  of  Chapter  III,  since  they  describe  the  mechanical 
state  of  a  small  but  finite  part  of  the  shell,  while  the  differential  equations 
describe  the  state  of  an  element  of  the  shell.  It  can  be  predicted  that,  by 
modifying  the  structure  of  the  focusing  load  and  passing  to  the  limit,  we  will 
be  able  to  find  the  differential  equations  of  equilibrium  from  equations  analo¬ 
gous  to  eqs,(3»34)» 

Several  concluding  statements  are  made  below: 

a )  The  preceding  conclusions  were  based  on  the  assumption  of  existence  of 
a  focusing  load  constructed  by  the  method  given  in  Sect. 2.  We  shall  not  inves¬ 
tigate  this  question  further,  since  this  involves  several  problems  of  mathemat¬ 
ical  analysis  of  the  same  nature  as  the  classical  problem  of  moments*-.  These 
problems  cannot  be  discussed  here  and  will  be  taken  up  in  the  second  volume  of 
this  book.  However,  in  Sect. 9  we  will  give  one  of  the  other  possible  methods 
of  constructing  a  focusing  load,  which  involves  no  fimdamental  difficulties, es¬ 
pecially  questions  of  existence, 

b)  In  setting  up  the  integral  equations  (3»28a)  -  (3»28b)  and  (3»34)»  we 
restricted  the  region  of  integration  to  integrals  containing  the  wanted  func¬ 
tions,  The  same  restriction  of  the  integration  regions  can  be  carried  out  in 
the  integrals  containing  the  prescribed  fxmctions.  These  integrals  enter  in-to 
the  idight-hand  side  ofeq,(3»23)» 

It  is,  however,  necessaiy  to  determine  first  whether  there  are  integrals 
over  a  region  external  to  (S)  and  dominant  relative  to  the  integrals  over  the 
region  (E).  This  case  may  occur,  for  example,  if  prescribed  exterior  forces 
are  absent  from  the  regions  (E),  Then,  of  course,  the  restriction  of  the  inte¬ 
gration  region  of  integrals  containing  the  prescribed  functions  to  the  region 
(E)  cannot  be  applied, 

c)  Equations  (3.28a)  -  (3.28b)  and  (3.34)  are  integral  equations  with  var¬ 
iable  integration  limits,  which  are  ftinctions  of  the  point  M(x:*  )  of  intersec¬ 
tion  of  the  straight  line  bearing  the  load  q(Q')  with  the  middle  surface  of  the 
shell. 


N.I.Akhiyezer,  The  Classical  Problems  of  Moments,  Fizmatgiz,  1961. 
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On  displacement  of  the  point  M(x^  )  over  the  middle  surface,  the  region(i:) 
will  cover  the  entire  middle  surface.  In  the  boundary  strip  of  width  2.5  Mh  /311 
bordering  the  contour  of  the  middle  surface,  the  contour  integrals  enter  into 
the  equations,  as  already  noted, 

d)  If  the  focusing  load  is  constructed  approximately,  eqs, (3.28a)  -  (3.28b) 
and  (3.34)  sho\ild  be  considered  as  approximate.  If  the  focusing  load  is  con¬ 
structed  with  sufficient  accuracy,  it  will  be  possible  to  refine  the  value  of 
the  radius  ro  of  the  sphere  which  dissects  the  region  (E)  on  the  middle  surface 
of  the  shell.  For  this  purpose,  and  on  the  basis  of  elementary  geometrical  con¬ 
siderations,  eq, (2,l6b)  must  be  changed  to  read 


!  cos  q>  I 


(d) 


where  ^in  is  the  minimum  radius  of  curvature  of  the  middle  surface  in  the  vi¬ 
cinity  of  the  point  M(x‘  ).  Then,  instead  of  the  inequality  ro  >  2.5(q'(  we  find 


and  since  laljjjax  “  Mh,  we  obtain 


r,  >  m  1  + 


1  Mh 


2  K 


(3.35) 


(3.36) 


e)  Application  of  focusing  kernels,  which  is  the  foundation  for  construct¬ 
ing  eqs, (3.28a)  -  (3.28b)  and  (3.34)>  leads  to  the  conclusion  that  the  boundary 
conditions  have  only  a  weak  influence  on  the  stress-strain  state  of  the  shell 
at  points  sufficiently  distant  from  the  contour  of  the  middle  surface. 

Of  Course,  the  influence  of  the  boundary  conditions  is  not  confined  to  the 
strip  of  width  2,5  Mh  or  to  a  narrower  strip  in  accordance  with  the  inequality 
(3,36),  since  when  the  point  M(x^  )  goes  beyond  the  borondary  of  this  strip,  the 
region  (E)  can  include  part  of  the  bordering  strip.  For  this  reason,  the  in¬ 
fluence  of  the  boundary  conditions  is  reflected  on  the  stress— strain  state  of 
the  entire  shell.  However,  the  structure  of  the  above-derived  equations  permits 
the  conclusion  that  the  influence  of  the  boundary  conditions  is  weakened  with 
increasing  distance  of  the  point  M(x*  )  from  the  contour  of  the  middle  surface. 

Section  4.  Methods  of  Approximate  Solution  of  a  System  of  Integral 
Equations  of  Shell  Theory 

We  recall  that  the  approximate  methods  of  solution  of  a  system  of  integral 
equations  is  most  often  based  on  approximate  substitution  of  these  systems  by 
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systems  of  algebraic  equations.  Use  of  focusing  new  kernels  permits  restrict¬ 
ing  the  ntraiber  of  unknowns  entering  into  the  algebraic  equations  approximately 
equivalent  to  the  integral  equations.  We  will  give  one  of  the  possible  methods 
of  setting  up  these  equations. 

Let  us  first  consider  the  approximate  representation  of  a  certain  func-  /312 
tion  cp(?,  11)  within  the  rectangle  Mi  (x  +  a,  y  +  b),  MgCx  -  a,  y  +  b).  Mg  (x  - 
-  a,  y  -  b),  Mt  (x  +  a,  y  -  b),  assuming  that  certain  of  its  values  cp(x,  y), 
cd(x  -  a,  y),  (p(x  +  a,  y),  co(x,  y  -  b),  cp(x,  y  +  b)  are  known.  Then,  inter¬ 
polating  the  function  cd(5,  T)  )  by  a  paraboloid,  we  obtain 


T  (^.  -  T  y)  + 


It 


y) 


-<P<x-a,  y)l(5-x)  , 

- ■■■“  + 


,  It  y  -1-  b)  -  (p  ix,  y  -  -!’)]  fT]  -  y)  , 

+ - -2>' - + 

I  [tI-^4-‘L  y)  +  TU--<L  y)--2fp(.v)l(5  — , 

'  2a*  ■ 

[fp  (x,  y  4-  /;)  +  <p  (j:,  y  —  b)  —  2fp  (.v)l  fi;  —  y)* 
‘  "  2i*  . . 


(4.1) 


To  shorten  the  formulas,  let  us  introduce  the  following  notation: 

{|>  (x,  y)  =--‘fp(0,  0),  (pf.v-l-a,  tj)  ^-(p(l,  0),  (p(x  -  a.  y)  -rpf .  L  0), 

y  -\-  4)  =-■  cp(0.  1),  (p(x,  y  —  b)  (p(0,  —  1).  (4,2) 


The  absolute  values  of  the  coordinate  increments  will  be  denoted  by  hj (j  = 

=  1,  2). 

Let  us  return  to  the  system  of  equations  (3,34),  The  relative  smallness 
of  the  integration  region  (i:)  permits  us  to  represent  the  integrand  functions 
by  interpolation  polynomials  of  the  form  of  eq,(4,l),  assuming  the  region  (r) 
to  be  bounded  by  the  rectangle  MiM2J^M4  or  to  lie  inside  it.  Using  the  nota¬ 
tion  (4*2),  we  obtain 


,if  (0,  U)  -1-  a'/'  (0,  0)  r  r  K%{  (0,  V]  ds  + 

*J  c 


1-  ’  0)-a;^>(-l 


2Ii 


0)] 


-  x')dS-\- 


_1.J  -1)]  jj/C(,5);(0,  V][i^^-x-^]dS-\- 

^  (Si 
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[,/</')  (1,  0)- 2,7/1  (0,  0)]  (0.  ^^■)X 


X  (?•  -  x'r  dS  +  ^  [///)  (0,  1]  I  -  Uf'  (0,  -  IJ  -  2«/i  (0,  0)]  X 

2fl2 


X  1  1  /<%'{0,  0) 


{iP) 


r-} 


(/,  r==l,  2.  3;y-l.  2;  k,  p-^^O,  1,  2 . N). 


U-3) 


We  recall  that  N(6;^  )  is  an  arbitrary  point  of  the  region  (E).  The  point/313 
M(x^  ),  as  above,  coincides  vidth  the  intersection  between  the  singular  line  bear¬ 
ing  the  auxiliary  load  and  the  middle  surface  of  the  shell. 

Equations  (/t.3)  constitute  a  system  of  linear  algebraic  equations.  This 
system  cannot  be  solved  autonomously,  since  the  number  of  unknowns  is  five 
times  as  great  as  the  number  of  equations.  However,  by  giving  the  coordinates 
x^  the  increments  ±  hj ,  we  obtain  a  system  of  equations  general  for  the  entire 
shell  and  containing  the  same  number  of  wanted  equations  and  \mknowns. 

We  emphasize  that  the  resultant  system  is  more  exact  than  that  obtained  by 
the  usual  methods,  which  are  based  on  the  substitution  of  partial  derivatives 
by  finite-difference  ratios  from  the  system  of  partial  differential  equations 
of  shell  theory,  since  integration  ’’smoothes  out”  the  errors  introduced  by  the 
use  of  the  interpolation  formulas. 

If  we  replace  the  derivatives  by  finite  differences,  neglecting  small 
quantities  of  the  first  and  higher  orders,  then  the  system  of  difference  equa¬ 
tions  (4.3)  is  converted  into  a  system  of  differential  equations. 


d]  I  (x\  ’  dS  +  a///)  1  1  (.Vi  X 


(S) 


(!;) 


X  (5^'  -  P)  dS  +  ««•)  +  IJ  {x^.  ?■'■)  dS  (.v') 


i^) 


(1,  r~-=]^  2,  3;  y,  5=1,  2;  k,  /;  =  0,  1,  2„. . .  ,  AO* 


(4<«4) 


B:iuations  (4.*3)  and  (4*4)  approximately  describe  the  strained  state  of  the 
shell,  outside  of  the  strip  of  width  ro  bordering  the  contour  of  the  middle 
surface  of  the  shell.  Constructing  equations  suitable  within  this  strip  in¬ 
volves  no  difficulties.  We  shall  not  consider  these  equations  here.  The  meth¬ 
od  of  establishing  them  will  be  given  later  in  the  text. 

Let  us  return  to  eqs, (/4.,,3 ).  It  is  not  hard  to  convince  ourselves  that  the 
first  and  second  terms  on  the  left-hand  sides  of  these  equations  are  dominant. 


316 


If 


as  results  from  the  follovang  considerations:  Equations  (3.34)  can  be  repre¬ 
sented  in  the  form  of 


a  {x>)  +  uW  (xf)  JJ  /(  mr  {xJ\  V)  dS  +  JJ  /<(^)  ^  [x\  V)  X 

(S) 

X  (a:-')]  dS  =  [x’] 

(i,  r=l,  2,  3;  y  =  l,  2;  k,  p'=0.  1,  2,...,  N). 


(4.5) 


A  comparison  of  eqs.(4.3)  snd  (4.5)  shows  that  the  first  two  tenns  on 
their  left-hand  sides  coincide.  The  third  term  on  the  left-hand  side  of  equa¬ 
tion  (4.5),  after  application  of  the  interpolation  formulas,  is  reduced  to  /314 
the  remaining  terms  on  the  left-hand  side  of  eq. (4.3).  For  this  reason,  an 
evaluation  of  the  third  term  on  the  left-hand  side  of  eq.(4.5)  is  equivalent  to 
an  evaluation  of  the  terms  corresponding  to  it  in  eq.(4.3). 

Assuming,  according  to  the  evaluations  given  in  the  monograph  (Bibl.lO), 

that 


where  L  is  a  characteristic  dimension  of  the  shell,  we  find  for  a  thin  shell  at 
2h  :  L  =  0.01;  M  =  1.5  and  L  =  R^: 


jj  I''!-'” 

si.)  I 


«  0,05  (2/z)*  X 


X 

(p.n 


(b) 


where  the  point  N(?J  )  lies  between  the  point  M(x^  )  and  the  boundary  of  the  re¬ 
gion  (E).  The  evaluation  (b)  shows  that  the  Gauss-Seidel  iteration  process  is 
applicable  to  the  system  of  equations  (4.3)*.  Retaining,  for  example,  the  first 
two  terms  on  the  left-hand  side  of  eqs.(4.3)  or  (4*5),  w©  obtain  the  system  of 
equations  of  the  first  (initial)  approximation: 

(-^■^‘)  +  'A  A)  JJ  (X,  dS  =  (x>) 

(s) 

(i,  /■  =  1 ,  2,  3;  y  =  1 ,  2;  k,  p  =  0,  1 ,  2,  . . .  ,  N).  (4.6  ) 


See,  for  instance,  M.J. Salvador!,  Niomerical  Methods  in  Engineering,  IL,1955  . 
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Equations  (4»6)  can  evidently  also  be  obtained  from  eqs, (3»34)  by  applica¬ 
tion  of  probability  methods,  for  example  of  the  Monte  Carlo  method  The  /315 
possibility  of  applying  this  method  is  based  on  the  relative  smallness  of  the 
region  (E).  In  this  case,  the  most  correct  choice  of  the  value  of  the  required 
fiinction  (|^  )  under  the  integration  sign  is  the  choice  of  its  value  at  the 
point  M(x3  )  at  the  center  of  the  region  (E);  we  again  obtain  eqs,  (4..6),  The 
general  analysis  of  the  solvability  of  these  equations  is  difficult,  and  we 
shall  not  give  it  here.  We  recall  only  that  the  Gauss  method  assumes  the  aAi- 
trary  choice  of  the  initial  values  of  the  nondominating  unknowns,  permitting  us, 
in  the  case  of  complications,  to  introduce  into  the  right-hand  side  of  eqs,0i-*6) 
additional  small  terms,  attributing  arbitrary  initial  values  to  the  rejected 
unknowns.  The  further  cause  of  the  Gauss-Seidel  process  is  well  known,  and  we 
shall  not  discuss  it  further. 

The  solutions  of  the  system  of  algebraic  equations  (iv,6)  permit  finding 
the  initial  approximate  values  of  the  required  functions  Uj'’''  (x^  ),  Their  de¬ 
pendence  on  the  boundary  conditions  is  reflected  in  the  composition  of  the 
functions  (x^  ),  which  contain  all  the  assigned  elements  of  the  boundary 
conditions. 

The  solution  of  the  system  (1,6),  consisting  of  3(N  +  1)  equations,  may  be 
written  out,  using  the  well-known  algebraic  formulas 


(x')  = 


A(/') ' 

r 


(r=  1,  2,  3;  /7  =  0,  1,  2, 


N). 


(1.7) 


This  notation  permits  us,  in  a  more  easily  visualized  form  than  the  tensor 
equation  (1,6),  to  demonstrate  the  stmicture  of  the  system  of  equations  to  be 
solved.  The  determinant  of  the  system  of  equations  (l,6)  is  of  the  form: 


A  = 


«(«) 

uf 

JJ /<!?!,? 

... 

Jj 

(S) 

(2) 

(2) 

(2) 

r  f  dS 

JJ''!"''^ 

...ffKKrfX 

J  J  '^20) 

(S) 

(2) 

(2) 

(2) 

JJ 

'+JJw 

dS 

...rrK|i>3d5 

(2) 

(2) 

(2) 

(2) 

(2) 

IJns/xs 

JJi<l»,V5 

JJ'fffi’i'S 

JJ^'«' 

dS 

(2) 

(2) 

(2) 

(2) 

(2) 

(4.8) 


*  For  the  Monte  Carlo  method  see,  for  instance,  ’'Modern  Mathematics  for  Engi¬ 
neers,  E,F,Bekkenbakh,  Editor,  State  Publishing  House  for  International  Litera¬ 
ture,  1958,  pp, 275-287. 
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Each  column  of  the  determinant  A  corresponds  to  an  vinknown  function  u,.(p).  /316 
This  is  denoted  by  the  notation  above  the  horizontal  line  at  the  top  of  the  de¬ 
terminant,  To  each  value  p,  from  0  to  N  there  correspond  three  columns  with 
values  of  r  equal  to  1,  2,  3«  The  rows  of  the  determinant  correspond  to  the 
indices  (k)  and  (i).  To  each  value  of  k  from  0  to  N  there  correspond  three 
rows  with  values  of  i  equal  to  1,  2,  3,  This  establishes  the  rule  for  setting 
up  the  determinants  .  We  have 


(A.9) 


Of  course,  at  high  values  of  N,  even  this  simplified  solution  involves  a 
degree  of  computing  work  which,  in  labor  involved,  does  not  correspond  to  the 
requirements  of  relative  accuracy  adopted  in  the  shell  theory.  As  will  be 
clear  from  Chapter  III,  we  have  N  :£  3»  If  N  equals  three,  then  the  nimiber  of 
equations  in  the  system  (4,6)  will  be  twelve.  In  this  case,  we  must  not  use 
the  ’’exact”  methods  of  calculating  the  determinants  A^i^J  and  A,  but  must  have 
recourse  to  approximate  methods,  Phirther,  as  already  noted,  we  must  find  the 
second  approximation  by  substituting  the  required  functions  found  from  the 
first  approximation  into  the  left-hand  sides  of  eqs,(4,3). 

Equations  (4*6 )  are  applicable  in  the  same  region  in  which  eqs,(3,34)  are 
applicable,  i,e,,  outside  the  strip  determined  by  the  inequality  (3,36),  If 
the  point  M(xi )  is  inside  the  strip  bordering  the  contour  of  the  middle  surface 
of  the  shell,  then  the  right-hand  side  of  the  equations  will  have  the  curvilin¬ 
ear  integrals  J  and  j*  ,  which  will  extend  over  those  parts  of  the  contour 
(I)  di) 

lying  inside  a  circular  cylinder  of  radius  ro  with  its  axis  coinciding  vri.th  the 
straight  line  bearing  the  auxiliary  load. 

The  task  of  investigating  the  stress-strain  state  of  the  shell  inside  this 
strip  is  highly  complex.  Here  we  have  a  substantially  three-dimensional  dis¬ 
tribution  of  strains  and  stresses,  so  that  a  reduction  of  the  three-dimensional 
problem  of  elasticity  theory  to  the  two-dimensional  problem  of  shell  theory  /317 
will  undoubtedly  distort  reality,  even  if  we  constiruct  an  ’’exact”  solution  of 
the  boundary  problem  of  the  shell  theory.  Evidently,  the  known  solutions  of  the 
boundary  problems  of  the  shell  theory,  satisfying  the  classical  boundary  condi- 
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tions,  describe  only  approximately  the  actual  state  of  the  shell  close  to  its 
edges,  although  this  approximation,  as  shown  by  observation  and  experiment,  is 
sufficient  for  practical  purposes.  For  this  reason,  there  is  not  much  use  in 
trying  to  find  the  exact  solutions  of  the  boundary  problems  of  shell  theory  if  . 
such  solutions  require  a  large  expenditure  of  man-hours  and  money.  We  should 
instead  attempt  to  construct  an  approximate  solution,  with  an  accuracy  satisfy¬ 
ing  practical  means. 

We  will  not  seek  an  exact  solution  in  the  border  strip,  since  the  entire 
method  considered  here  is  largely  approximate.  We  will  confine  ourselves  to 
the  approximate  solution,  relying  on  the  finite-difference  method. 

Let  the  arc  of  the  contour  have  no  comer  points.  Let  us  consider  the 
family  of  normals  to  this  arc.  If  the  arc  of  the  contour  belongs  to  the  seg¬ 
ment  (II ),  then  the  displacements  are  prescribed  on  it  and  on  the  corresponding 
part  of  the  contour  surface.  At  all  points  of  the  normal  to  the  arc  (ll)  of 
the  contour  on  the  boxindary  and  beyond  the  border  strip  of  width  r^  ,  the  dis¬ 
placement  vector  components  are  approximately  known.  By  using  linear  interpo¬ 
lation  we  will  then  be  able  to  construct,  in  first  approximation,  the  displace¬ 
ment  field  within  the  zone  and  then  to  find  the  derivatives  of  the  displacement 
components  from  the  vectors  of  the  local  coordinate  basis,  belonging  to  the  con¬ 
tour  surface;  by  Hookers  law  we  will  further  be  able  to  determine  the  compon¬ 
ents  of  the  stress  vector  on  part  (ll)  of  the  contour  surface.  Then,  by  apply¬ 
ing  equations  of  the  form  of  eq.(3.33),  extending  over  the  region  (E),  we  in¬ 
troduce  corrections  into  the  displacement  field  determined  in  first  approxima¬ 
tion. 


Continuation  of  this  process  is  theoretically  possible;  its  convergence  is 
evidently  ensured  by  the  smoothing  influence  of  integration. 

The  case  of  a  region  (S)  lying  inside  the  strip  bordering  the  contour  of 
the  middle  surface,  and  enclosing  part  of  the  contour  (l),  with  the  stress  vec¬ 
tor  components  prescribed  on  the  contour  surface,  is  somewhat  more  complicated 
than  the  last  case.  Here,  the  initial  approximation  by  the  displacement  vector 
components  on  the  contour  surface  must  be  determined  by  extrapolation  in  terms 
of  the  required  values  of  the  displacement  vector  components  inside  the  zone 
and  the  values  of  these  components  outside  the  zone;  we  must  set  up  modified 
equations  (3o33)  to  determine  the  field  of  displacements  inside  the  zone,  since 
extrapolation  introduces  the  required  displacement  vector  components  of  an  in¬ 
ternal  point  of  the  zone  into  the  integral  J  .  We  are  unable  to  discuss  /318 

(I) 

these  questions  in  detail  here,  or  to  investigate  the  displacement  fields  in 
the  neighborhood  of  a  comer  point  of  the  contour. 

Section  5*  The  Integrodifferential  and  Integral  Equations  of  the 
Dynamics  of  Shells 

In  order  to  obtain  the  equations  of  motion  from  the  equations  of  equilib¬ 
rium,  it  is  sufficient  to  include  in  the  body  forces  the  inertia  forces 


3:^0 


Equation  (3»24)  then  takes  the  follovri.ng  form; 


»'/■'  t)  --=  {X>,  0  -f  f  f  ”  II 

(II)  (I) 

(1)  (V) 

{i,  r=-l,  2,  3;  y  =  l,  2;  4  =  0,  1,  2,...,  N). 
We  recall  that  an  element  of  volume  reads 


dS 


(5.1) 


dV  =  [\-  {k^-\■  ki]z-[-  k^k^z■\dzdS, 


(5.2) 


where  dS  is  an  element  of  area  of  the  middle  surface  of  the  shell# 

In  the  expressions  of  the  inertia  forces,  let  us  pass  to  the  covariant 
components,  changing  the  arrangement  of  the  indices  in  the  corresponding  scalar 
product  entering  into  eq. (5.1)#  Finally,  let  us  again  make  use  of  the  approx¬ 
imate  equation  (3«9) 


N 

/?=0 


(a) 


Introduce  now  the  notation 


■\-h 

-h 

Then,  as  a  result  of  transformations  analogous  to  those  considered  in  deriving 
the  system  (3.33),  we  find 


uf  (a--'', 


/) 


i 


t)  + 


(11) 


--.f 

(I) 


S^^l;,dP^ds 
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li)  (5) 

(/.  r.--  1,  2,  3;  7  =  1,  2;  A',  p^-~-0,  1,  2,  . . .  ,  N).  (5.2^) 

Equations  (5.4)  are  to  be  regarded  as  a  system  of  integrodifferential  /319 
equations  of  the  dynamics  of  shells  in  the  vinknown  functions  )  where 

the  point  M(xJ  )  belongs  to  the  middle  surface  of  the  shell. 

The  statements  made  in  discussing  eqs.(3.33)  are  likewise  applicable  to 
eqs,(5.4). 

Let  us  now  consider  two  conditions  of  vibratory  motion  of  the  shell  which 
are  encountered  in  the  solution  of  concrete  problems, 

1,  Stationary  Oscillatory  Process 


If  the  process  is  stationaiy,  we  may  put 

'!.<«  [t,  X>]  -  [x’)  +  ^  [xJ)  cos  {<0^  +  e„,) 

{UJ} 

(i=l,  2,  3;  A--=0,  1,  ,  N). 

Similarly, 

//</')  (/,  xj]  ==  ii['S  ix-''} (.v^)  cos  ((o/f  -f-  £„) 
((.)) 

(r=l,  2,  3;  p^O,  1.  2 . N). 


The  sequence  of  frequencies  lu  may  be  either  finite  or  infinite,  but  we 
will  assume  that  this  sequence  is  discrete.  Substituting  eqs, (5.5)  and  (5,6) 
into  eqs,  (5.4),  and  equating  to  zero  the  coefficients  of  cos  (tut  +  Cy,),  we  find 

« (^/)  <I)  (xJ)  +  J  ds 

(11) 

{S) 


(I) 

(5o7) 


(5.5) 


(5.6) 


(/>■) 


W  X^r)rds 

[Ip]  r  io 


r,s*(/o  f 

J 


ds 


(fl) 


(I) 
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(5.8) 


I —  (*),'•]«(/>)  dS 

'  [ip)  ^  roi 


(ip) 


(i,  /--l,  2,  3;y=l,  2;  A:,  /»  =  0,  1,  2 - jV). 


where  u)  runs  through  a  discrete  series  of  values  according  to  eqs,(5.5)  -  (5.6). 

The  system  of  equations  (5.7)  does  not  essentially  differ  from  eqs,(3.33), 
and  we  shall  therefore  not  discuss  it.  The  system  (5.8)  contains  the  parame¬ 
ter  (ju.  We  will  not  further  analyze  the  conditions  of  solvability  of  eqs.(5.8). 
Rather,  we  recall  that,  since  the  linear  system  of  integrodifferential  equa¬ 
tions  can  be  approximately  replaced  by  a  system  of  linear  algebraic  equations, 
it  follows  that  (if,  for  some  values  of  the  parameter  o),  there  exists  a  non-  /320 
trivial  solution  of  the  homogeneous  equations,  i#e«,  equations  with  the  free 
terms  equal  to  zero)  the  system  of  inhomogeneous  equations  (5 #8)  has  no  so¬ 
lution  for  these  values  of  the  parameter  o)#  These  cases  which  are  cases  of 
resonance  will  require  separate  investigation. 

2.  Nonstationary  Oscillatoiy  Process 

In  transient  regimes  of  loading  of  a  shell,  it  may  be  impossible  to  repre¬ 
sent  the  functions  (t,  xJ  )  by  equations  of  the  form  of  eq.(5»5)#  In  this 
case  we  must  turn  to  the  Laplace-Carson  transformation  of  the  system  of  inte¬ 
grodifferential  equations  (5*4)* 

It  is  well  known  that  the  representation  of  the  functions  f(t)  according  to 
Laplace  and  Carson  is  expressed  by  the  following  fonnula^«: 

oo 

f(p)-=P^e-p‘f(t)di. 

0 


Applying  the  Laplace-Carson  transform  to  the  second  time  derivative  of  the 
function  f(t),  we  find 

p  J  e-P‘r{!)  dt  ^-p^f{p)  -p^-f{0) -pf'  (0). 

0 


Thus  the  representation  of  the  second  derivative  f^*(t)  is  expressed  in 
terms  of  the  representation  of  the  function  f(t)  and  its  value,  and  also  its 
first  time  derivative  at  the  initial  time  t  =  0. 

Applying  the  Laplace-Carson  transform  to  the  system  of  equations  (5# 4)  sind 

Cf.,  for  instance,  A.I.Lur^ye,  Operational  Calculus,  Gostekhizdat,  1950. 
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using  eqs.(b)  and  (c),  we  obtain  the  following  system  of  operational  integro— 
differential  equations: 


n '/•>  (.v>  p)  =  <f)  w  p)  +  jj  aU) O)  dS  + 

(<5) 

0)rfS-f-J 

iS)  (,,)  (,•; 

iS)  (5.9) 

{i,  r=l,  2,  3;y  =  l,  2;  k.  <7  =  0,  1,  2 . N). 
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The  first  three  terms  on  the  right-hand  sides  of  eqs,(5,9)  are  prescribed 
f\mctions.  The  initial  conditions  which  must  be  satisfied  by  the  wanted  func¬ 
tions  enter  into  these  terms. 

After  determining  the  representations  of  the  quantities  u^*')  from  eqs,(5,9) 
we  must  find  their  originals,  applying  in  the  general  case  the  Riemann-Mellin 
formula: 


q  +  /  oo  ^ 


a — loo 


(d) 


In  special  cases,  Tables  can  be  referred  to  that  correlate  the  elementary 
and  higher  transcendental  functions  vrith  their  transforms-^-. 

The  described  method  was  applied  by  G.Ye, Kazantseva  in  solving  problems  of 
vibration  of  round  plates  (G.Ye. Kazantseva,  On  the  Vibrations  of  Thin  Circular 
Plates,  Thesis,  Kiev  Polytechnic  Institute,  1956). 

Section  6,  Local  Systems  of  Integrodjfferential  Equations  of  the 
Dynamics  of  Shells  with  Focusing  Kernels  and  their 
Approximate  Solution 

Here,  we  will  briefly  discuss  the  approximate  methods  of  solution  of  the 
equations  derived  in  Sect, 5,  based  on  the  focusing  properties  of  systems  of 
auxiliary  loads  and  the  related  systems  of  auxiliary  displacements  of  stresses. 


■*>  Cf,,  for  instance,  V.A.Ditkin  and  A.P.Prudnikov,  Integral  Transforroations  and 
Calcxilus  of  Operations,  Fizmatgiz,  1961, 
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As  in  the  last  Section,  the  equations  of  stationary  and  nonstationary  oscilla¬ 
tory  processes  will  be  considered  separately, 

1,  Stationary  Oscillatory  Processes, 

The  Frequency  Spectmjm 

On  the  basis  of  the  properties  of  equations  with  focusing  kernels,  the 
system  (5.7)  -  (5«8),  outside  the  strip  of  width  rg  bordering  the  contour  of 
the  middle  surface,  can  be  simplified  and  represented  in  the  form: 


IS) 

(S) 

(/,  2,  3;  k,  p=0,  1.  2,  ,  N). 

(6.1b) 


The  approximate  solution  of  eqs.(6*la)  -  (6.1b)  can  be  performed  as  in~/322 
dicated  in  our  discussion  on  the  static  equations,  provided  that  the  frequency 
of  the  free  oscillations  is  not  co,  i.e.,  that  resonance  is  absent. 

In  connection  with  this  question,  let  us  consider  the  approximate  deter¬ 
mination  of  the  frequency  spectrum  by  use  of  the  approximate  solution  (6.1b). 

First,  we  note  that  the  approximate  equation  (6.1b)  and  the  more  exact 
equations  (5#8)  of  the  shell  theory  permit  an  approximate  determination  only  of 
a  portion  of  the  frequency  spectrum  of  the  three-dimensional  problem  of  elas¬ 
ticity  theory.  The  dimensions  of  the  frequency  regions  accessible  for  deter¬ 
minations  based  on  the  equations  of  shell  theory  depend  primarily  on  the  num¬ 
ber  N,  i.e.,  on  the  number  of  terms  in  the  polynomials  of  z  by  which  we  approx¬ 
imated  the  displacement  vector  components.  Further  restriction  of  the  frequency 
region  depends  on  the  approximate  methods  used  in  solving  the  integrodifferen- 
tial  equations  of  the  shell  theoiy. 

To  obtain  an  idea  as  to  the  effect  exerted  on  the  frequency  equation  when 
replacing  the  approximate  equation  (6.1b)  with  focusing  kernels  by  equations 
with  kernels  that  smoothly  vary  at  any  variation  of  the  mutual  position  of  the 
points  M(xJ  )  and  N(5^  )  on  the  middle  surface,  let  us  have  recourse  to  the  clas¬ 
sical  argument  based  on  the  approximate  replacement  of  eqs.(6.1b)  by  a  system 
of  algebraic  equations. 

Let  us  imagine,  on  the  middle  surface  of  the  shell,  an  orthogonal  coordi¬ 
nate  net  where  the  sides  of  the  meshes  are  shorter  than  r^ ,  with  Vq  equal  to 

Mh  (l  - according  to  the  condition  (3*36).  Then,  the  region 

'  ^  ^min  ^ 

(E)  will  include  a  finite  niomber  of  nodes  of  the  coordinate  net.  If  n^  is  the 
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number  of  nodes  of  the  coordinate  net  in  the  region  (E),  and  r\3  is  the  number 
of  nodes  on  the  entire  middle  surface  (S),  then  we  obtain  the  approximate  equa¬ 
tion 


(6.2) 


We  will  consider  the  values  of  Uj^^^  at  the  nodes  of  the  coordinate  net  as 
unknowns.  Then,  placing  the  point  M(xJ  )  at  the  nodes  of  the  net  and  approxi¬ 
mately  representing  the  integrals  in  eq.(6.1b)  by  finite  sums  under  application 
of  the  formulas  of  mechanical  quadrature,  we  replace  the  system  of  equations 
(6.1b)  by  systems  of  algebraic  equations  corresponding  to  fixed  positions  of 
the  point  M.  This  procedure  is  applicable  both  to  equations  with  focusing  ker¬ 
nels  and  to  equations  with  kernels  that  do  not  possess  focusing  properties. 

If  we  compare  the  determinant  of  the  system  of  algebraic  equations  ob¬ 
tained  from  the  integrodifferential  equations  having  kernels  without  focusing 
properties  with  the  determinants  of  the  system  resulting  from  eqs.(6.1b),we  /323 
shall  see  that  the  latter  has  most  of  its  elements  equal  to  zero,  since  most  of 
the  nodes  of  the  net,  as  can  be  seen  from  eqs.(6.2),  are  excluded  from  the  re¬ 
gion  (i:). 

The  determinant  of  the  system  with  focusing  kernels  includes  elements  that 
depend  on  the  boundary  conditions.  This  fact  is  due  to  the  influence  of  the 
boundary  condition  on  the  frequency  spectmim.  However,  evidently  there  exists 
some  part  of  the  frequency  spectrum  that  depends  but  weakly  on  the  boundary 
conditions.  We  will  offer  suggestions  that  seem  to  confirm  this  conclusion.  It 
must  be  emphasized  that  we  consider  the  arguments  developed  below  as  being 
merely  heuristic. 

Let  us  perform,  on  the  system  (6.1b),  simplifications  analogous  to  those 
used  in  studying  the  static  system  (3.34).  We  find  the  system  of  algebraic 
equations  analogous  to  the  system  (4.6): 

« {x>)  +  U'f2  (a-^)  JJ  [Kf^(  -  <0*  Vf^(]  dS  =  ilfj 

(/,  r=l,  2,  3;  fe,  /7  =  0,  1,  2.  ,  N).  (6.3) 


The  determinant  of  the  system  of  algebraic  equations  (6.3)  can  be  obtained  from 
eq. (4.8)  on  replacing  the  kernel  '“by  the  difference 


K(k]  r  _  1/1*)  r 


When  the  point  M(x^  )  is  superposed  on  the  fixed  nodes  of  the  coordinate 
net,  and  when  the  integrals  entering  into  the  determinant  A  of  the  system  of 
algebraic  equations  (6.3)  are  replaced  by  finite  sums  resulting  from  the  formu¬ 
las  of  mechanical  quadrature,  the  determinant  A  will  have  numerical  elements 
instead  of  functional  ones.  Equating  the  determinant  A  to  zero,  we  find  the 
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characteristic  values  of  the  parameter  ou^,  the  frequencies  of  the  free  vibra- 
tions  of  the  shell* 

The  determinant  A,  as  shown  in  Sect*i,,  is  of  the  order  3(N  +  1)#  If  the 
number  of  nodes  of  the  coordinate  net  on  the  middle  surface  S  is  no,  then  the 
total  number  of  unknowns  will  be  3(N  +  l)rb  >  this  number  is  equal  to  the  degree 
of  the  complete  equation  of  frequencies  with  respect  to  u)  •  The  roots  of  the 
complete  equation  of  frequencies, i.e»,  of  the  equation  including  the  coeffici¬ 
ents  of  the  unknowns  at  all  nodes  of  the  coordinate  net,  must  include  roots  for 
which  the  determinant  A,  derived  for  the  system  of  equation  (6.3 )>  approximate¬ 
ly  vanishes.  In  the  opposite  case,  the  homogeneous  system  of  equations  corre¬ 
sponding  to  eq. (6.3)  would  be  only  trivial  solutions  for  these  roots,  which  in 
tum  would  mean  that  the  solutions  of  the  system  (6,3)  had  deviations  arbitrar¬ 
ily  great  in  absolute  value  from  the  solutions  of  the  original  system  con¬ 
structed  without  the  above  justified  simplifications,  a  case  which  would  con¬ 
tradict  all  of  our  earlier  conclusions. 

But  then,  to  obtain  approximately  a  portion  of  the  frequency  spectrum,  /32jt 
it  is  enough  to  equate  the  determinant  A  of  the  system  of  algebraic  equation 
(6,3)  to  zero,  placing  the  point  M(x^  )  at  one  of  the  nodes  of  the  coordinate 
net.  Thus,  we  find  the  approximate  values  of  the  3(N  +  1)  roots  of  the  fre- 
wuency  equation.  Placing  the  point  M(xJ  )  at  all  the  nodes  of  the  net,  we  find 
all  the  3(N  +  l)rb  values  of  U)^,  This  shows  that  the  use  of  focusing  kernels 
enables  us  approximately  to  represent  the  frequency  equation  as  a  product  of  no 
factors. 

This  again  leads  to  the  concept  of  the  existence  of  two  groups  of  frequen¬ 
cies.  The  frequencies  of  one  group  are  weakly  connected  with  the  boundary  con¬ 
ditions,  These  are  frequencies  approximately  determined  by  the  equations  that 
are  obtained  by  equating  the  determinants  of  the  system  (6,3)  to  zero.  The 
second  group  of  frequencies  depends  substantially  on  the  boundary  conditions. 
These  frequencies  are  obtained  from  the  determinants  of  systems  analogous  to 
system  (6.3)  but  set  up  under  the  assumption  that  the  point  M(xl  )  belongs  to 
the  strip  of  width  ro  bordering  the  contour  of  the  middle  surface.  This  sub¬ 
division  of  frequencies  into  two  groups  should  become  more  distinct  for  thinner 
shells.  Such  phenomena  are  obviously  connected  with  the  dynamic  boundary  ef¬ 
fects  mentioned  in  A.Love»s  book«-.  An  indirect  confirmation  of  the  correctness 
of  these  conclusions  is  the  weak  dependence  of  the  critical  values  of  the  load 
on  the  boundaiy  conditions,  which  is  mentioned  in  works  on  the  theory  of  sta— ^ 
bility  of  shells,  in  the  presence  of  large  regions  on  the  middle  surface  suffi¬ 
ciently  remote  from  its  contour  (Bibl.A,  10).  The  latter  conclusions,  however, 
require  additional  research, 

2,  Nonstationary  Processes 

In  the  case  of  equations  with  focusing  kernels,  eqs. (5.9)  can  be  simpli¬ 
fied  if  the  point  M(xJ  )  lies  outside  the  strip  bordering  the  contour  of  the 
middle  surface,  as  mentioned  above.  We  find 


A, Love,  Mathematical  Theory  of  Elasticity,  ONTI,  1935»  p,575. 
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uf ...  .i.(A')  JJ  i/;*>  ^ Ci'.  0) +pj^  (?4  o)  rfs  - 

i^]  (S) 

-  JJ  [/^,'4>, ' + p^  t'd'i!  1 4"'  ^ ) 

(S) 

(/.  /-==],  2,  3;y=l,  2;  k,  q  =  0,  1,  2,....  //). 


The  simplifications  made  in  setting  up  the  equations  of  the  statics  of 
shells  yield  a  system  of  algebraic  equations  analogous  to  system  (4.3)  and  /325 
approximately  replacing  the  system  (6.4): 

0;  ;^)-f />{0.  0;  />)  JJ(/<'*;y (0,  V)]dS  + 

(S) 

+  ~~  (1.  0;  P)  -  (-1.0;  p)\  JJ  (0,  ^/)  + 

-f  P^-  (0.  ^^■)1  &  -  X')  dS  -h  [«>)(0, 1  (0,  - 1 ;  1  X 

(1^} 

0;  0;/;)-2/^)(0,  0;  p)]X 

X  j  J  ^  (0,  ?•')  +  p^  ^  (0,  li)]  ($>  -  ;c')2  dS  + 

(S) 

+  J:/’)  +  'V’(0.  -1;  /^)-2/)y)(0.  0;  /;)]X 

XjJf^<*V(0,  1/^X0.  ?^)](?^-,v-^)V/5  =  i)(*)(0.  0;  /;)  + 

('-i) 

+  /^'JJ  0)dS+/7  Jj”  K'4)y«>)(sX  0)^/5  (6o5a) 

(^)  (ii) 

(4  /---I,  2,  3;y=l,  2;  q  =  0,  \,  2 . A^). 


The  meaning  of  the  notation  introduced  here  is  given  in  constructing  the 
system  of  equations  (4*3).  Again  basing  our  calculation  on  the  scheme  of  the 


328 


Gauss-Seidel  iteration  process,  we  obtain  the  following  system  of  equations  of 
the  first  (initial)  approximation; 


P)  +  '4"’  P)  JJ  WM  ^  (0.  +  P'  ^  (0- 

(S) 

=  (X',  p)+p^\\ ^ '4"’ (^4  t)) ds + 

(i:) 

+;'jJ’l'S;!'»?'P.O)''^  (6.5b) 

(S) 

(/.  /■=!,  2,  3;y=l,  2;  k,  ?  =  0,  1,  2 . N). 

Z226 

Solving  this  system  according  to  eqs.(6,7)  on  replacing  the  kernels 
by  their  sums  +  p^Vliq^",  we  find  the  approximate  expressions  of  the  re¬ 

quired  representations  u^**'  in  the  form  of  integral  rational  functions  of  the 
parameter  p,  and  then  continue  the  process  of  iteration.  The  elementary  consi¬ 
derations  based  on  eqs. U.7)  and  an  evaluation  of  the  degree  of  p  in  their  nu¬ 
merators  and  denominators  show  that,  from  the  resultant  transforms,  the  origi¬ 
nals  can  be  found,  i,e,,  these  transforms  peiroit  inversion. 

In  the  strip  bordering  the  contour  of  the  middle  surface,  we  must  use  the 
approximate  methods  given  in  Sect, 4.  These  methods  again  reduce  the  problem  to 
the  solution  of  a  system  of  algebraic  equations  containing,  as  unknowns,  the 
transforms  of  the  functions  sought.  We  will  not  further  develop  this  method 
but  return  to  the  discrete-continuous  method  considered  in  Chapter  IV, 

Section  7,  Application  of  the  Discrete-Continuum  Method 

In  Chapter  IV  we  considered  an  approximate  method  for  studying  the  d3mam- 
ics  of  shells,  based  on  replacing  the  shell  by  a  discrete-continuous  system. 

The  meaning  of  the  concept  of  a  discrete-continuous  system  has  been  given  in 
Sect, 13,  Chapter  IV, 

We  recall  that,  to  set  up  the  equations  of  motion  and  the  equations  of  con¬ 
nectivity  that  had  to  be  satisfied  by  the  generalized  coordinates  of  the  dis¬ 
crete-continuous  system,  we  used  a  method  of  reducing  the  three-dimensional 
problems  of  the  theory  of  elasticity  to  the  two-dimensional  problems  of  the 
theory  of  shells,  based  on  exq)an3ion  of  the  wanted  functions  in  Maclaurin  ten¬ 
sor  seirLes  in  ascending  powers  of  the  coordinate  z. 

This  method  has  the  shortcoming  noted  in  Chapter  III,  The  complications 
encountered  in  the  analytic  composition  of  the  connectivity  equations  resulting 
from  the  boundary  conditions  are  very  substantial.  We  recall  that  these  equa¬ 
tions,  in  the  general  case,  contained  the  second  time  derivatives  (as  well  as 
time  derivatives  of  orders  higher  than  the  second)  of  the  generalized  coordi¬ 
nates;  this  precludes  the  use  of  the  apparatus  of  classical  dynamics  in  con- 
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structing  the  equations  of  motion,  although  in  special  cases  this  apparatus  is 
applicable. 

In  the  preceding  Sections  of  this  Chapter  we  considered  a  new  method  of 
reduction,  based  on  the  theorem  of  work  and  reciprocity  and  the  use  of  focusing 
auxiliary  loads.  This  reduction  method  permits  elimination  of  the  above  com¬ 
plications  and  to  map  out  a  more  effective  version  of  the  discrete-continuous 
method. 

We  shall  start  out  from  the  system  of  integrodifferential  equations  (5,4) 
with  focusing  kernels,  still  restricting  the  integration  region  to  the  region 
(E),  Then,  the  system  of  integrodifferential  equations  (5.4)»  outside  the  /327 
strip  of  width  r^  bordering  the  contour  of  the  middle  surface,  can  be  given  the 
following  form: 


... 


(7.1) 


1,  2,  3;  k,  p  =  0,  1.  2,  ,  N). 


Let  us  make  further  use  of  the  interpolation  formula  (4.1).  We  introduce 
the  notation : 


2A.  «'/')  {1,0;  t)  —  ( -^  1 ,  0;  t); 

(0,  1 ;  /)  -  (0,  - 1 ;  /); 

=  0;  0;  ()  -  2u</’>  (0,  0;  t); 

2xlu[P^^--,i'r){0,  1;  t)  +  u'p^{0,  -1;  /) _ (0,  0;  t). 


(7.2) 


Then,  eqs,(7,l)  will  yield  the  system  of  equations  analogous  to  the  sys¬ 
tem  (4.3): 

I J  i/(*)  ^  (0,  li]  dS  + 1  J  J  l/,^l  ^  (0,  X 

(S)  ^  (S) 


1  r*  r 

X  (?>  -  x')  dS  '  (0,  dS  + 


hj  di^  '~  J  J  hi  dP~  ^ 


X  J  J  ^  (0,  ?>)  -  xr  dS  +  «/*)  (0,  0;  t)  -I-  n'f  (0,  0;  ()  X 
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X  K^%]  ^  (0.  ^  A,  r  r  ^  (0,  ?>)  -  X‘)  dS  + 

l'^  ‘  (S) 


X 


+ j  r  r  /<  w  ^  (0,  ?•'■)  cc-  -  x^)  ds + -V  X 

(S) 

JJ  ^  (0-  (^ '  -  ^  ^2  J  J  /<,',*1  ^  (0,  V)  X 

(S) 

X(S"  — x-)^^/5  =  <IV^>(0.  0;  0 
'(/,  r=  1,  2,  3;  y=  1,  2;  ft,  yy  =  0,  1,  2 . A^). 


(7.3a) 


On  the  basis  of  the  estimates  given  in  Sect.4»  we  find  from  the  system  /328 
(7.3a)  the  system  of  equations  of  the  first  (initial)  approximation. 


^^V5-i-/4*'(0.  0;  0  + 

(J:) 

-l-»f(0,  0;0  jj/v[?;y(0,  5^)rf5  =  <I).<^>(0,  0;  t) 

(2) 

(/,  !■=--],  2,  3;  y=  1,  2;  ft,  p  =  0,  1,  2,  ...  ,  N). 


(7.3b) 


The  system  of  equations  (7.3b)  is  ansilogous  to  the  system  of  algebraic 
equations  (4.6)  of  the  statics  of  shells  and  contains  derivatives  only  with  re¬ 
spect  to  the  time  t. 

Let  us  replace  the  triangulation  net  introduced  in  Sect, 14  of  Chapter  IV 
by  an  orthogonal  coordinate  net  corresponding  to  the  interpolation  formula 
(4,1).  We  shall  superpose  the  point  M(x^  )  with  the  nodes  of  the  net  and  consi¬ 
der  the  quantities  at  the  nodes  as  generalized  coordinates.  We  assume  that 
the  meshes  of  the  net  considerably  exceed  the  region  (S),  Then,  in  the  region 
(E )  there  can  be  only  one  node  of  the  net.  Since  the  coordinates  of  the  nodes 
are  fixed,  the  integrals  over  the  region  (E)  entering  into  eqs,(7.3b)  will  be 
functions  of  the  number  of  nodes  of  the  net.  Bearing  in  mind  eqs,(5,3)»  we  in¬ 
troduce  the  notation: 


(«) = J|  -  4)  ds-, 
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^  =  JJ  -  xifdS; 


(7.4a) 


(S) 

'Cl'' ;»)  =  JJ  '<»  w.  5«)  &  -  It')  rf5; 
(")  =  JJ  rfS; 


q'f^  (/.  «)  -  «J/’)  {xi,  (];  cDj^)  (t,  n)  =  0  m  ^ 


(7.4b) 


(7.4c) 


where  n  is  the  nxnnber  of  the  node  of  the  net  and  the  are  the  coordinates  of 
the  node  n 


The  system  of  equations  (7.3a)  takes  the  form 


Z222 


,,,  d^q'p^t,  n)  1  ,,,  ,  «'  1 

[II)  ^  ^i%Y'  («)  ’  -  +  IT 


d^A.jq[PHi,  It)  j_.(*)r/„i>) 


-f-g',  (^,  /t) -}- A/>r  (/^)  9/-  (4  “1“T“  ^(<p7  ('4  X 


X  Ay(7(/')  (t,  ti)  4-  -2-  e («)  Aj^rjp)  (/,  rt)  =  0m  (t,  n) 

tij 


(7.5a) 


(i,  r  =  1,  2,  3;  j  “1,  2;  k,  p  =  0,  1,  2,  ,,,,  N;  the  summation  over  j  is  per¬ 
formed  according  to  the  conventional  rule). 

The  ^stem  of  equations  of  the  initial  approximation  is  of  the  form: 


«)  ,  „(*) 


ml^{{n) 


+  q)"'  (4  n) + Cm  («)  qY^  (4  «)  =  (4  «) 


(4  r=l,  2,  3;  k,  p^O,  1.  2„...  ,  N). 


(7.5b) 


Equations  (7.5a)  and  (7.5b)  are  set  up  for  each  node  of  the  net  that  does 
not  belong  to  the  strip  of  “width  Tq  bordering  the  contour  of  the  middle  surface, 
The  natural  question  arises  as  to  the  degree  of  approximation  to  the  descrip¬ 
tion  of  real  motion  of  shell  elements  by  the  equations  of  the  initial  approxi¬ 
mation  (7*5b)«  This  question  is  complex  but  is  of  practical  importance,  since 
a  clear  definition  of  the  role  of  eqs.(7#5b)  will  decrease  the  amount  of  compu- 
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tational  work  necessary  to  solve  the  problem. 

We  shall  confine  ourselves  to  the  following  remark:  Altho\igh  eqs,(7«5b) 
are  set  up  autonomously  for  each  node  of  the  net,  vrtiich  apparently  is  inconsistr- 
ent  with  the  interdependence  between  the  motions  of  the  nodes,  this  dependence 
is  implicitly  reflected  in  the  composition  of  the  coefficients  of  these  equa¬ 
tions  and  of  their  right-hand  sides,  which  helped  to  reduce  the  error.  Actu¬ 
ally,  the  coefficients  of  eqs,(7,5a)  -  (7.5b)  are  expressed  by  integrals  ex¬ 
tending  over  a  small  but  finite  region  (S)  of  the  middle  surface  of  the  shell. 
Including,  as  they  do,  the  elastic  constants,  the  density  of  the  shell,  its 
thickness,  and  the  principal  curvatures  of  the  middle  surface,  these  coeffici¬ 
ents  reflect  the  basic  properties  of  the  shell  as  a  continuous  meditim.  They 
are  links  that  connect  the  state  of  the  shell  at  a  certain  point  with  its  state! 
in  the  region  surrounding  that  point.  This  connectivity  is  the  result  of  ap-  ' 
plication  of  the  Reciprocal  Theorem,  one  of  the  ftindamental  theorems  of  the 
mechanics  of  elastic  bodies. 

In  detemining  the  first  approximation  from  eqs,  (7.5b),  we  find  the  fol¬ 
lowing  approximations  from  eqs,  (7. 5a),  by  substituting  in  them  the  second-degre|e 
terms  of  the  solution  of  eqs, (7.5b).  At  these  stages,  the  interrelation  be¬ 
tween  the  motions  of  adjacent  nodes  of  the  net  is  explicitly  revealed. 

In  conclusion  we  note  that,  on  application  of  equations  that  have  ker-  /330 
nels  without  focusing  properties,  the  integrals  in  the  integrodifferential 
equations  (5.4)  would  extend  over  the  entire  middle  surface,  and  all  the  gener¬ 
alized  coordinates  would  enter  into  thenfs-. 

Let  us  discuss  the  equations  of  motion  of  elements  of  a  shell  lying  in  a 
strip  of  width  ro ,  where  Tq  is  determined  by  eq,(3.36),  bordering  the  contour 
of  the  middle  surface  of  a  shell.  The  greatest  difference  between  these  equa¬ 
tions  and  the  equations  considered  in  Chapter  IV  (Sects, 15  —  l6)  lies  in  the 
fact  that  components  of  the  displacement  and  stress  vectors,  prescribed  over 
the  contour  surface,  are  included  in  the  prescribed  functions  ,  which  are 
here  analogs  of  the  generalized  forces.  This  recalls  the  ”automatic”  inclusion 
of  the  equations  of  geometric  connectivity  in  the  system  of  Lagrange  equations 
of  the  second  kind  on  selection  of  the  generalized  coordinates  corresponding  to 
the  conditions  of  a  concrete  problem  of  mechanics  without  introduction  of  re- 
dxmdant  coordinates.  Evidently,  it  is  not  a  question  here  of  a  simple  external 
similarity  but  of  a  complex  internal  relation,  since  the  Reciprocal  Theorem  is 
connected  with  the  principle  of  possible  displacements^. 


The  above  properties  for  equations  with  focusing  kernels  and  the  resultant 
simplifications  of  the  system  of  equations  of  motion  of  shells  were  given  by  us 
in  the  Note  ’’Approximate  Methods  of  Investigating  the  Equilibrium  and  Vibra¬ 
tions  of  Shells  as  Discrete-Continuous  Systems”,  in:  Information  Bulletin  No .2 
of  the  Scientific  Council  on  ’’Scientific  Principles  of  Strength  and  Plastic¬ 
ity”,  1961. 

**  This  interrelation  was  called  to  our  attention  by  Xu.N, Shevchenko,  Senior 
Scientist,  Institute  of  Mechanics,  Academy  of  Sciences  UkrSSR, 
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Thus,  the  complications  mentioned  in  Sect»15  of  Chapter  IV  do  not  actually 
arise.  It  is  true,  these  complications  were  due  to  the  method  of  reduction 
used  in  that  Section  and  did  not  result  from  the  essence  of  the  mechanical 
problem.  We  recall  that  the  appearance  of  time  derivatives  in  the  equations  of 
connectivity  was  due,  in  this  case,  to  the  successive  elimination  of  deriva¬ 
tives  of  the  form  V3,,,V3Ui  on  the  basis  of  the  equations  of  motion  in  the  Lam4 
form. 


To  set  up  the  differential  equations  of  motion  of  the  nodes  of  the  coordi¬ 
nate  net  in  the  strip  bordering  the  contour  of  the  middle  surface,  it  is  neces¬ 
sary,  as  pointed  out  in  Sect, 4,  to  use  unilateral  finite  differences  for  ex¬ 
pressing  the  unknown  values  of  the  components  of  displacement  and  stress  on  the 
contour  surface  in  terms  of  their  values  inside  the  shell.  The  forms  of  these 
equations  depend  substantially  on  the  form  of  the  contour  and  the  geometrical 
properties  of  the  middle  surface.  Here,  these  equations  are  not  considered. 

The  discrete-continuous  method  always  allows  us  to  obtain  a  system  of  or¬ 
dinary  differential  equations,  determinate  in  the  sense  that  the  number  of 
equations  equals  the  number  of  functions  sought.  This  confirms  the  existence 
and  tmiqueness  of  the  solution  of  the  system  of  differential  equations  of  mo¬ 
tion  of  the  shell,  constructed  by  us. 

We  recall  that  the  approximate  replacement  of  the  integrals  by  finite  /331 
suras,  has  been,  ever  since  Euler* s  day,  the  classical  method  of  investigating 
various  questions  of  mathematical  physics--.  The  requirements  of  mathematical 
rigor  compel  us  to  pass  to  the  limit,  from  the  wanted  systems  of  differential 
equations  with  a  finite  number  of  functions  to  systems  of  integrodifferential 
equations.  This  passage  to  the  limit  must  show  that  the  solutions  of  the  sys¬ 
tems  of  differential  equations  obtained  from  the  integrodifferential  equations 
(5.4)  by  interpolation  formulas,  i.e,,  by  the  discrete-continuous  method,  coin¬ 
cide  at  the  limit  with  the  solutions  of  the  initial  system  (5«4)» 

Of  course,  the  solutions  of  the  simplified  systems  of  the  form  of  equa¬ 
tions  (7.5a)  -  (7,5b)  are  only  rather  rough  approximations  to  the  exact  solu¬ 
tions,  and  cannot  be  used  to  construct  a  sequence  of  functions  converging  to 
the  exact  solution  of  the  system  (5,4-)» 

We  have  not  investigated  the  above-mentioned  process  of  convergence  in  de¬ 
tail  since  the  technique  of  such  investigation  has  been  thoroughly  studied  so 
that  its  result  is  known  in  advance,  although  one  would  have  to  overcome  con¬ 
siderable  difficulties  when  investigating  a  method  of  mathematically  describing 
the  process  adapted  to  the  special  features  of  the  problem.  Such  investiga¬ 
tions  would  be  outside  the  scope  of  our  study. 

Section  8,  Nonlinear  Integrodifferential  Equations  of  the  Dynamics  of  Shells 

In  Sect, 12  of  Chapter  II,  we  proved  a  theorem  which  we  called  the  theorem 
of  work  and  reciprocity  in  the  nonlinear  theory  of  elasticity.  This  theorem  is 


^  See,  for  instance,  R.Courant  and  D. Gilbert,  Methods  of  Mathematical  Physics, 
Vol.l  -  2,  Gostekhizdat,  1933  -  1951. 
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applicable  to  an  anisotropic  medium  vdth  geometrical  and  physical  nonlinearity# 

The  Reciprocal  Theorem  makes  it  possible  to  construct  nonlinear  integro- 
differential  equations  of  the  dynamics  of  shells. 

We  shall  confine  ourselves  to  consideration  of  a  shell  made  of  an  isotro¬ 
pic  material,  and  shall  consider  only  the  case  of  geometrical  nonlinearity#  It 
is  natural  to  assimie  that  finite  deformations  are  developed  in  the  shell  under 
the  action  of  the  applied  load  and  under  certain  conditions  on  its  surface  con¬ 
tour,  as  a  result  of  its  flexibility  (Bibl.4)*  For  this  reason  finite  deforma¬ 
tions  characterize  the  basic  state  of  the  shell  but  not  its  auxiliary  state# 

As  before,  the  auxiliary  state  will  be  constructed  from  the  displacement  s/332 
and  stresses  in  a  linearly  deformed  unbounded  medium  under  the  action  of  the 
load  indicated  in  Sect# 2#  In  this  case,  the  shell,  as  already  pointed  out, 
must  be  regarded  as  part  of  an  unbounded  medium# 

This  argument  eliminates  the  fundamental  difficulty  connected  with  the 
above  procedure  for  application  of  the  Reciprocal  Theorem,  since  it  is  then  no 
longer  necessary  to  determine  the  particular  solutions  of  the  equations  of  the 
theory  of  elasticity,  corresponding  to  the  action  of  a  concentrated  force  in  a 
nonlinear  deformable  elastic  medium# 

Let  us  again  consider  (ll,  12#10)  as  well  as  (II,  12#2a),  (ll,  12#2b), 

(ll,  12#8)  and  (ll,  12#9)#  We  shall  attempt  to  reduce  these  relations  to  ex¬ 
pressions  containing  the  basic  system  of  required  functions  u^^^  introduced  in 
this  Chapter#  To  obtain  results  suitable  for  concrete  calculations,  we  shall 
introduce,  into  the  norO.inear  part  of  the  components  of  the  finite-deformation 
tensor  only  those  terms  which  have  been  considered  dominant  ever  since  the 

first  studies  made  by  T.Karraan#  These  are  the  terms  depending  on  the  displace¬ 
ment  vector  components  U3  (Bibl.A#  10)#  Let  us  use  the  notation: 

==  ^  Vrtl^Vs'h  =  V,«3V^«3  (8»1 ) 

(r,  s=  1,  2,  3). 


We  make  use  here  of  the  metric  of  the  unstrained  shell,  in  which,  in  ac¬ 
cordance  vd-th  Sect. 2  of  Chapter  II,  the  covariant  derivatives  V,  and  V,  are  de¬ 
termined,  We  note  that,  in  contrast  to  the  modem  theory  of  flexible  plates 
and  shells,  we  shall  not  put  (VgUa  »  o. 

The  covariant  derivatives  VjUgCi  =  1,  2)  do  not  enter  into  the  system  of 
functions  u^**).  Therefore,  to  accomplish  the  program  of  setting  up  equations  in 
the  \mknown  functions  we  shall  use  the  approximate  relation  resulting  from 

the  equalities  (III,  supplementing  it  by  the  nonlinear  factor 


Vi"; 


Vi"f  ss 


X(+i  i  — 

2p. 


I 


(1  +«'»)■ 


(i=1.2), 


(8.2) 
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where  X(+)  j  and  X(_)  j  are  the  stress  vector  components  determined  with  respect 
to  the  forces  acting  on  the  deformed  boundaiy  surfaces.  This  results  from  the 
conditions  (II,  8.2b),  which  also  have  a  meaning  for  finite  deformations. 

From  eqs. (8.2),  the  following  approximate  relation  is  obtained: 


-  F/4')  +  «(’)«(')!  (1  +  {r,  s  =  1.  2); 

Aa,  -  =  «'» in  -  «1»1  (1  + 

(^=1,  2); 


(8.3a) 

(8.3b) 

(8.3c) 


We  introduced  the  notation 


m 


Yi  = 


X{+)  i  —  X{-)  I 

21. 


(^•=1,  2). 


(8.4) 


Under  the  above  assvimptions,  the  relation  (II,  12. 2b)  can  be  represented 
as  follows: 


2r«  =  Xg,,,g"A„  +  21.A,,  ^  Xg,,  2  [Y,  -  (1  +  «(!))-»  + 

/-I 

+  X  +  2t.  -  Y,uW  +  «(')«(»)  (1  + 

Tn -  K”  [^/-  «i’']  (1  +  '4'’)-*;  ^3  =  I  (4")* 

(i,  4-=l,  2). 


(8.5a) 

(8.5b) 


We  took  account  here  of  the  orthogonality  of  the  ^stem  of  coordinates  x?  on 
the  undeformed  middle  surface. 


Making  use  of  eqs. (II,  12.2a)  and  (8.5a)  -  (8.5b),  we  find,  for  the  basic 
system  of  forces  acting  on  the  shell  and  the  resultant  strains  and  stresses; 


1  ^ 

^  ~ 
r-i 

-  {Y^Y, -  y,«y)+  «(/) «t»)  (i  +«(•))-» 

(4  4=1,  2); 


(8.6a) 
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-  K*’  I^y  -  “^1  +  “3 
(y  =  l,  2). 


^33  —  '^33 


(8.6b) 


Further,  it  follows  from  (ll,  12,8)  that 


^nl  Ik^o  ^ik^o  T'lkUn 


The  meaning  of  the  second  term  on  the  right-hand  side  of  eq, (a)  will  be  clear 
from  the  foregoing.  The  first  term  is  connected  with  the  stress  vector  on  the 
surface  of  the  shell,  as  vrill  be  seen  from  (II,  6,13),  To  write  eq,  (a)  in  the 
expanded  form,  one  must  separately  consider  the  stress  vector  on  the  boundary 
surfaces  of  the  shell  sind  on  its  contour  surface.  On  the  boimdary  surfaces, 
eqs,(ll,  8,3)  can  be  represented  in  the  form 


(i=  1.  2);  Jc3  =  +/i; 


and,  on  the  contour  surface. 


xi  =  x‘(l')  (i  =  l,  2); 


Making  use  of  (ll,  8,9b),  we  find  on  the  boundary  surfaces 


im 


B.ia  =  1 . 


All  the  remaining  quantities  B, ,  on  the  boundary  surfaces  vanish.  On  the 
contour  surface 


dx^dx\  (dx^  „ 


(r=l.  2.  3). 


Making  use  of  (II,  6,5)  and  of  the  simplifying  assumptions  by  T.Karman,  we  ob¬ 
tain  on  the  boundary  surfaces  of  the  shell: 

=  >433.  Po.  ^  yl33,  _  2„(i)  / 


and,  appl3ring  (II,  8,13),  we  find  on  the  boundary  surfaces  of  the  shell: 
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(8.7) 


...)  (r^i,  2). 


Noting  that  on  the  boundary  surfaces  of  the  shell,  for  z  =  ±h, 


"i$  =  0  (y=-l,2); 


(8.8  ) 


we  find  from  eq, (a). 


(i=l,  2); 


(8.8a) 


”l+/4"  2 


(8.8b) 


We  note  that  the  quantities  are  small  by  comparison  with  up^  .  This 
pennits  a  simplification  in  deriving,  from  the  equations  of  motion,  the  equa¬ 
tions  of  first  approximation.  Essentially  eqs.(8.8a)  -  (8.8b)  show  that,  under 
Karman»s  simplifying  assumptions,  the  stress  vector  components  on  the  boundary 
surfaces  can  be  determined  by  the  linear  theory.  If,  according  to  Karman»s 
evaluations,  the  order  of  u^^  is  equal  to  the  order  of  \/e7k  (i»  ^  =  1,  2),  and 
the  order  of  u^^^  is  higher  than  the  order  of  Sjjj ,  then  all  introduced  nonlinear 

3/2  2 

terms  will  be  of  the  order  ~  and  . 

If  terms  with  the  factors  gp, (p,  q  =  1,  2)  are  retained  in  eqs.(8.8a)  to 
(8.8b),  then  the  right-hand  sides  of  eqs.(8.8a)  -  (8.8b)  will  have  additional/335 
terms  of  the  order  ~  peji^ ,  Of  course,  if  considerable  accuracy  is  desired,  one 

must  retain  in  eqs.(8.8a)  -  (8.8b)  first  of  all  the  terms  of  order  ~ 

On  the  contour  surface. 


/I 


Here,  we  dropped  the  factor  (l  +  u^^^  )"^ ,  Making  use  of  eqs.(8.2),  we  find 


--- 

2  ^ 


(8.9) 
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Here  again  the  term  is  of  the  order  ~  ,  and  this  term  should  be  neg¬ 
lected.  The  is  of  the  order  ~  •  Such  terms  can  be  retained  in  the 

construction  of  the  second  approximation. 

On  the  contour  surface, 


(/=1,  2);  iil  =  0.  (h) 

Let  us  assiune,  to  simplify  the  calculations,  that  there  are  no  loads  on  the 
contours  of  the  boundary  surfaces.  In  that  case,  the  components  Yp  vanish. 
Again  making  use  of  (II,  8.13),  and  relation  (a)  of  this  Section,  vre  obtain  on 
the  contour  surface 


V  I  1  I  r6  6  p 


1  + 


1,  2,  3). 


Tn'il 


(8.10) 


The  components  Tj^  are  determined  from  eqs,(8.5a)  -  (8,5b).  It  will  be 
clear  from  eqs,(8,5a)  that  the  right-hand  side  of  eq,(8,10)  contains  the  non¬ 
linear  terms  Uj^^^  (i,  k  =  1,  2),  of  the  order  of  ~  ueik  ,  Thus,  in  contrast 

to  the  stress  vector  components  on  the  boundary  surfaces,  the  components  of  the 
vector  on  the  contour  surface  are  substantially  nonlinear,  even  if  we  use  the 
simplified  Karman  theory. 

The  calculations  performed  here  show  that  the  only  sources  of  substanti¬ 
ally  nonlinear  terms,  which  are  of  the  relative  order  ~  in  the  stress  ten¬ 

sor  components,  are  represented  by  the  components  of  the  tensor  Tj^ (i,  k  = 

==  1,  2),  This  could  have  been  foreseen.  Indeed,  the  substantially  nonlinear 
terms  depend  on  the  components  of  the  antisymmetric  tensor  Q;.,  rather  than  on 
the  tensor  of  small  deformations  e, ,  .  This  is  confirmed,  for  instance,  by  (ll, 
9.2). 


Hereafter,  to  simplify  the  calculations  we  shall  omit  terms  of  the  rela-/336 

Q  ^  2 

tive  order  ~  |j.en  and  of  higher  orders. 

Let  us  now  consider  the  body  forces  ,  determined  from  (II,  12,9).  First, 
let  us  study  all  terms  containing  the  quantities  Pi{f.  In  accordance  with  the 
relative  accuracy  adopted,  the  quantities  Pjjlf  must  be  replaced  by  the  compon¬ 
ents  of  the  tensor  Njf J  of  rank  two,  determined  by  (ll,  6,12b),  On  the  basis 
of  the  above  study  we  conclude  that  the  stim 

Y  =  (i) 

does  not  contain  terms  of  the  relative  order  ~  M-Ciic  and  should  be  omitted.  Con¬ 
sequently, 
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(8.11) 


(I)*  SK  pf  *  y  .p*  _  p  -. 

(/,  k==\,  2,2). 


After  completing  the  preliminary  analysis,  we  make  use  of  (II,  12,10),  ex¬ 
pressing  the  generalized  Reciprocal  Theorem,  The  above  expression  (II,  12,10),^ 
under  the  previous  assumptions  on  the  auxiliary  system  of  forces,  displacements, 
and  stresses,  again  leads  to  an  equation  of  the  form  of  eq, (5.1),  with  several 
additional  terms,  including  the  integral 


i  = 


(8.12) 


Making  use  of  the  Ostrogradskiy-Gauss  formula,  let  us  transform  the  inte¬ 
gral  I  as  follows; 


jJJ  =  JJJ  V,  [  dV  -  IJJ  r'V,vl^,dV  = 

{V)  {V)  {V) 

=  J  j  vl>i^P'"sdS  -  JIJ  =  JJ  vHn  - 

(•?)  (l^)  (5) 

iV) 


From  eqs,(a)  and  (k)  of  this  Section  it  will  be  seen  that  the  integrals  JJ 


(S) 


over  the  surface  of  the  shell,  containing  the  components  of  the  tensor  T^ ,  are 
cancelled. 


We  neglect  the  nonlinear  terms  in  the  composition  of  the  surface  forces  /337 
depending  on  ui’’^  according  to  eqs,(8,8a)  -  (8.8b)  and  (8.10),  since  these  terms 

3/2 

are  of  an  order  of  smallness  higher  than  * 


Consequently,  at  the  degree  of  relative  accuracy  adopted  by  us,  the  only 
source  of  nonlinear  terms  in  the  integrodifferential  equations  of  the  theory  of 
shells  will  be  the  integral 

(y,r=  1,2).  (8,13) 
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Making  use  of  eq,  (8,5a),  and  retaining  in  it  the  terms  of  the  order  ~  M-eik  » 
we  obtain 


=  j  j  u^l'dS  -f-  J  j*  /?(*)  i'af  Kt'WS. 


(8.U) 


where 


-f /I 

lirngq  ^  I  "  [1  -  V*1  +  dz 


+  rt 

-  I  M 1  -  (^1  +  ^2)  2  +  ^1^22"]  dz\ 


(8.15a) 


(*)/'■  —  —  [X  J  —  (^1  4"  ^  )  2  ”{"  ^1^22']  dz. 


(8.15b) 


The  integral  Ij  enters  into  the  right-hand  side  of  eq,(5.4)  with  a  posi¬ 
tive  sign,  yielding 


I  (;,y,  t)  =  (!)/«  {xK  t)  +  J  ,X  'ds  -  j  idP'ds  - 

(ii)  (I) 

(S')  (s)  (y) 

JJ  +  SPit^’ht^’  bhWH  +  SP  [dphk))!  JJ  “ 


d-uf/”) 

Kr-^-^ds 


i,  r  =  l,  2,  3;  y,  ^  =  1,  2;  k,  p  =  0,  1,  2,  . . .  .  /V). 


(8.16) 


Equations  (8.I6)  form  the  req\iired  system  of  nonlinear  integrodifferential 
equations  of  the  theory  of  shells.  This  system  occupies  a  place  intermediate 
between  the  system  of  equations  (5.U)  of  the  linear  theory  and  the  general  sys¬ 
tem  of  equations  of  “strong  flexure”.  However,  so  far  as  we  loriow,  the  latter/g;38 
system  has  never  been  set  up  or  at  least  has  not  3ret  been  seriously  studied. 

Let  us  return  to  the  system  (8.I6),  Let  us  assume,  as  above,  that  the 
auxiliary  system  of  loads  leads  to  the  construction  of  focusing  kernels  of  in¬ 
tegrodifferential  equations.  Then,  outside  a  strip  of  width  Mh^l+  — h...|, 
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bordering  the  contour  of  the  niiddle  surface,  the  system  (8.16)  takes  the  fol- 
lowing  form: 


t)  'I'/*)  (a-^,  /)  _  j  _f_  JJ \I!{k)qqn{\)nn) 

(=:)  IS) 


(S) 

d'-u'P) 


+ CIS  -  r  r  1/,'*)^  ds 

J  t)  (jt^ 


(8.17) 


(s) 


(/, /•— 1,  2,  3;  j,  q=\,  2;  k,  /7  =  0,  1,  2 . 7/). 


Applying  interpolation  formulas  of  the  type  of  eq. (4.I),  we  replace  the 
system  of  integrodifferential  equations  (8.17)  by  a  system  of  nonlinear  differ¬ 
ential  equations. 

We  shall  only  give  the  system  of  equations  of  the  initial  approximation, 
since  the  construction  of  a  system  analogous  to  eq. (7.5a)  involves  no  ftindamen- 
tal  difficulties.  We  find 


dV/”(0.  0;  t) 

dt^ 


?y)r/S+«f>(0,  0;  +  0; 


t)X 


(S) 


(S) 

-«yi(o,  0;  o<'’(o.  o;7)JJ^;f"(o,  ?>')rf5  =  (i)«)  (o,  o;  o 


(q 


{i,  /-=!,  2.  3;y,  <7=1,  2;  k,  p  =  0,  1,  2 . N). 


(8.18) 


If  the  shell  is  in  equilibrium,  then  the  system  of  differential  equations 
(8»18)  is  transformed  into  a  system  of  nonlinear  algebraic  equations#  The  so- 
lution  of  the  system  (8.18),  and  of  the  more  general  and  analogous  system 
(7.5-"'  ),  is,  in  the  general  case,  a  non-single-valued  function.  In  order  to  se¬ 
lect  the  required  branch  of  the  solution,  one  must  investigate  the  gradual  de¬ 
velopment  of  deformations  of  the  shell  from  its  initial  undeformed  state.  The 
branch  points  or  limit  points  will  correspond  to  the  critical  values  of  the 
load. 


One  of  the  practical  methods  of  solving  the  system  of  equations  (8.17)  is 
to  replace  it  by  a  system  of  ordinary  differential  equations,  using  the  dis-  /339 
crete-continuous  method.  Making  use  of  a  coordinate  net  on  the  middle  surface, 
superposing  the  point  M(xJ  )  on  the  nodes  of  the  net,  and  considering  the  quan¬ 
tities  at  the  nodes  as  generalized  coordinates,  we  shall  obtain  a  system  of 
ordinary  differential  equations  analogous  to  the  systems  (7.5a)  -  (7.5b).  We 
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recall  that  these  systems  could,  be  constructed  for  sufficiently  strong  focusing 
properties  of  the  kernels  of  the  integrodifferential  equations  and  for  dimen¬ 
sions  of  the  net  such  that,  on  superposition  of  the  point  M(xi  )  on  one  of  the 
nodes  in  the  region  (E),  there  would  be  no  neighboring  nodes.  In  this  case,  as 
noted  in  Sect,?,  the  integrals  over  the  region  (E)  entering  into  eqs, (8.18) 
will  be  functions  of  the  nuntoers  of  the  nodes  of  the  net.  Let  us  make  use  of 
the  notation  (7.4a)  -  (7.4c)  and  introduce  the  additional  notation 


hwss  _  Jj  /y dS-  («)  =  jj  (xj,,  1^1  dS.  ) 

(2)  (^) 


Here,  as  in  Sect#?#  n  is  the  nuiriber  of  a  node  of  the  net# 

The  system  of  equations  (8 #18)  now  takes  the  following  form: 


,„W  („)  +  91"  V.  9)  +  C{  ("i  9?’  91  - 

-  /'if,’""  («)  '7^’  «)  9;”  «)  -  (4  a)  <?”>  (4  n)  =  (4  «) 

(4  r=:  1,  2,  3;  7,  5=  1,  2;  /J,  p  =  0,  1,2,...,  N;  «=  1,  2,  ...  ,  5). 


(8.20) 


The  above  statements  on  consideration  of  the  system  of  equations  (7«5b) 
can  be  applied,  with  certain  additions,  to  the  system  of  equations  (8.20), 

Since,  under  the  simplifying  assumptions  adopted  by  us,  the  nonlinear 
terms  disappear  from  the  boundary  conditions,  the  equations  of  motion  in  the 
zone  bordering  the  contour  of  the  middle  surface  will  not  differ  substantially 
from  eqs, (8.20).  The  method  of  approximate  construction  of  the  equations  in 
the  bordering  zone  indicated  in  Sect.?  remains  valid  also  in  this  case. 

Finally  we  note  that  the  application  of  the  method  of  equivalent  lineari¬ 
zation,  analyzed  in  Chapter  IV,  makes  it  possible  to  replace  the  system  (8,20) 
by  the  linear  system  of  equations  (7.5b),  provided  the  elastic  constants  are 
properly  substituted. 

In  the  concluding  Section  of  this  Chapter  we  will  draw  generalizing  con¬ 
clusions  on  the  proposed  methods  and  give  a  general  characterization  of  their 
significance  for  the  mechanics  of  shells. 

Section  9.  On  the  Construction  of  Kernels  of  Integrodifferential. 

Equations  with  Focusing  Properties 

The  preceding  portion  of  this  Chapter  was  based  on  the  possibility  of  con¬ 
structing  a  system  of  auxiliary  displacements,  leading  to  kernels  of  integro¬ 
differential  equations  with  properties  which,  in  accordance  with  C.Lanczos^'*’,  we 

See  the  passage  cited  in  Section  2  of  the  book  by  C.Lanczos, 
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will  call  focusing.  It  will  be  clear  from  the  content  of  Sects. 2  and  3  that  an 
ideal  focus  is  evidently  impossible,  just  as  it  is  impossible  in  optical  in- 
stiTuments.  However,  as  we  have  shown  in  Sects. 2  and  a.  focusing  property 

sufficient  to  guarantee  the  required  accuracy  of  the  resiilts  can  indeed  be 
obtained. 

However,  the  use  of  the  theory  of  generalized  functions  opens  new  possi- 
"the  construction  of  kernels  with  ideal  focusing  properties,  i.e., 
properties  corresponding  to  the  perturbations  of  an  elastic  medium  embracing  a 
strictly  bounded  region  of  space  and  vanishing  beyond  those  bounds.  These  ap¬ 
plications  of  the  theory  of  generalized  functions  would  go  beyond  the  scope  of 
the  present  study. 

In  Sects.2  and  3,  the  focusing  action  of  the  load  was  obtained  by  con¬ 
structing  the  functions  q^{a)  and  q^(a)  according  to  eqs.(2.27)  -  (2.29).  These 
factions  determined  the  distribution  of  the  singularities  of  the  field  of  aiix- 
iliary  displacements  and  stresses  on  the  segments  of  the  singular  line  going 
beyond  the  boundaries  of  the  region  bounded  by  the  surface  of  the  shell.  As 
already  noted,  the  exact  solution  of  the  problem  of  the  required  distribution 
of  singularities  can  go  beyond  the  limits  of  classical  analysis.  If  we  abandon 
the  requirement  of  "exact  focusing",  then  the  methods  of  constructing  the  fo¬ 
cusing  load  given  in  Sects.2  and  3  can  be  simplified. 

Let  us  give  up  the  determination  of  the  functions  q^Cp)  and  qiCof).  The 
field  of  displacements  and^  stresses  caused  in  the  shell  by  action  of  the  loads 

and  qaCcv)  will  likewise  possess  weak  focusing  properties.  To  strengthen 
these  properties,  let  us  nmltiply  the  displacements  caused  by  the  loads  00(0') 
and  qaCp)  by  a  function  of  the  point  N,  which  is  damped  with  sufficient  rapid- 
ity  with  increasing  distance  of  the  point  N  from  the  singular  line,  and  which, 
on  the  singular  line,  becomes  unity. 


An  example  of  a  factor  strengthening  the  focusing  action  of  the  load  is 
the  function 


/'(r)  ==  e 


-*/w 


(9.1) 


where 
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k  >>  0,  while  f(r)  is  a  monotonically  increasing,  everywhere  differentiable, 
and  continuous  function  satisfying  the  condition 


/(O)  -0 

as  well  as  the  condition  that  the  derivatives 


(9.3) 


dy^ 


y, 


shall  be  bounded. 


We  recall  that  yi  and  “TIi  are  the  rectangular  Cartesian  coordinates  em-  /^jtl 
ployed  in  Sect* 2, 

The  factor  of  the  form  (9.1)  introduced  into  the  right-hand  sides  of  equa¬ 
tions  (2,1a)  -  (2,1b)  permits  constructing  the  field  of  displacements  satisfy¬ 
ing  the  inhomogeneous  equations  of  equilibrium  of  the  elastic  body  caused  by 
the  fields  of  body  forces  in  the  unbounded  elastic  medium,  approaching  zero  as 
r  increases  without  limit.  The  point  M(Tli  ),  if  the  condition  (9.3)  is  satis¬ 
fied  and  if  the  derivatives  — -  are  boionded,  will,  as  before,  be  the 

point  of  application  of  the  unit  concentrated  force, ^  The  further  constructions 
of  the  integrodifferential  equations  do  not  in  principle  differ  from  those  con¬ 
sidered  above, 

A  positive  coefficient  k  can  always  be  chosen  such  that,  on  the  boimdary 
of  the  assigned  region  (S)  and  outside  that  region,  the  positive  values  of  the 
components  of  the  auxiliary  displacements,  stresses  and  body  forces,  shall  not 
exceed  prescribed  small  quantities.  This  will  ensure  the  focusing  properties 
of  the  kernels  of  the  integrodifferential  equations. 

All  above  elementary  conclusions  require  no  detailed  proof,  since  they  re¬ 
sult  from  the  well-known  analytic  properties  of  the  particular  solutions  of  the 
equations  of  statics  of  an  elastic  medium,  corresponding  to  the  action  of  con¬ 
centrated  forces.  They  do,  however,  confirm  the  existence  of  integrodifferen¬ 
tial  equations  of  the  theory  of  shells  with  focusing  kernels,  which  are  of  fun¬ 
damental  significance  in  the  statics  and  dynamics  of  shells. 


Section  10,  Integrodifferential  Equations  Defining  Contiguous 
Solutions  of  the  Boundary  Problems  of  the  Statics 
and  Dynamics  of  Shells 


Here  we  will  briefly  characterize  another  method  of  setting  up  and  solving 
the  integrodifferential  and  integral  equations  of  the  shell  theory*  This  meth¬ 
od  was  first  given  by  us  in  1946  (Bibl,23e)  and  was  further  developed  later 
(Bibl,23f),  (Bibl,23i),  Several  reports  have  been  published  in  the  meantime, in 
which  this  method  is  applied  to  various  problems  of  the  statics  of  shells^. 


The  problems  considered  by  these  methods  are  special  cases  of  the  general 
problem  which  can  be  defined  as  follows:  The  solution  of  a  boiandary  problem  of 
the  statics  or  d3niamics  of  shells  is  known.  Required,  to  construct  the  solu¬ 
tion  of  a  different  problem  close  to  the  first  one  by  some  criterion. 


This  problem  was  posed  by  us  previously  (Bibl,23e),  Solutions  close  by 
some  definite  criterion  we  term  contiguous  or  adjacent.  In  the  above  works, 
this  problem  was  solved  mainly  in  one  version.  The  solution  of  a  botindary  /34? 
problem  of  the  equilibrium  of  a  plate,  onto  whose  middle  plane  was  mapp^  the 
middle  surface  of  a  shell,  was  assumed  to  be  known.  Then,  a  system  of  integro- 
(jifferential  equations  or,  in  particular,  integral  equations,  was  constructed 


*  We  might  mention  the  works  (Bibl,17,  3l3'»h;  Bibl,343-»ti)* 


345 


which  yielded  the  solution  of  an  adjacent  boundary  problem  for  the  shell.  An 
exception  was  another  study  (Bibl.31b),  where  the  solution  of  the  boiondary 
problem  of  statics  of  a  cylindrical  shell  was  used  for  solving  the  boundary 
problem  of  statics  of  a  cylindrical  shell  with  modified  boundary  conditions. 

The  primary  means  for  constructing  the  integrodifferential  and  integral 
equations  of  an  adjacent  problem  was  the  application  of  the  Reciprocal  Theorem 
according  to  our  previous  studies  (Bibl.23e)  which  we  later  developed  in  great 
detail  (Bibl.23h).  The  essence  of  these  considerations  reduces  to  the  follow¬ 
ing:  It  is  usually  asserted  that  the  Reciprocal  Theorem  connects  two  systems 
of  displacements  and  the  corresponding  forces  or  stresses  in  some  elastic  body 
(ll,  Sect.l2).  The  interpretation  of  this  theorem  can  be  expanded  by  consi¬ 
dering  two  systems  of  displacements  in  two  different  elastic  bodies  with  mutu¬ 
ally  connected  arithmetization  of  their  interior  points  by  systems  of  coordi¬ 
nates  having  the  same  relative  dimensionality.  Then  the  system  of  displace¬ 
ments  of  the  second  body  may  be  attributed  to  the  first  body,  by  determining 
the  external  forces  corresponding  to  these  displacements  from  the  equations  of 
the  theory  of  elasticity. 

This  treatment  of  the  theorem  of  work  and  reciprocity  has  proved  fruitful, 
yielding  new  approaches  to  the  solution  of  problems,  not  only  of  the  mechanics 
of  shells  but  also  of  the  statics  and  dynamics  of  one-dimensional  and  three- 
dimensional  problems  of  the  theory  of  elasticity  and  plasticity^.  It  also  be¬ 
came  possible  to  separate,  from  the  displacements  of  points  of  the  middle  sur¬ 
face,  the  ’’plate  terms”  from  the  terns  that  depend  on  the  curvature  of  the  mid¬ 
dle  surface.  The  separation  of  the  ’’plate  terms”  has  helped  to  solve  a  number 
of  problems,  mainly  on  the  equilibrium  of  cylindrical  shells,  although  the 
method  has  been  developed  for  shells  of  arbitrary  form  (Bibl*23g-i). 

Limited  space  prevents  us  from  examining  this  method  in  more  detail;  we 
have,  therefore,  found  it  more  expedient  to  focus  the  readouts  attention  on  the 
new  methods  of  application  of  the  Reciprocal  Theorem,  leading  to  the  construc¬ 
tion  of  equations  mth  focusing  kernels. 

Several  statements  should  be  made  in  conclusion: 


1.  The  described  method  can  be  further  improved  by  introducing  focusing 
factors  of  the  form  of  eq.(9«l)  into  the  system  of  auxiliary  displacements.  On 
approximate  replacement  of  the  system  of  integrodifferential  equations  of  equi- 
libriimi  of  a  shell  by  a  system  of  algebraic  equations,  this  will  permit  us  to/3A3 
decrease  the  number  of  unknowns  in  each  equation. 

2,  The  method  of  constructing  equations  that  determine  the  adjacent  solu¬ 
tions  permits  constructing  a  chain  or  continuity  of  solutions  in  which  each  so¬ 
lution  results  from  the  preceding  solution.  This,  of  course,  requires  a  large 
amount  of  work. 

3*  The  system  of  integral  equations  of  equilibrium  of  the  theory  of  shells, 

Cf.,  for  example  (Bibl.23c),  as  well  as  the  paper  by  N.A.Kil^ chevskiy  and 
L.V.Lirsa,  and  the  paper  by  R.A.Mikhaylenko  in  Izv.  Kiev.  Politekhn.  Inst., 
Vol.31,  1961. 
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obtained  by  transformation  of  the  integrodifferential  equations,  can  be  a  sys¬ 
tem  of  Fredholm  integral  equations  of  the  second  kind.  This  system,  however, 
may  have  no  unique  solution,  if  the  conditions  of  Fredholm^ s  third  theorem  are 
satisfied.  An  example  of  this  case  is  given  elsewhere  (Bibl,23j), 

Section  11,  Concluding  Remarks  on  the  Integrodifferential  and  Integral 
Equations  of  the  Statics  and  Dynamics  of  Shells 

We  are  here  giving  general  conclusions  on  the  role  played  by  the  results 
of  the  investigations  given  in  Chapter  V  for  the  general  theory  of  shells.  Here 
we  must  distinguish  between  the  purely  theoretical  value  and  the  applied  value 
of  the  methods  considered.  Let  us  first  characterize  the  theoretical  value  of 
the  method  of  integrodifferential  equations  resulting  from  the  Reciprocal  The¬ 
orem, 


V/e  have  shown  that  the  application  of  the  Reciprocal  Theorem  supplements 
the  solution  methods  for  the  problem  of  reducing  the  three-dimensional  problems 
of  the  theory  of  elasticity  to  the  two-dimensional  problems  of  the  theory  of 
shells  by  a  substantially  new  method. 

One  of  the  advantages  of  this  method,  in  our  opinion,  is  that  its  applica¬ 
tion  does  not  require  that  the  components  of  the  body  and  surface  forces  ap¬ 
plied  to  the  shell  be  differentiable,  in  contrast  to  the  methods  indicated  at 
the  beginning  of  Chapter  III,  which  require  satisfaction  of  the  conditions  that 
the  vector  components  of  the  prescribed  forces  be  differentiable.  In  (III» 

Sect, 19)  we  note  that  the  solution  of  the  equations  resulting  from  the  general 
equation  of  dynamics  likewise  requires  that  the  vector  components  of  the  pre¬ 
scribed  forces  be  differentiable  or  that  the  theory  of  generalized  functions 
be  applied.  These  difficulties  are  eliminated  when  the  methods  given  in  this 
Chapter  are  applied.  The  smoothing  influence  of  integration  permits  us,  with¬ 
out  analytic  complications,  to  consider  a  shell  loaded  by  concentrated  forces. 

In  this  connection,  we  must  emphasize  the  ftuidamental  difference  between 
the  methods  considered  in  Sects, 1  -  9  of  this  Chapter  and  the  methods  mentioned 
in  Sect, 10,  This  difference  consists  in  the  fact  that  the  method  in  Sect, 10  is 
not  an  independent  method  of  reduction,  but  is  based  on  application  of  the  re¬ 
sults  of  a  preliminary  reduction. 

Several  works  have  recently  been  piblished  on  new  methods  for  setting  up/344. 
the  integral  equations  of  the  statics  and  dynamics  of  shells.  These  works  give 
methods  that  permit  replacement  of  the  system  of  differential  equations  of  equi¬ 
librium  or  motion  of  an  element  of  a  shell,  compatibly  with  the  boundary  con¬ 
ditions,  by  equivalent  systems  of  integrodifferential  or  integral  equations---. 

These  methods  are  related  to  the  method  given  in  Sect, 10,  It  is  clear 
that  the  results  of  the  replacement  of  the  system  of  differential  equations  by 
an  equivalent  system  of  integral  equations  will  not  eliminate  the  error  intro¬ 
duced  into  the  system  of  differential  equations  by  the  application  of  various 


--  Cf,  A,A,Berezovskiy,  Integrodifferential  Equations  of  the  Nonlinear  Theory  of 
Flat  Thin  Shells,  Ukr,Matemat,  Zhumal,  Vol,XII,  I960;  and  (Bibl,19). 


simplifying  assumptions,  for  example,  the  Kirchhoff-Love  assumptions,  V«Z*Vla- 
sov^s  simplifying  assumptions  of  the  technical  theory  of  shells,  and  others* 

For  this  reason,  the  cognitive  value  of  these  methods  is  lower  than  that  of  the 
general  method  considered  in  Sects.l  -  9,  which  autonomously  solves  the  reduc¬ 
tion  problem* 

The  method  considered  in  Sects. 1  -  9  permits  of  further  generalizations, 
based  on  the  distribution  of  singularities  of  the  displacements  of  the  auxili¬ 
ary  problem,  not  on  a  line  but  in  part  of  the  volume  of  the  shell*  In  this 
case,  we  can  construct  various  generalized  averages  of  the  components  of  the 
displacement  vector  and  the  components  of  the  strain  and  stress  tensors,  thus 
eliminating  the  complications  connected  with  the  preliminary  approximate  repre¬ 
sentations  of  the  displacement  vector  components  by  eqs*(3#9)# 

We  will  discuss  now  the  practical  value  of  the  above  methods*  The  method 
based  on  the  application  of  integrodifferential  and  integral  equations  with  fo¬ 
cusing  kernels,  as  is  obvious  from  the  content  of  Sects*l  -  9^  is  an  effective 
means  for  a  numerical  solution  of  the  boundary  problems  of  the  shell  theory*  In 
exactly  the  same  way,  the  methods  given  in  Sect*  10  can  be  used  as  the  basis  for 
a  numerical  solution  of  these  boundary  problems.  It  seems  to  us  that  the  meth¬ 
ods  considered  are  more  adaptable  to  the  application  of  numerical  computational 
methods  than  systems  of  differential  equations,  since  the  replacement  of  the 
integral  by  a  finite  sum  introduces  a  smaller  error  than  the  replacement  of  de¬ 
rivatives  by  a  ratio  of  finite  differences.  The  inconvenience  connected  with 
the  necessity  of  extending  the  sums,  approximately  replacing  integrals,  over 
all  nodes  of  the  coordinate  net  of  the  middle  surface,  which  leads  to  equations 
with  a  large  number  of  unknowns,  is  eliminated  by  the  introduction  of  focusing 
kernels.  Of  course,  all  numerical  methods  require  the  use  of  computers* 

The  principal  shortcoming  of  the  study  in  Chapter  V  is  the  lack  of  calcu¬ 
lated  analytic  expressions  and  Tables  of  focusing  kernels*  We  have  confined  /345 
ourselves  to  a  description  of  the  theoretical  principles  of  the  method,  since 
construction  of  the  analytic  expressions  for  the  kernels  and  the  corresponding 
Tables  is  very  tedious  and  would  take  a  relatively  long  time.  These  data  will 
be  published  in  the  next  part  of  this  study. 

It  is  clear  that  a  realistic  study  of  focusing  kernels  might  compel  the 
introduction  of  particular  corrections  to  the  above-given  methods  of  their  con¬ 
struction,  but  there  can  be  no  doubt  that  this  would  not  affect  the  fundamental 
principles  of  the  method  itself* 

A  shortcoming  inherent  in  the  entire  study  is  the  fact  that  we  neglected 
the  dissipative  forces  of  various  origin  generated  during  the  motion  of  the 
elements  of  the  shell*  We  deliberately  adopted  this  extensive  simplification, 
since  our  object  was  to  set  forth  the  principles  of  the  analytic  theory  of 
shells,  and  either  the  introduction  or  the  neglecting  of  dissipative  forces 
does  not  go  to  the  foundation  of  the  theory* 

We  recall  that,  in  many  papers  on  the  dynamics  of  shells,  the  effect  of 
the  dissipative  forces  has  likewise  not  been  subjected  to  investigation*  It 
was  noted  in  these  cases  that  the  influence  of  the  dissipative  forces,  as  shown 
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by  expeiriment,  causes  a  rapid  damping  of  free  oscillations  (Bibl,l2),  This 
inconsistency,  which  sometimes  appears  in  the  dynamics  of  shells,  is  elimin¬ 
ated  in  a  number  of  more  recent  studies,  including  the  Bolotin  monograph 
(Bibl.2c). 

The  method  of  integral  and  integrodifferential  equations  in  the  theory  of 
shells  has  not  received  general  recognition.  As  A,I,Lur»ye  so  vividly  puts  it, 
its  ’’competitiveness”  still  requires  confirmation. 

We  assume  that  the  development  of  the  theory  of  equations  with  focusing 
kernels  and  examples  of  their  application  to  special  problems  will  yield  con¬ 
vincing  confirmation  of  the  power  of  this  new  method.  It  is  particularly  im¬ 
portant  to  characterize  the  field  of  special  problems  in  which  this  method  has 
obvious  advantages  over  the  methods  of  classical  shell  theory.  This  field 
should  be  that  of  particularly  complex  problems.  We  recall  that  the  methods 
of  analytic  mechanics  have  long  been  applied  to  problems  of  particular  diffi¬ 
culty,  whose  solution  could  not  be  directly  obtained  from  the  laws  of  Newton 
and  the  general  theorems  of  dynamics,  D, Leach  writes  that  the  application  of 
analytic  mechanics  to  the  solution  of  simple  problems  is  as  inefficient  as  is 
the  use  of  an  airplane  to  cross  a  street"-.  This  statement  is  fully  applicable 
to  the  analytic  mechanics  of  shells. 

The  field  of  problems  for  which  it  is  obviously  expedient  to  apply  the  new 
methods  will  gradually  become  outlined-J^f-, 


*  D,Leach,  Classical  Mechanics,  IL,  Moscow,  I96I, 

The  first  step  in  this  direction  has  been  taken,  Cf,,interalia, (Bibl, 17,31b ) 
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Forces,  surface 


126,  261 

Formula,  Green’s 

122,  126,  308 

Formula,  interpolation 

273, 

106,  226,  258, 

Formula,  inverse 

260,  266,  ff 

transformation 

318 

Formula  of  mechanical 

il 

quadratures 

Formula,  Ostrogradskiy- 

286 

Gauss 

Formula,  reduction 

102, 

77,  121,  281 

Formula,  Riemann-Mellin 

226,  229,  238, 

Formula,  Taylor 

257, 

277 

Functional 

271 

226 

Function,  approximation 

Function,  generalized 

133, 

194 

Function,  Heaviside 

Function,  Lagrange 

225, 

271 

174,  177,  214 

Function,  transcendental 

116 

Hypotheses,  Kirchhoff- 

165, 

Love  86,  87, 

281 

Index,  dummy 

62,  200,  280 

Inertia  of  rotation  of 

66,  254 

shell  element 

Inertial  term 

124,  129 

Initial  conditions 

118, 

253 

269,  285 

Initial  velocity  of 
deformation 

313 

Integral,  contour 

241 

Integral,  curvilinear 
Integral  equations  of 

338 

shell  theory 

295 

Integral,  improper 

163,  165 

Integral  transformation 

151, 

229, 

251, 


285 

6,  278 

287 

322 

336 
3,  105, 
108 
321 
62,  63 
8,  262, 
268 
254 

lO,  343 

230 
232, 

ff 

321 


114, 

130, 

271, 


254, 

285, 


18 

120 

138 

267, 

277 

271 

311 

310 

310 

296 

321 


109,  254, 
103,  286, 


109,  254, 
262, 


Form,  fundamental 
quadratic 
Fom,  Pfaff 

Formula,  direct  transformation 


263 

309 

345 

281 

281 

273 

257, 

263 

18 

78 

287 


tions  of  shell  theory  285,  306,  309, 

326 


Invariant  of  coordinate 
transfomiation 
Invariant  of  deformation 
tensor  (linear) 

Iteration  process 
Iteration  process, 

Gauss-Seidel  314, 

Kernel,  focusing  298,  311, 

Kinematic  conditions 
Kronecker  delta  26,  62, 

Lame  constants  58, 

Laplace-Carson  transformation 


24 

58 

270 

325 

324 

262 

254 

226 

320 
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Law,  gene  rail z  ed 

57 

Operator,  ’’force*’ 

109,  no 

Lai\r,  Hookers 

168,  171,  173 

Operator,  Laplace 

67,  279 

227,  252,  ff 

Operator  of  parallel 

Lavj",  Newton^  s  Third 

71 

displacement 

135 

Law,  nonlinear 

59,  6o 

Optimum  system 

180 

Law,  Voigt-^Tumaghan 

6o 

Operator,  wave  112 

279,  283 

Linear  theory  of  shells 

237 

Original 

326 

Line,  coordinate 

20,  254,  26 0, 

Oscillations, 

261,  288 

nonstationary 

320 

Line  of  cur^^ature 

21,  254 

Oscillations,  stationary 

236,  319 

Load,  additional 

299 

Paraboloid 

312 

Load  density 

290,  292 

Parallel  displacement  of 

Load,  focusing 

290,  307,  310, 

tensor  /4*, 

42,  43,  45, 

311 

165,  117 

Load,  principal 

299 

Parallel  displacement  of 

Local  perturbations 

290 

vector 

117 

Longitudinal  shock 

Path  of  comparison 

131,  281 

to  rod 

271 

Path  of  real  motion 

281 

Lowering  of  indices 

32 

Permutation  of  indices 

33 

Method,  discrete- 

Plate 

240,  265 

continuum 

326 

Point  of  discontinuity 

Method,  of  Bubnov  and 

of  the  first  kind 

292 

Galerkin 

284 

Pol^ciomial,  inter¬ 

Method  of  equivalent 

polation 

312 

linearization 

339 

Po Ijmomi al ,  Leg end re 

293,  294 

Method  of  least  squares 

267 

Principle,  Castigliano 

171 

Method  of  networks 

275 

Principle,  D  ^  Al emb  e r t- 

Method  of  perturbations 

251,  253 

Lagrange 

14,  169 

Method  of  reduction  of 

Principle,  Gauss,  of 

Cauchy  and  Poisson 

85,  90 

least  constraint 

14,  222 

Method  of  successive 

Principle,  Le  Chatelier- 

approximation 

101,  262,  280 

Braion 

222 

MIethod,  Monte  Carlo 

315 

Principle  of  possible 

Method,  Ptitz^s 

236,  258,  262, 

displacements 

330 

264 

Principle  of  variations 

.  118 

Method,  ’’semi -inverse^’ 

170 

Principle,  Ostrogradskiy- 

Method,  Somigliano 

298 

Hamilton 

281,  282 

Metric  in  the  shell 

20,  21 

Problem,  dynamic 

239 

Metric  of  deformed  medium  6l 

Problem,  external 

72 

Metric  of  space 

19,  143 

Problem,  first  boundary 

115,  278 

Moment,  bending 

248 

Problem,  internal 

72 

Mioment ,  tm sting 

165 

Problem,  second  boimdar^?' 

116,  279 

katural  boimdary  conditions  l6l 

Problem,  stat i s ti cal 

239,  244 

Natural  interval  of 

Problem,  three-dimensional 

approximation 

245 

of  elasticity  theory  253, 

267,  274 

Nodes  of  netv/ork 

277 

Problem,  tvj’o-dimensional 

Nonlinear  integrodifferential 

of  shell  theory 

253 

equations  of  shell  theory  331 

Problem,  variational 

269 

Normal,  principal 

268 

Product  of  tensors 

31 

Operator  calculus 

321 

Programming 

2BU 

Operator,  differential 

109,  264 

Pseudoscalar 

36 

358 


Pseudovector 
Quadratic  approdLmation 
Quantity,  scalar,  see  Scalar 
Quantity,  tensor,  see  Tensor 
Quantity,  vector,  see  Vector 
Radius  of  curvature 
Radius  of  curvature, 
principal 

Radius  vector  of  a  point 
Raising  of  index 
Rank  of  tensor 
Recurrent  dependence 
Region  of  approximation, 

choice  of  2l6,  251, 

Region  of  plasticity 

(boundar^O 

Region  of  static 

instability  221 , 

Representation  of  a 
function 
Resonance 

Rigidity  of  material 
Rod 

Saint-Venant^ s  compatibility 
conditions  of  deformation 

171, 

Scalar  2/,,,  27, 

Scalar,  absolute 
Scalar  field 

Scalar  product  of  vectors  31, 

Series,  Fourier  1/-.1, 

Series,  MacLaurin  tensor 
Series,  Taylor  50, 

Shearing  stresses  in  shell 
Shell,  circular  conical 
Shell,  cylindrical 
Shell,  homogeneous  225, 

Shell ,  inhomo  geneou s 

Shell,  isotropic 

Shell,  layered  70, 

Shell,  moderately  thick, 
and  thick 
Shell  of  constant 
thickness 

Shell  of  quasi-variable 
thickness 
Shell,  plane 
Shell,  thin 


21 

19,  50 


276,  27' 


222,  221 


Singular  line 
Singular  point 
Space,  I3u.clidean 
Space,  non-Suclidean 
Stress  field 

Surface,  base 

Surface,  boundary 
Surface ,  contour 
Surface,  coordinate 
Surface,  middle 


286,  290 
286,  289 
12,  13,  56 
13 

176,  193  ,  203, 
227,  252 
101,  226,  229, 
237 
102,  255 
253,  255,  267 
287 

26  c,  268,  270, 

287 

204 

33 

i  130 


bupporting  power  ^04 
SjTiinietrization  33 
System  of  material  points  130 
Tangential  part  of  the 

strain  tensor  104,  105 
Tensor,  antisymmetric  33,  34,  335 
Tensor,  curvature 

(Ricmann-Christoffel  )42,  L\3,  91,  105 


50,  57, 
173,  252 
29,  136 
24,  3C6 
24 

291,  309 
148,  149 
169,  326 
51,  150, 
155,  283 
120 
22 

22,  248 
232,  234, 
252 
229 
225 

225,  229, 

232,  252 


261,  287 


Tensor,  strain 

Tensor  elasticity 
Tensor  field 
Tensor,  finite 
deformation 
Tensor,  Green’ s 
Tensor,  metric 
Tensor,  mixed 
Tensor,  multiplicative 
Tensor,  small 
deformation 
Tensor,  stress  20 

Tensor  symmetric 
Tests  of  shells 
Theorem  of  Fredholm 
(third) 

Theorem  of  integral 


202,  217,  228, 
235,  ff 
58,  59 
40 

55,  161,  332 
347 

29,  30,  254 
31 

31,  35 


53,  335 

200,  228,  235,  238 

33 

210,  217 


14.6,  296,  297 


Theorem,  Ostrogradskiy- 

Gauss  125 

Theorem  of  reciprocal 
work  79,  80,  285,  298, ff 

Theorem  of  reciprocal 

vrork,  generalized  286 

Theory  of  Nevftonian 

potential  285,  289 

Thickness  of  reduced 

shell  244 

Torque  165 
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Triajigulation  net 
True  motion  of  a  system 
Unbounded  elastic  medi-um 
Uniqueness  of  boundary 
problem  2 

Variation 
Vector 

Vector,  contravariant 
Vector,  displacement 
Vector,  polar 
Vector  product,  see  Vector 
Vector  product  of  vectors 
Vector,  stress 
Velocity,  generalized 
Velocity,  instantaneous 
angular 
Virtual  work 
Wave  processes  in  plates 
and  shells 
Youngs  s  modiolus 


275,  328 
271 


214,  269,  285 
155,  156 
24,  27,  29 
288 

52,  253,  267 


35 

163 

228,  229 


173 
58,  203 
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